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Coded modulation principle

1. Why coded modulation?

· combines coding and modulation

· high performance with good bandwidth efficiency

2. Principle

· data from source {ui}, ui ( (0,1,…,q-1)

· code symbols from encoder {cj}, cj ( (0,1,…,M-1)

· transmitted phase {2(cj/M}

· encoding of a data sequence into a code sequence can be performed in several ways

· M=4, 8 or 16

· performance measure 1: 

minimum Euclidean distance between error events of modulated code sequences, 

· performance measure 2: 
number of error events of minimum distance from a given code sequence when departing from a common node
Alternatives

· Binary trellis coded modulation (TCM) 

Ungerboeck, Ronneby 1976, IEEE Trans. IT 1983, IEEE Commun. Mag. 1987 etc 

encoding with binary convolutional codes

no redundant code symbols

· TCM over the integer ring ZM
Massey, and Mittelholzer, Gotland 1989, Leningrad 1990 Farrell and co-workers, IEE Proc. of Comm. 1994 etc

encoding with M-ary convolutional codes

redundant code symbols

· Hybrid TCM over   integer rings Zq and ZM
Zetterberg 2001 and reports 2002, 2003 

state relations over integer ring Zq
calculations of code symbols over ZM, M=2q

no redundant symbols
Convolutional codes

1. notation: 

convolution between sequences {ui} and {gi}

vi = (l gl ui-l mod(q), l=1,…,m, i=0.1…

ui, vi and gl are from integer ring Zq = (0,1,…,q-1)

with q=2,4 or 8

transformed with delay operator D, Dui=ui-1



v(D) =  u(D)g(D)

u(D)=u0+u1D+u2D2+…, v(D)=v0+v1D+v2D2+…,

g(D)=1+g1D+g2D2+…+gmDm; 

2. Convolutional code: rate ½
data from source: {ui}, I=0,1,…

code symbols from encoder: {(vi1,vi2), i=0,1,…

generator matrix: G(D) = (g1(D)  g(D)):



encoding: v(D) = u(D)G(D)
v(D)  = u(D)(g1(D)  g2(D)),

v1(D) = u(D)g1(D), 

v2(D = u(D)g2(D),
Convolutional codes, cont.

3. Systematic convolutional code: rate ½

G(D) = (1 g(D)) or         G(D) = (1 g(D)/f(D))

f(D) = 1+f1D+…+fmDm
encoding: v(D) = u(D)G(D) = (u(D) v2(D))

v2(D) = u(Dg(D))/(f(D)

or

f(D) v2(D) = g(D) u(D)

number of states: Nst = qm
guarantees code to be non-catastrophic

4. Systematic convolutional code: rate k/(k+1)

data from source: ui = (ui1,…,uik), i=0,1,…

output from encoder: vi = (vi1,…,vik+1), i=0,1,…

encoding:  v(D) = u(D)G(D),
generator matrix: G of dimension: kx(k+1)

v(D) = (u1(D), … ,uk(D),vk+1(D))



vk+1(D) = (j gj(D)/f(D), j=1,2,…,k




number of states: Nst = qm


m = degree of f(D)

Binary trellis coded modulation, TCM
1, Modulation

modulation: M-PSK, M=4, 8 or 16

code sequence: {ci}, ci ( ZM
transmitted symbol: exp{(2(ci/M)}

2. Encoding, M=8
set partition: 

set (0,1,…,7)

first stage: sets (0,2,4,6) and (1,3,5,7)

second stage: sets (0,4), (2,6) and (1,5), (3,7)

signal point selection: 0 or 4, 2 or 6 etc

data from source; binary data ui1, ui2, i=0,1,…

{ui1} encoded by a binary conv. encoder of rate ½

number of states Nst = 2 m, m = degree of f(D)

code symbols {vi1, vi2},i =0,1,2,…

selects second stage signal sets

{u i2} uncoded, selects signal pont in selected set

vi1, vi2 and ui2 define code symbol ci

Binary trellis coded modulation, cont.

3. General case

k-1 binary data symbols encoded into k binary symbols

these select one of 2k signal sets

code rate of convolutional encoder (k-1)/k

one binary data symbol selects signal point



overall cde rate: k/(k+1)



number of states Nst = 2m , m = degree of f(D)

no transmitted redundant symbols


4. Block schematic
TCM over integer rings
1. Assumptions

data source: ui1,…,uik, uij ( ZM, M= 4, 8 or 16

code symbols: ci1, … ,cik+1, cij ( ZM
2. Encoding

c(D) = (u1(D), … , uk(D), ck+1(D))

ck+1(D) = (j gj(D)/f(D), j=1,2,…,k



number of states: Nst =Mm or a fraction thereof


m = degree of f(D)


note: one redundant symbol

code rate: k/(k+1)

3. Block schematic
Hybrid trellis codes over integer rings

1. Assumptions


data block: ui = (ui1, … , uim), uij ( Zq

code state: s = (si1, … , cim), sij ( Zq

code block: ci = (ci1, … , cim), cij ( ZM, M=2q


q=1 or 2 hence M=4 or 8

2. Encoding


state relations: 



si+1j = sij  + uij mod(q)


state at the beginning of block i: si

state at the beginning of segment j in block i:



tij = (si+11, … , si+1j-1, sij, … , sim)


number of states: Nst =qm


code symbol relation: ci+1j = 

ej1(si+11) +…+ ej,j-1(si+1j-1) + ej,j+1(sij+1) +…+ ejm(sim) ) + 2uij mod(M)


ci+1j is a function of  tij and uij


encoding is time varying with segment index j



code rate: 2log(q) / 2log(M)



M=4, rate ½, M=8, rate 2/3 

Hybrid trellis modulation, cont.


3. Reformulation:


2((a + b) mod(q)) = 2a + 2b mod(2q) 



then



2uij = 2si+1j + 2(q-1)sij mod(M)


ci+1j becomes a function of only state variables


4. M = 4


take pik(s)=ejks 


ejk(s) = ejks, s ( Zq, ejk ( ZM, is not  a linear function



ci+1 = E si+1 + F si mod(M)



2 0 ........................ ..0
       2 e12 .......................e1m



e21 2 0 .................. ...0
       0 2 e23 ....................e2m


E  =
.................................0
F =   .................................



em-1,1 .........em-1,m-2 2 0
       0 .........................2 em-1,m


em1 em2 ............em,m-12
       0 .........................0 2

Hybrid trellis modulation, cont.

5. Equivalent codes

start encoding in segments j=1,2,…,m

transform matrices E and F:

          move row 1 to row position m+1

  move column 1 to position column m+1
6. Time invariant codes

time invariant codes are specified by 


oefficients in one row of E and F,e.g.



e = (e1,e2,…,em-1,2 )
Hybrid trellis modulation, cont.
7. Design rules 

design goal: 

find parameter sets that will make a code non-catastrophic

procedure:

make the set {ci} into an additive group mod(M)

start node si = 0, make {ci} into a subgroup

start node si ( 0 make {ci} a coset

sufficient condition when M=4

2m identical groups when M=8

check connected cosets in adjacent code blocks

Performance

{cn(a)}, {cn(b)} code sequences with running time n=0,1,…

error event:

let code sequences start from a common node at n=n0

and end in a common node at n=n1
Euclidean distance squared: 


d2(a,b) = (n 4Esin2(((n/M)


(n = cn(a) – cn(b) mod(M)

 
d2min = mina,b d2(a,b)


Nmin number of events with d(a,b)=dmin
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Hybrid trellis codes revisited 

1. Time invariant codes


ste variables sn, n=0,1,…


state vector: sn = (sn,sn-1, … , sn-m+1)


state relation 




sn = sn-m + un-m mod(q)


code symbol relation, M=4



cn = 2sn-m + 2sn + e1sn-m+1 + … + em-1sn-1 mod(4)


or



cn = 2sn + e sn-1 mod(4), e=(em-1,...,e1,2)


code symbol relation, M=8



cn = e(sn-m) + f(sn) + e1(sn-m+1) + … + em-1(sn-1) mod(8)


2. New interpretation:



consider sn as input to state machine!

