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Outline

•Almostlosslessdatacompressionusingblockcodes.

•Schemesandexperimentalresults.

•Applications:Slepian-Wolf,Bidirectionaldataexchange,Codingwith
limitedfeedback.

•Applicationto“robust”(lossy)source-channelcoding.

•Conclusions.
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Fixed-Length(Block)AlmostLosslessCompression
(Shannon,1948)

12···············n

↓

SourceEncoder→Error

↓

12·········m

↓

SourceDecoder

↓

12···············n

Theorem(Shannon-Macmillan)If
m
n>H+δ,Probabilityofblockerror→0.
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Example:7-to-3codeforbias-pcoin
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LinearBlockSourceCodes

Encoder:Hs=z
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Decoder:Giventhelinearlyencodedvectorz=Hs,MLdecoderchooses
gH(z):themostlikelysourcevectoruthatsatisfiesHu=z.
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Cosetpartitionandsourcetypicalset
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Setoftypical(mostprobable)sequences
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LinearBlockSourceCodes

•Theorem(Elias,1955;Csiszár-Körner,1981)

IfthesourceisstationarymemorylesswithentropyH,
m
n>H+δ,
theencodingmatrixentriesareindependent,
equiprobableonthealphabet,
=⇒averageblockerrorprobability→0.

•Theoremforgeneralsources[Verdu-Shamai-Caire,2003]:

Ifthesourcehassup-entropyrateH̄,
m
n>H̄+δ,
theencodingmatrixentriesareindependent,
equiprobableonthealphabet,
=⇒averageblockerrorprobability→0.

6



LinearBlockChannelCodes

•Additive-noisediscretechannel:y=x+u

•Linearchannelcodewithparity-checkmatrixH(Hx=0).

•Themaximumlikelihooddecoderselectsthecodewordy−gH(Hy),⇐⇒
itselectsthemostlikelynoiserealizationamongthosethatleadtothe
samesyndromeHy.

•=⇒RandomLinearcodes(independentequiprobableparity-check
matrixentries)achievecapacity.

7



LinearBlockChannelCodes
as

LinearBlockSourceCodes

•SourceEncoder=SyndromeComputer:

z=Hs

whereHistheparity-checkmatrixofachannelcode.

•MaximumlikelihoodSourcedecoder:gH(z)(syndromedecoder)

•Blockerrorprobability=Blockerrorprobabilityofthechannelcodewhen
appliedtoy=x+u,anduhasthesamedistributionass.

•Notanewidea!(Ancheta,1976)triedsyndromecodingforbias-pcoins
withn=15,31HammingandBCHcodesandcouldbeatrun-length
codingandCover’senumerativesourceencodingonlyforp<0.07.
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Example:7-to-3codeforbias-pcoin
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•Optimumcode:uniquecodewordforthe2
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mostprobablesourcewords.
−→Hamming(7,4)parity-checkmatrix←−.

9



LinearBlockSourceCodesvs.Lempel-Ziv

LinearBlockLempel−Ziv
LengthFixedVariable
ErrorAlmost-LosslessLossless
EncodingComplexityO(n

2
)O(n)

DecodingComplexityExp(n)O(n)
SourceKnowledgeRequiredatDecoderUniversal
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Low-DensityParity-Check(LDPC)EncodingMatrices

m

Source Bits

Compressed Bits

1n

1
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Belief-PropagationDecoding(BinaryAlphabet)

•Apriorisourcelog-ratios

Lk=log
1−pk

pk

,k∈{1,...n}

•Bitnodek→Checknodes∈Ak

ν
(t)
k→j=Lk+

∑

j′∈Ak−{j}

µ
(t−1)
j′→k

•Checknodej→Bitnodes∈Bjz=Hs

µ
(t)
j→k=(−1)

zj
2tanh

−1


∏

k′∈Bj−{k}

tanh(ν
(t)
k′→j/2)



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•Bitnodestentativedecisions

x̂
(t)
k=sign




Lk+

∑

j∈Ak

µ
(t)
j→k





•Stopif∑

k∈Bj

x̂
(t)
k=zk,j=1,...,m
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Challenges

•Competingwithstate-of-the-artdatacompression(arithmeticcoding)
isveryhard,evenintermsofblock-errorprobability[fixed-to-fixed]vs.
bufferoverflowprobability[fixed-to-variable].

•Arithmeticcodingiseasilyadaptedtosourcewithmemory(treesources,
Markovsources).

•Arithmeticcodingencodesanddecodesthesourcesequence
sequentiallyandcanestimatethesourcestatisticsparameters(transition
probabilities)sequentially(e.g.,usingtheKTestimator).

•Complexity-wise,arithmeticcodingisstillmuchsimplerandfasterthan
BPdecoding.
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Partialanswers

•Decodingattheencoder:effectivelyreducingtheblock-errorprobability.

•Backto(limited)variable-length:closed-loopiterativedoping(CLID)and
incrementalredundancy(Fountaincodes).

•Dealingwithmemory:incorporatingthememorystructureofthesource
intheBPdecoderorusingablock-sortingtransform(BWT).

•Universality:BWT-basedminimumdescriptionlengthmodeland
parametersestimation.

•ResultsinCaire-Shamai-Verdu,2003-2004,Caire-Shokrollahi-Shamai-
Verdu,2004.
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DecodingattheEncoder

Incontrasttochanneldecoding,thecompressorcanrunanexactcopyof
thedecompressionalgorithm.

•LibraryofParity-CheckMatrices:
choose“best”fortheparticularsourcerealization.

•Closed-loopiterativedoping.
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ClosedLoopIterativeDoping

EveryDdecoderiterations,thesourcesymbolforwhichtheBPalgorithm
hasaccumulatedtheleastreliabilityiscommunicatedtothedecoder:

k̂=argmin
k=1,...,n

{|ν
(t)
k|},ν

(t)
k=Lk+

∑

j∈Ak

µ
(t−1)
j→k

L

�

k=

{
+∞ifx

�

k=0
−∞ifx

�

k=1

•Almostlosslessfixed-lengthversion:Fixednumberofiterations.

•Losslessvariable-lengthversion(zeroerrorprobability):
Dopeanditerateuntildecodedwordiscorrect.
ChooseamongthelibraryofH’sthatleadingtotheshortestcompressed
length.
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EmpiricalDistributionofDopedBits
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BiasedCoinExperiment:500-to-303code
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Figure1:Blockerrorrateof500-to-303sourcecodesforabiasedcoin.
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BiasedCoinExperiment:500-to-303code:Cont.

Optimalblockcoding:(non-constructible)optimalcodethatassignsa
distinctcodewordtothemostprobable2

303
sourcerealizations.

InformationSpectrum:“Ideal”variable-lengthcodingschemewhere
thelengthofthecodewordassignedtox1,...xnisequalto
−log2PX1,...Xn(x1,...,xn).

ArithmeticCoding:Nonuniversal,sourceexactlyknown.

CodeLibrary:8(3,6)regularLDPCs(3bitoverhead).

Closed-LoopIterativeDoping:50bits.
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Compression/DecompressionScheme:
UniversalVersion

G.Caire,S.Shamai,S.Verdú,
”UniversalDataCompressionwithLDPCCodes”
3rdInternationalSymposiumonTurbocodesandrelatedtopics
Brest,France,1-5September2003

•Pre-processingofthesourcesequenceviatheBWT.

•AdaptiveSegmentationviaMDLprinciple.

•Communicatetothedecoderaquantizedversionof:

segmentation
distributions
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RandomensembleofMarkovsources
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Figure2:Histogramofredundancies;blocklength=3000
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RandomensembleofMarkovsources
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Figure3:Histogramofredundancies;blocklength=10000
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LibraryofLDPCmatricesvs.FountainCoding
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Figure4:Histogramofredundancies;non-universalp=0.11,blocklength=2000
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CLIDversusopen-loopincrementalredundancy
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Applications:Slepian-Wolfdatacompression

•Slepian-Wolfseparatecompressionofcorrelatedsourcesisoneofthe
corner-stonesofmultiterminalinformationtheory.

•Althoughknownsincealongtime,ithasrecentlyreceivedrenewed
interestbecauseofnewemergingapplications(e.g.,sensornetworks).

•Slepian-Wolfregion:

R1≥H(X|Y),R2≥H(Y|X),R1+R2≥H(X,Y)

•FocusonthevertexR2=H(Y),R1=H(X|Y).Problem:ENC1must
encodeXattheconditionalentropywithoutknowingtherealizationofY.
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Slepian-Wolfrandombinning

•Randombinning:formarandomcodeofsize2
n(H(X)+2ε)

,∼PX,and
randomlypartitionitinto2

n(H(X|Y)+ε)
binsofsize2

n(I(X;Y)+ε)
.

•Encoding:assumingxtypical,outputtheindexofthebinthatcontainsx.

•Decoding:thedecoderlooksintothebinforthex̂jointlytypicalwithy.

•Foranyε>0andsufficientlylargentheprobabilityofencodingand
decodingerrorsvanishes.

27



Slepian-Wolfcompressionisachannelcodingproblem

•AssumeX=Fq:S-Woperatingat(R1=H(X|Y),R2=H(Y))canbe
implementedoptimallybylinearblockcodes(Wynerscheme).

•LetH1∈F
m×n
qbeaparity-checkmatrix.Acomputesthesyndrome

s1=H1xandsendsittoB.

•Bhasyands1andreconstructsxbyMLdecoding:

x̂=argmax
x:H1x=s1

PX|Y(x|y)

•Ifm/n>H(X|Y),foranyε>0thereexistmatricesH1suchthatPe<ε
forsufficientlylargen.

•S-Wisashardasachievingchannelcapacity(withsmallblockerror
rate!!!).
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Applications:bidirectionaldata-exchange

•Caire-Shamai-Verdu,2004.

•LetAandBhavedatavectorsx∈X
n

andy∈Y
n
,respectively.

•x,yaregeneratedaccordingtosomeknownjointpmfPX,Y.

•AandBareconnectedbyabidirectionallosslesschannel.

•Goal:makexknowntoBandyknowntoBwithminimalrate.
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Bidirectionaldataexchangerateregion

•Proposition:
R1≥H(X|Y),R2≥H(Y|X)

•Achievability:useSlepian-Wolfinbothdirections.

•Converse:letageniegiveytotheencoderinA,theminimumrateto
communicatextoBisstillH(X|Y).Thesameargumentholdsinthe
reversedirection.
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TheSlepian-Wolfanddataexchangeregions

Achievablebybidirectionaldataexchange

R1

R2

H(Y|X)

H(Y)

H(X|Y)H(X)
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Scenario:multicastoverheterogeneousnetworks

•AisaserverthatsendsasourcefilextoaclientBviaanunreliablehigh-
throughputforwardlink(e.g.,DVB-Sdownlink,DVB-Tdownlink,DAB).

•Afterdemodulation/decoding,Bhasy=x+e,acorruptedversionofx.

•AandBarealsoconnectedbyabidirectionalreliabledatalink(e.g.,
GPRS,UMTS,WiredInternet).

•Thebidirectionalreliablelinkhaslowthroughput(orhigh-cost).

•WewishtouseefficientlythereliablelinktotransferxtoBinafully
reliablewaybyexploitingthefactthatBhasalreadyreceivedy.
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Example:BEC“correlation”(one-directional)

•Supposethatx,y∈F
n
2arelinkedbyaBECwitherasureprobabilityp.

andfocusonA→B.

•UsingaFountainCode,Aproducesm>npparitybitss1andsends
themtoBviathereliablelink.

•Withhighprobability,Bisabletodecodexsinceithasreceived≈(1−p)n
symbolsviayandadditional>npsymbolsvias1.

•CommunicationtakesplaceatrateslightlyaboveH(X|Y)=pin
directionA→Bandzerointhereversedirection.

•Problem:veryheavydemandontheperformanceoftheFountainCode.
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Example:BEC“correlation”(bi-directional)

•Idea!Thebidirectionallinkaffordssignificantsimplification.

•Bencodestheerasurepatternusingstandarddatacompressionand
sendsittoA.

•AjustsendstheerasedsymbolstoB.

•Noencoding/decodingisneeded,andcommunicationtakeplaceatrate
≈H(Y|X)=h(p)indirectionB→Aand≈H(X|Y)=pindirectionA
→B.

•IntheBEC“correlation”case,weachievetheS-Wratesinbothdirections
fordataexchangeandavoidcomplicatedcodinganddecoding.
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Low-complexitybi-directionalCLIDalgorithm.

•Step1.Asendss1=HxtoB,andBsendss2=HytoA.

•Step2.Bothterminalshaves=s1−s2=H(x−y):theyrunlocally
exactcopiesoftheBPdecoderanduseCLIDoverthebidirectionallink
torecovereexactly.

•AteachCLIDround,dsymbolsofxareexchangedindirectionA→B
anddsymbolsofyinthesamepositionsareexchangedindirectionB
→A,suchthatbothterminalscancomputethevalueofeinthedoped
positions.
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Rateofthescheme.

•ThisschemeachievesH(Xi−Yi)+∆inbothdirections,where∆isdue
toCLIDandtothesuboptimality(gapfromcapacity)oftheLDPCcode.

•Ingeneral,max{H(X|Y),H(Y|X)}≤H(Xi−Yi)unlessXandYare
non-redundantande=x−yisi.i.d..

•Remark:thisisthecasewherexisacompressedsourceandyisthe
resultofchanneldecodingwithsufficientinterleaving(e.g.,multicastof
compressedvideo).
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Numericalexperiment

•Letxbeabinaryi.i.d.uniformvectorandy=x+e,withei.i.d.Bernoulli-
pe.

•Wechoosepe=0.005,yieldingH(Xi−Yi)=H(ei)=0.0454bit/symbol.

•WeusedanirregularLDPCensemblewithblocklengthn=60000and
degreesequencesoptimizedusingapproximateddensityevolutionand
linearprogramming:

λ(x)=0.3479x
2
+0.3178x

9
+0.0386x

30
+0.2957x

31
,ρ(x)=0.5x

107
+0.5x

108

•Thecompressioncodingrateis0.0583,correspondingto28%
redundancyw.r.t.theS-Wlimit.

•AteachCLIDround,ablockofdCLIDbitsaresent.Weconsideredthe
casesd=1,10,50,100,200.
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Ratecumulativedistribution
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Ratecumulativedistribution(detail)
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HistogramofthenumberofprotocolCLIDrounds,d=1
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Algorithm I, ensemble 1, d = 1
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HistogramofthenumberofprotocolCLIDrounds,d=100
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Algorithm I, ensemble 1, d = 100
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Applications:codingwithlimitedfeedback

•Itiswell-knownthatfeedbackdoesnotincreasecapacityofmemoryless
channels.

•Nevertheless,feedbackmayachieveatargetPewithmuchsmallerblock
lengthand/ormuchlesscomplexity.

•Shannon’sfeedback:theencoderattimekknowsthechanneloutput
y1,...,yk−1.

•Burnashev’sexponent:

Ef(R)=D(1−R/C)

whereCisthechannelcapacityand

D=max
a,b∈X

D(PY|X=a‖PY|X=b)
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Atwo-stepschemeachievingBurnashev’sexponent

•Step1:theinformationmessageistransmittedusingagoodnear-
capacityachievingcodefortheunderlyingDMC(withoutfeedback).

•Step2:nowtheencoderknowsexactlythestateofthedecoderand
sendsanaccept/denymessagebyusingrepetitioncoding,i.e.,by
repeatingLtimesthelettera(accept)orb(deny)whereaandbare
chosentoachieveD.

•If“deny”isdecoded,thewholeblockisre-transmitted.If“accept”is
decoded,transmissionofthecurrentblockstops.

•Anerroroccurswhen“accept”isdecodedwhile“deny”wastransmitted.
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Practical(limited)feedbackschemes

•ARQ

•Hybrid-ARQ

•EssentiallybasedonACK/NACK:performancedominatedbytheability
ofthedecodertodetectitserrorstatus.

•Aproblemofpracticalinterest:deviseschemesthatattainbothhigh
reliabilityandlowcomplexityforgivenfixedfeedbackrateRf(ratioof
feedbacksymbolsoverforwardchannelsymbols).
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Proposedscheme

•Caire,Shamai,Verdu2005.

•SerialconcatenationoftwoLDPCcodes:outercodingb7→x1,inner
codingx17→x2.

•Step1:uponreceptionofthechanneloutputy,thedecoderrunsBPover
thejointTannergraphandobtainsx̂1,suchthat,assuminginterleaving,
e1=x̂−x1∼Bernoulli-p.

•Mainfeedback:thedecodercomputesthesyndromez1=H1x̂1=H1e1.
Ifz1=0,thereceiverdeclaresthesubvectorofx̂1astheoutput.If
z16=0,z1issentoverthefeedbacklink.

•Theencoderknowsx1andz1andthedecoderknowsx̂1andz1,but
neitherknowse1.
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•Step2:bothencoderanddecoderrunBPsimultaneouslyontheTanner
graphoftheoutercodewithsyndromeequaltoz1,andvariablenodes
associatedtotheelementsofe1.

•Problem:similartothebidirectionaldataexchange,butCLIDcannotbe
appliedsincetheforwardlinkisnoisy.

•Answer:weuseanoisyversionoftheCLIDalgorithm...the“dirtyCLID”.

•Let`thepositionoftheleastreliablesymbolatagivendopingiteration,
thentheencodersendsx1,`throughtheforwardchannelwhichoutputs
y1,`.ThedecodercomputestheMAPestimatesx̃1,`andẽ1,`=x̃1,`−x̂1,`

andfeedsitbacktotheencoderviathenoiselessfeedbacklink.

•Bothencoderanddecoderhavethesamenoisyobservationofe1,`and
canupdatetheirBPalgorithmbyincorporatingtheadditionalmessage

(−1)

�

e1,`logL

forthe`-thvariablenode.
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•TheBPalgorithmsattheencoderanddecoderremainsynchronized.
Thedecodingprocessstopsataniterationwhenitsguessê1satisfies
theparity-checkequations,i.e.,

z1=H1ê1
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Designoptions

•TheoutercodemustbeoptimizedforaBSCwithprobabilityoferrorp.
Hence,r1<1−h(p).

•LettingE[d]theexpectednumberofdopedbits,theresultingfeedback
rateisgivenby

Rf=
nr2(1−r1)+E[d]

n+E[d]
≈r2(1−r1)+η

whereηissmall(dopingredundancy).

•Twoextremecases.

•Choosingatrivialinnercodeandanoutercodeoptimizedfortheforward
channel,wegetr2=1andr1=C−ε,withsomegap-to-capacityε>0
whichisacodedesignparameter.ThischoiceyieldsRf≈1−C+ε+η.
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•Choosinganinnercodeoptimizedfortheforwardchannelyieldsr2=
C−εandverysmallp,suchthatr1=1−h(p)−ε≈1.Thisyields

Rf=(C−ε)(h(p)+ε)+η

whichcanbemadeassmallasdesired.
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Robustjointsourcechannelcoding

•Datacompressionvialinearblockcodes,fromthepuredatacompression
pointofview,isnotcompetitivewithrespecttostate-of-the-artdata
compression.

•ONTHEBADSIDE:residualerrorprobability,complexityofBPdecoding.

•ONTHEGOODSIDE:linearmappinghasgenerallyawellconditioned
inverse(non-catastrophic!):asmallHammingdistancebetweenencoded
sequencesreflectsintoasmallHammingdistanceofthesource
reconstructedsequence.

•Standardstate-of-the-artdatacompressionhasgenerallycatastrophic
inverse:onebiterroryieldsarandomreconstructedsequence,almost
independentoftheindependentsequence.
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Option1:≈optimalquantizationwithcleverindexing

Indexing
Inversetransform

(signalprocessing)
Channeldecoding

Invertibletransform

(signalprocessing)
Channelcoding

PY|X

Reconstruction

quantization

Optimal

VQ/TCQ/Lattice

Indexing
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Option2:Suboptimalquantizationwithentropycoding

ECSQ/ECTCQ

Inversetransform

(signalprocessing)
Channeldecoding

Invertibletransform

(signalprocessing)

Entropycoding
Channelcoding

(datacompression)

PY|X

Datadecompression
Reconstruction

quantization

Suboptimal
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Option1:MultistageTCQ+standardLDPCcoding
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Option2:ECSQ+LDPCcodingfordatacompression
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Comparisonwithsuccessiverefinementscalar
quantization

00.511.522.533.54
0

5

10

15

20

25

R

R
S

N
R

 (dB
)

1/DG(R) 

    TQ rs=1/4 128 states 

                          

Scalar Embedded Lloyd−Max 

Vector (2D) Embedded Lloyd−Max 

55



Designtradeoffs

•MultistageTCQbasedonbinaryCC(typically,rate1/4,128states)yields
anefficientsuccessiverefinementquantizationscheme,yet,suboptimal
athighrates.

•BinaryCCyieldsdirectlyanon-catastrophicbinaryindexing(directly
followingfromnon-catastropicpropertyoftheCCencoder).

•Soft-reconstruction(softbits)yieldsjustminorimprovementw.r.t.hard
reconstruction.

•Entropy-ConstrainedScalarQuantizationismuchsimplerbutnot
generallysuccesivelyrefinement.

•ItrequirescarefulmappingofM-aryindicesontobinary:wehave
investigatedmulti-levelcoding,byexploitingtheentropychainrule:

H(µ)=H(b1)+H(b2|b1)+···H(bm|bm−1,...,b1)
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•Pleasantreminiscenceofthe“bit-plane”structureofpracticalsource
codingschemes(e.g.,JPEG2000).

•ItisexpectedthatECTCQ+carefullydesignedLDPCyieldsthebest
performance(tobeoptimizedanddemonstrated...).
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Examples[On-goingwork!]

•Concatenationofpredictivequantizationforimages,followedbyadaptive
probabilityestimation/identificationandcompressionbymulti-levelTurbo
Codes[Kim,Sesia,RamstadandCaire,2005].

•Inthisworkweexploitthefactthatthequantizedsourceafterpredictive
quantizationlookslikeanon-stationarybutindependentMdiscrete
source.

•ConcatenationofWavelettransform,quantizationandMarkov(context)
modelestimationofJPEG2000withmulti-levelTurbo-Codes[on-going
workwithM.Fresia].

•InthisworkweexploitthefactthatJPEG2000modelsthebitplanes
asnon-stationarybinaryMarkov-Chains,whosestructurecanbe
incorporatedintotheBPdecoder.
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Anumericalexperiment
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Conclusions

•Datacompressionvialinearcodingz=Hxistheoreticallyanoptimal
fixed-to-fixedlengthdatacompressionscheme.

•Becauseofcomplexity,weusesparseHandBPdecoding.

•Goodperformancesinthenon-universalanduniversalcasecanbe
obtainedbydecodingattheencoder,usingalibraryofmatrices,CLID,
BWT,MDLprobabilitymodelestimation.

•Althoughcompetingwithstate-of-theartisveryhardforthepuredata
(lossless)compressioncase,linearblockcodinghasunique“non-
catastrophic”featuresthatmakeitakeybuildingblockforrobustJSCC.

•Distributeddatacompression(Slepian-Wolf)isachannelcoding
problem,thereforethereisnoalternative.
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Openproblems

•Openproblem1:usingmodern(sparse-graphbased)techniquesfor
lossycompression.Thisisatotallydifferentapproach,linearmaps
cannotbeoptimalforlossycoding!.

•Preliminaryresultsinspecialcases:Zecchina,Mezardetal.,building
ontheanalogywiththeK-SATproblemandusingtechniquessuchas
SurveyPropagation.

•Openproblem2:lossytransmissionforacompound/broadcastchannel,
achievabledistortionregion.

•VeryimportantforfutureDAB/DVB,andMMbroadcastingfor3G+.

•BestknownperformancesareobtainedbyHybridanalog-digital
schemes.
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