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Abstract

Weinvestigatetheuseof anantennaarrayat thereceiver in FDMA/TDMA systemsto let
severalusersshareonecommunicationchannelwithin acell. A decisionfeedbackequal-
izerwhichsimultaneouslydetectsall incomingsignals(multiuserdetection)is compared
to a setof decisionfeedbackequalizers,eachdetectingonesignalandrejectingthe re-
mainingasinterference.We alsointroducetheexistenceof a zero-forcingsolutionto the
equalizationproblemasanindicatorof near-far resistanceof differentdetectorstructures.
Near-far resistanceguaranteesthat goodperformancewill be obtainedif the channelis
known andthenoiselevel is low.

Simulationsshow thatwith anincreasednumberof usersin thecell, the incremental
performancedegradationis smallfor themultiuserdetector.

We have appliedtheproposedalgorithmsto experimentalmeasurementsfrom anan-
tennaarraytestbed,implementingtheair interfaceof DCS-1800.Theresultsfrom these
experimentsconfirm that reusewithin a cell is indeedpossible,using either an eight-
elementarrayantennaor a two-branchdiversitysectorantenna.

Multiuser detectionwill in generalprovide betterperformancethaninterferencere-
jection,especiallywhenthepower levelsof theusersdiffer substantially. Thedifference
in performanceis of crucialimportancewhentheavailabletrainingsequencesareshort.
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Chapter 1

Intr oduction

Thehighcapacityof awirelesscellularcommunicationsystemis obtainedby thedivision
of ageographicalareainto cells.Eachcommunicationchannelis usedin a fractionof the
cells,andby decreasingthecell size,thecapacityof thesystemcanbeincreased.

Reducingthe cell size is however expensive. Instead,multi-elementantennas,also
known asantennaarrays, canbeusedat the receiver to increasethecapacity. Antenna
arrayscanenhancethedesiredsignalandsuppresstheinterferencesothateachcommu-
nicationchannelcanbeusedmorefrequentlyacrossthenetwork, therebydecreasingthe
so-calledreusefactor. Whenall channelsareutilized in every cell, thesystemis saidto
havereusefactorone.

To increasethe capacityof an FDMA or a TDMA cellular systemwhich hasreuse
factorone,several userswithin a cell would have to shareeachavailablechannel;the
systemmustsupportreusewithin a cell.1 This will causesevereco-channelinterference
at the receiver. Antennaarraysare then indispensabletools for separatingthe signals
from differentusers.In this paper, we illustrate,compareandexploretwo waysof using
anantennaarrayat thereceiver to accomplishchannelreusewithin acell:

1. Detectthe signal from oneuserat a time while treatingthe otherusersas inter-
ference.In the following, this approachwill be denotedinterferencerejectionor
interferencecancellation.

2. Detectthesignalsfrom all userssimultaneously. Thisapproachwill becalledmul-
tiuserdetection.

Interferencerejectionhasbeenthoroughlystudiedfor many differenttransmissionen-
vironmentsusingdifferentdetectors.In [1], interferencerejectionusinglinear receivers
is studied,whereasdecisionfeedbackequalizersareusedfor thesamepurposeby Mon-
senin [2] and by Balabanand Salz in [3]. Decisionfeedbackequalizersare also the
topic of [4], but in anadaptive setting. In [5], Bottomley andJamalusemaximumlike-
lihood sequenceestimationwith spatialinterferencewhiteningto suppressintersymbol
andco-channelinterference.Interferencerejection,i.e. taking the covariancematrix of
theinterferenceinto account,leadsto substantialperformanceimprovementsin all these
papers.

Multiuserdetectionwithin a cell usingantennaarrayswasfirst suggestedby Winters
in [6] and [7]. The emphasisof thesepapersis on frequency non-selectivechannels
andlineardetectors.In [8] extensionsaremadeto frequency selective channels.Linear

1Thisconceptis alsoknown asSpatialDivisionMultiple Accessor SDMA.
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andnon-linearmultiuserdetectorshave beenextensively investigatedfor applicationin
CDMA systems,seee.g. [9], [10], [11] and[12]. Most multiuserdetectorsfor CDMA
systemsareblock detectors.Suchdetectorsarealsobecomingincreasinglypopularin
TDMA systemsfor multiuserdetectionin conjunctionwith antennaarrays[13], [14].
However, block detectionhaslimitations for time-varying channels,sincethe detector
parametersin thatcasemayhave to beupdatedonasymbol-by-symbolbasis.In general,
block detectorsarealso more complex and memoryconsumingthan their symbol-by-
symbolcounterparts.For thesereasons,we shall in this paperrestrictour attentionto
symbol-by-symboldetectors.

As will becomeevidentin thefollowing chapter, theperformanceof multiuserdetec-
torsis mostlysuperiorto thatof interferencecancellers.This is dueto two reasons:

1. Non-linearmultiuserdetectorscansuppressinterferencemoreefficiently thannon-
linearinterferencecancellers.(This is in contrastto MSEoptimal linear detectors,
suchasthoseusedin [7]. An optimally tunedlinearmultiuserdetectoris exactly
thesamedetectorasasetof optimally tunedlinearinterferencecancellers.)

2. The channelestimationis improved: Whenutilizing training sequencesfrom all
usersinsteadof treatingall exceptoneasnoise,theestimatesof channelandnoise
statisticswill be basedon moredata. Therefore,the modelquality is in general
improved,which leadsto moreprecisetuningof thedetector.

In this paperwe will usedecisionfeedback equalizers (DFE:s) to illustratetheinflu-
enceof thesetwo factors. Throughoutthe paper, we will comparetwo equalizerstruc-
tures:

1. TheDFEpresentedin [4], whichrejectsinterference.

2. TheDFEof [15], whichdetectsmultiplesignalssimultaneously.2

To usethe multiuserdetectorpresentedhere,the channelsfrom eachuserto each
antennaelementmustbeestimated.In a TDMA system,this in turn requiresthatbursts
from all usersareroughlysynchronized,andthat differentuserssenddifferenttraining
sequenceswhich areknown at thereceiver. Theserequirementsarenot hardto fulfill for
userswithin a cell. Therefore,someform of multiuserdetectionseemsto bea feasible
tool for attainingchannelreusewithin a cell. Exploiting multiuserdetectionto reduce
interferencefrom transmittersoutsidethecell is moredifficult, sincethebasestationsin
adjacentcellsmustin thatcasebesynchronized.

Although the multiuserdetectorsuggestedherecan be modified for applicationin
CDMA systems,wewill focuson its usefor TDMA andFDMA systems.

Thepaperis organizedasfollows: In Chapter2 thegeneralmultiple-input-multiple-
output(MIMO) modelof thecellularcommunicationsystemis presented.Themultiuser
detectorwill be basedon this model. A single-input-multiple-output(SIMO) model is
alsoderived, by regardingall but oneof the received messagesascolorednoise. The
detectorperforminginterferencerejectionwill bebasedon thatmodel. In Chapter3, the
designequationsfor theMIMO DFE with multiple inputsandoutputswill bepresented.
We alsointroducethe existenceof a zero-forcingDFE asan indicatorof how well the

2ThisminimummeansquareerrorDFEwasfirst derivedin [16]. It resemblestheDFEpresentedin [17],
but is derivedundertheconstraintof realizability(finite decisiondelayandcausalfilters),andgeneralized
for straightforwardapplicationto channelswith differentnumberof inputsandoutputs.
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MMSE detectorcanbeexpectedto operatein a scenariowith signalsandinterferersof
unequalpower. In Chapter4, extensive simulationsareconductedto illustrateimportant
aspectsof theimplementationof asystememploying reusewithin acell. Thesimulations
alsoillustratethedifferencein performancebetweenmultiuserdetectionandinterference
rejection.Thealgorithmspresentedareappliedto measurementscollectedat anantenna
arraytestbedin Chapter5. Thetestbedcomplieswith theair interfacestandardof DCS-
1800.Finally, in Chapter6, theresultsarediscussedandconclusionsaredrawn.
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Chapter 2

Channelmodels

We shall now introducethe channelmodelsuponwhich we basethe derivation of the
detectors.Thesebasebandmodelsareassumedto be linear andsampledat the symbol
rate.They arealsoassumedto includetheeffectsof pulseshapingandanalogmodulation.
Thesymbolrateis equalfor all users.Finally, weassumethechannelmodelsto betime-
invariant over thedurationof a TDMA burst. Themotivationfor the lastassumptionis
solelysimplicity of presentation.1

2.1 A multiple-input-multiple-output basebandchannel
model

We considera casewith � transmittersand � receiverantennas.Thesignalfrom trans-
mitter � propagatesthroughthediscrete-timebasebandchannel	�
����������� to receiver an-
tenna� . Thechannel	�
������������ is givenby	�
����� ��� ����	! 
��#" 	 �
�� � ��� "%$&$&$&" 	('*) +
�� � � '*) + (2.1)

where 	(,
�� arecomplex-valuedconstantsandwhere � ��� representstheunit delayopera-
tor.2

Thedigital signalreceivedat antenna� at thediscretetime instant - is denoted.�
/�0-1�
andcanbeexpressedas

.�
2�0-1�3� 45 ,&6 � 	�
 , ��� ��� ��7 , �0-8� ":9 
;�0-8��< (2.2)

where7=���0-1� is thesymboltransmittedfrom user� andtheterm 9 
/�0-1� correspondsto noise
andout-of-cellco-channelinterference.Notethatsignalsfrom transmitterswithin thecell
areexplicitly modeledin (2.2). Thesignals7>���0-1� andthenoises9 
;�0-8� areassumedto be
mutuallyuncorrelated,zeromeanwide sensestationarystochasticsignals.Furthermore,
all signals7>���0-8�?�@�BAC<EDFDFDG<=� areassumedto bemutuallyuncorrelated,andwhite with
zeromean.Thesituationis depictedin Fig. 2.1.

1In practice,thechannelswill betime-varyingdueto carrierfrequency offsetsandfading.Thechannel
models,detectorsanddesignequationspresentedherecaneasilybegeneralizedto thetime-varyingcase,
seeChapter7 of [18].

2For any signal HJILKNM , O�PJQRHJISKNMUTVHJILKXWZY�M .
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Figure2.1: TheMIMO channelmodel,where a>b*c�d8e is thesymboltransmittedatdiscrete
time instant d from usernumberf , while g�h/c0d8e is the received sampledbasebandsig-
nal at antennai . The signal jNh2c0d8e representsadditive noiseandout-of-cell co-channel
interference.

To obtainaMIMO model,we introducethesignalvectorsgkc�d8e�lnm g�oEc�d8epgUq�c0d8esrFrFrngutvc0d1exwzy (2.3a)a�c�d8e�l m a�ozc�d8e{a&q�c�d8esrFrFr|a&}@c�d8e w y (2.3b)j�c�d8e�l m jJozc0d1e~j�q�c0d1e�rErFr�j*t�c0d1exw y r (2.3c)

Thevector j�c0d8e of noisesamplesis characterizedby thematrix-valuedcovariancefunc-
tion � �G�����l��V�j�c0d8e/j���c���e/� (2.4)

andcanbebothspatiallyandtemporallycolored.3 Thevector gkc0d1e of sampledantenna
outputscannow beexpressedasgkc�d8e�l���c�� � o exa�c0d8e?�:j�c�d8e (2.5)l��(�>a�c�d8e?���&�&�F�����8a�c0d��:�3e?��j�c�d8e (2.6)

wherewehave introducedtheMIMO impulseresponse

��c�� � o e�l �� ¢¡ o;oEc�� � o e rFrFr ¡ o�}@c�� � o e...
...

...

¡ t�oEc�� � o esrFrFr ¡ t£}Vc�� � o e
¤E¥¦ (2.7)

3“Spatialcolor” refersto thematrix §8¨ in (2.4)whichcanbegivenaspatialinterpretationfor aparticular
antennaconfiguration.When § ¨ is diagonal,thedisturbanceis saidto bespatiallywhite. Temporalcolor
is, asusual,describedby thez-transformof (2.4).
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with individualmatrixcoefficients(taps)

©«ª¬ ®¯°¢± ª²;² ³F³F³ ± ª ²�´...
...

...± ªµ ² ³F³F³ ± ªµ ´
¶E·¸ ³

(2.8)

In (2.6), ¹ ¬nº«»�¼½S¾ ¿ ¹ ½�¿
representsthemaximumorderof all scalarchannels(2.1).

Remark 1. Themodel(2.6) is rathergeneral,in that it incorporatesmany differentan-
tennaconfigurations:

1. Phasedarraysystems,wheretheantennaelementsareplacedcloselytogether.

2. Diversity systems,wherethe antennasareusuallyplacedfar apart. The large an-
tennaseparationhelpsto reducetheimpactof fading.

3. Macrodiversity, wheremultiple basestationscommunicatesimultaneouslywith a
singlemobile.This is aspecialcaseof adiversitysystem,describedabove.

Remark 2. Sincethe linear model(2.6) is assumedto includethe analogmodulation,
non-linearmodulationschemessuchascontinuousphasemodulation(CPM),canin gen-
eral not be incorporated.SomeCPM schemescan,however, with a simplenon-linear
transformationat theantennaoutput,beconvertedto a systemwhich canbemodeledas
linearwith goodapproximation[19]. Suchasystemis investigatedin Chapter5.

Remark 3. Althoughthe focusof this paperwill beon reusewithin a cell, out-of-cell
interfererscommunicatingwith otherbasestationscouldbeincludedamongthe À users,
whichareexplicitly modeled.Thefactthattransmissionin adjacentcellsis in generalnot
synchronizedwill in thatcasebeamajorproblemfor multiuserdetectors.4

2.2 Reducing the MIMO model to a SIMO model with
colorednoise

If we explicitly modelthesignalfrom only oneof theusers,we have to considersignals
from the remainingusersas interference.Assumingthe signalof interestto be signal
number1, we definea disturbancevector ÁVÂ0Ã1Ä asthesumof all co-channelinterference
andnoise:

ÁVÂ�Ã8Ä ¬
´Å Æ&Ç8È�É Æ Â�Ê�Ë ² Ä�Ì Æ Â0Ã8Ä?Í:Î�Â0Ã8Ä (2.9)

4Interferencerejection may also suffer from the non-stationaryinterferenceresulting from non-
synchronizedbasestations,see[20].
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where Ï�Ð�Ñ�Ò�Ó�Ô�Õ is column Ö in (2.7). Sinceall signals×>Ø�Ñ0Ù8Õ arewhitewith unit variance
andmutuallyuncorrelatedaswell asuncorrelatedwith theinterferenceÚ�Ñ0Ù8Õ , thematrix-
valuedcovariancefunctionof theinterferenceÛVÑ�Ù8Õ is givenby:ÜÝ£Þ Ó�ß�àá�âVã ÛVÑ0Ù1Õ�Ûåä�Ñ�æ�Õ;ç á èé Ð&ê8ë ì?íîzïñð�ò ð Ó

Þ>ó ß£ôéõ ê ì÷ö0øGïñù�ò ß�Ó Þ ôJú õ Ð Ñ ú õ Ó
Þ>ó ßÐ Õxäüû Ý£Þ Ó�ß (2.10)

whereú õ Ð is column Ö of theimpulseresponsecoefficient (2.8) for lag ý :

ú õ Ð áÿþ�� õÔ Ð � õëRÐ ����� � õ� Ð ��� � (2.11)

Thecompletesingle-input-multiple-outputchannelmodelthusbecomes� Ñ�Ù8Õ á Ï Ô Ñ�Ò Ó�Ô Õ�× Ô Ñ�Ù8Õ?û ÛZÑ0Ù8Õ � (2.12)

TheDFEperforminginterferencerejectionwill bebasedon thismodel.

Remark 4. If themodel(2.12)is usedasa basisfor detectordesign,estimationof the
matrix-valuedcovariancefunctionof ÛZÑ�Ù8Õ is vital. Thisbecomesamajorproblem,since
directestimationof

ÜÝ ß will provide pooraccuracy for theshorttrainingsequencestypi-
cally presentin cellularsystems.In fact,theestimatesof thecovariancefunctionwill be
sounreliable,thatwe in Section4.2 andChapter5 areforcedto exploit only thespatial
structureof ÛZÑ0Ù8Õ , i.e.wewill assumethat âVã ÛZÑ0Ù1Õ�Û ä Ñ�æ�Õ;ç á
	 for Ù��á æ .

2.3 Antenna correlation

Spatialdiversity hasfor a long time beenusedto mitigatefading. The ideais to open
multiple uncorrelatedchannelsfrom the transmitterto the receiver. By combiningthe
signalsreceivedthroughthedifferentchannels,theeffectof fadingcanbereduced.If the
channelsarecorrelated,the probability of all channelsfadingsimultaneouslyincreases
andtheadvantageof usingdiversitydecreases.

Theamountof correlationbetweenthereceivedsignalsdependsontheenvironmentin
which thetransmitterandreceiverantennasarelocated.Whenthereceiver is surrounded
by localscatterers,thereceivedsignalwill fade.Thefadingwill beuncorrelatedatdiffer-
entantennaelements,evenwhentheantennaspacingis rathersmall. This is the typical
situationfor thedownlink5 in amacrocellularsystem.

Whenthe transmitterbut not the receiver is surroundedby local scatterers,the re-
ceived signalwill still fade. However, the fadingwill not be uncorrelatedat different
antennaelementsfor small receiver antennaspacings.This is the typical scenariofor
uplink transmission6 in macrocellularenvironments.

Thecorrelationwill dependonthedistributionof thescattererssurroundingthetrans-
mitter, but differentscattererdistributionsgivesimilar results[21]. In this paper, we will
useanuplink modelfirst suggestedin [22], which assumesa uniform lineararrayat the
basestationreceiverandalargenumberof scattererslocatedonacirclearoundthemobile
transmitter. Thissituationis depictedin Fig. 2.2.

We will treateachscattererasasecondarytransmitter. Assumingthatthetransmitted
signalis narrowband,thesignalreplicasoriginatingfrom onesuchsecondarytransmitter

5Transmissionfrom thebasestationto themobile,alsoknown astheforwardlink.
6Transmissionfrom themobileto thebasestation,alsoknown asthereverselink.
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Figure2.2: Geometryof local scattererssurroundingthetransmitterwhichresultsin cor-
relationamongtheantennaelementsof a uniform lineararrayat thereceiver.

andreceivedat differentantennaelementswill be identicalexceptfor a phaseshift. The
complex correlationcoefficientbetweenthereceivedbasebandsignals��������� and �������������
at two antennaelements� and � �"! respectively is denotedas#%$ ���&�'���(� )����� �'���(*#+$-, ���(����� , * #%$., ���/��������� , *10243 �6587:9;7=<>7:?@�BA (2.13)

We inserttheexpression(2.2) with C 2 ! and DE�(����� 2 DE�/��������� 2GF into (2.13). Since
the transmittedsignalis narrowband, HI�KJ 2 HMLN�����'OPJ 2GF . By assumingthat thechannel
tapsareuncorrelatedwith thetransmittedsignal,theexpression(2.13)reducesto3 �'587:9;7=<>7:?Q� 2 #+$PRTS�U� � RTSLV�����'O.� � ) *#%$.,WR S�U� , * #%$.,WR SLN�/���'O-� , * A (2.14)

For thecircularscattererdistributiondepictedin Fig. 2.2,Fulghumetal [23] obtainedthe
following approximationfor theantennacorrelation:3 �'587:9;7=<>7:?Q� 2 J0 XZYE[ 5E9< \�]@^ ?Q_a`cbcdfe�g�h8ikjWlnm (2.15)

where5 = theantennaseparation,expressedin carrierwavelengths9 = thediameterof thering of scatterers< = thedistancebetweenthereceiverandthetransmitter? = theangleof theincomingsignalwith respectto antennabroadside,

andwhereJ0 is theBesselfunctionof thefirst kind andorderzero. Equation(2.15)is a
goodapproximationwhen 5 and 9 arebothsmallrelative to < .

In a realisticscenario,the transmittedsignalwill not be narrowbandand HI�KJpo F .
In this case,(2.13) will not reduceto (2.14). We will, however, still assumethat the

8



correlationwithin eachcolumnof the qsr
t tapscanbecomputedfrom (2.15),andthat
eachof the qTrut tapsis causedby adifferentring of scatterers.

The impactof antennacorrelationon theperformanceof themultivariableDFE will
beinvestigatedin Section4.1.2.
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Chapter 3

The multi variable DFE

3.1 Designequations

We shallusea multivariableDFE with a transversalfeedforwardfilter anda transversal
feedbackfilter: vwnx�y;zp{}|Ky�~�����x'�n����~(��x�y�~�z��sx6�}����~>�wnx�y;zs{�z��>~�wnx�y;zp{�~��u��x vwnx�y;zp{}|Ky�~�~Z� (3.1)

Here,��x'y�~ is theoutputof thearray, usedasinputto theequalizerand �wnx�y�z�{�z��>~ arethe
decisionspreviouslymadeby theequalizer. Thesoftestimate

vw}x'yBz�{}|Wy�~ is passedthrough
thedecisionnon-linearity��x&�/~ to producethehardestimate�wnx�y�z�{�~ . Thefeedforward filter��x'� ��� ~ is of order ��� with � inputsand � outputs,whereasthefeedback filter ��x'� ��� ~ is
of order��� andhas� inputsand � outputs.A setof � MISODFE:scanberepresented
in the sameway, the only differencebeingthat the feedbackfilter ��x'� ��� ~ is diagonal.
Note that the feedforward filter is causal,andthat the decisionson the symbolvectors
aremadeaftera finite decisiondelay { . This meansthattheDFE is alwaysrealizable,in
contrastto theDFE:spresentedin [3] and[17]. TheMIMO DFEis depictedin Fig. 3.1.

x1 � k  
xN � k   FFfilter f( ¡ )¢ s̃1 � k £u¤Q 

s̃M � k £u¤Q 
FB filter

¥¦ ��§ £u¤©¨ §  

Figure3.1: Thestructureof themultivariableDFE,whichexploits � sensorsignals��ª(x�y�~
to computeestimates�wnx�y«z�{�~ of symbolsfrom � users.Thefeedforwardfilter andthe
feedbackfilter arebothcausalandof finiteorder. A setof MISODFE:scanberepresented
in thesamewaybut with adiagonalfeedbackfilter.

The useof FIR filters in (3.1) and the useof model-based(indirect) designof the
equalizeris motivatedin AppendixA.

To make derivationof optimalequalizercoefficientsfeasible,we adoptthecommon
assumptionthatall previousdecisionsaffectingthecurrentsymbolestimatearecorrect,

10



i.e. ¬}®'¯;°s±²°�³�´Zµ4n®�¯¶°s±²°�³�´ ³·µ¹¸@º�»�»�»�º�³�¼«½u¸�» (3.2)

Optimal coefficientsof the DFE canthenbe computedfrom known channelandnoise
statistics.

Two criteriacanbeusedfor thedeterminationof thecoefficientsof thefilters ¾ ®'¿nÀ�Á�´
and Â ®'¿}À�Á�´ : Thepeakdistortioncriterionandtheminimummeansquareerror(MMSE)
criterion.

3.1.1 The zero-forcing design

A scalarequalizerderived by minimizing the peakdistortion criterion minimizesthe
residualintersymbolinterference.A scalarequalizerwhich removesall intersymbolin-
terferenceis calledazero-forcingequalizer. A naturalmultiuserextensionto thepeakdis-
tortion criterionis to minimizetheresidualintersymbolandco-channelinterference[3],
andamultiuserzero-forcing(ZF) equalizercanbedefinedaccordingly:

Definition1: Considerthe channelmodel(2.6) anda multivariableequalizerwhich
formstheestimateÃn®'¯¶°Ä±ÆÅW¯�´ of a transmittedsymbolvector n®�¯;°p±�´ . IfÃn®�¯¶°s±}ÅK¯�´�µ
}®'¯;°p±8´Ç½�È�®�¯�´ (3.3)

whereÈ�®�¯�´ is uncorrelatedwith all transmittedsymbolvectorsn®fÉÊ´�Ë�É , thentheequal-
izer is saidto bezero-forcing.

By substituting(2.5) and(3.2) into (3.1), the zero-forcingcondition(3.3) is seento
imply therelation¾ ®'¿ À�Á ´�ÌÍ®6¿ À�Á ´�n®'¯�´Î° Â ®6¿ À�Á ´&}®'¯Ï°Ä±²°�¸>´�µÐn®'¯¶°p±�´�»
A DFE will thusbezero-forcingif andonly if ¾ ®'¿ À�Á ´ and Â ®'¿ À�Á ´ constitutea solution
to thepolynomialmatrix,or Diophantine,equation[24]¾ ®6¿ À�Á ´�ÌÑ®'¿ À�Á ´Î°Ò¿ À@Ó�À�Á Â ®'¿ À�Á ´�µ4¿ À@Ó&Ô�Õ » (3.4)

3.1.2 The MMSE design

Thecoefficientsof anMMSE equalizeraredeterminedto minimizeÖ µ4×+Ø-ÅkÅKn®�¯;°s±�´Î° Ãn®�¯;°p±}ÅK¯�´8ÅUÅ Ù�Ú (3.5)

wherethe expectationis taken over the signal vector n®'¯�´ and the noisevector Û ®�¯�´ ,
definedin (2.3b)and(2.3c)respectively.

Underconditionswhich will bediscussedin Section3.3,theMMSE DFE reducesto
the ZF DFE whenthe covariancematrix of the noise Û ®�¯�´ in (2.6) goesto zero. In the
following, we shall focuson the MMSE criterion, sincethe performanceof an MMSE
DFE is superiorto thatof a ZF DFE. A reasonfor this is thatZF equalizersamplify the
additivenoise,sincethepeakdistortioncriterionis notaffectedby thenoiseproperties.

Thematrixcoefficientsof theMMSE optimalmultivariabledecisionfeedbackequal-
izercanbecalculatedasfollows:
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Theorem1: ConsiderthemultivariableDFEdescribedby(3.1),thechannelmodel(2.6)
with Ü transmittersand Ý sensorsand the noisestatistics(2.4), with ÞÎß being non-
singular. Assumeall Ü signalsà:áQâ'ã�ä to bewhite with unit variance,to bemutuallyun-
correlatedanduncorrelatedwith thenoisevector å�â�ã�ä . If all pastdecisionsareassumed
correct,thentheuniquematrixpolynomialsæ�â'ç}è�é�ä and êÄâ'çnè�é�ä in (3.1)of ordersë�ì andë�í·î
ï«ðaë�ì�ñóò�ñÄô respectively, minimizingtheMSE(3.5),areobtainedasfollows:

1. The feedforward filter æ�â'ç è�é ä�îöõ�ß²ð¹õ é ç è�é ðø÷8÷8÷}ðùõ�ú�û=ç è ú�û is determinedby
solvingthesystemof Ýüâfë�ìýð"ô>ä linearequations

âfþ«þ%ÿTð�� ä ��� õ ÿß...õ ÿú�û
���
� î

����
�
	�

...	 ß�
� ���
� (3.6)

with respectto the Ý�KÜ matrixcoefficients õ ÿú , whereþ is the Ýpâ6ë�ì�ð ô>ä�WÜ â-ò ðóô8ä
matrix

þÍî
������
�
	 ß 	 é������ 	�
� 	 ß ����� 	�
 è�é...

... ...
...� ����� � 	 ß� ����������� �

� �����
� (3.7)

andwhere

�4î ��
� ÞÎß ����� Þ�ú�û

...
...

...Þ è ú�û ����� ÞÎß
� �
� � (3.8)

2. Thecoefficientsof thefeedbackfilter êsâ6ç è�é äBî��Ïß©ð�� é ç è�é ðü÷8÷8÷�ð��¶ú��©ç è ú � are
givenby

�¶ú�î ������� ú�û! 
#" ú " é#$%&(' �*),+-� ß. ú è0/ "0
#" é#$ õ &
	�
#" é�è & " ú (3.9)

whereë�í�î4ï�ð ë�ì�ñpò²ñ ô .
Proof: SeeAppendixB.

Remark 1. Theconditionthatthenoisecovariancefor lagzero,Þ�ß , hasfull rankensures
that the matrix þ«þ ÿ ð1� in (3.6) is non-singular. A uniqueMMSE solutionwill thus
alwaysexist.

Remark 2. To computeasetof MMSE MISO DFE:s,weuseTheorem1 repeatedlyfor
eachuserof interest,with Ü î ô andwith the noisestatistic 2Þ�ú describedby (2.10)
substitutedfor Þ�ú .
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Remark 3. Most DFE derivations(seee.g. [3], [17], [25]) assumethe presenceof a
(continuous-time)filter matchedto thereceivedsignalin front of theDFE.Suchmatched
filtering canbe shown to be optimal only when the decisiondelay in the DFE is infi-
nite [26].

Remark 4. For agivendetectionscenario,thestructureof theDFEis determinedby the
decisiondelay 3 , andthedegreesof thefeedforwardfilter 465 andthefeedbackfilter 467 .
Theimpactof thesethreevariablesis outlinedbelow.8 Thedecisiondelay 3 is chosenasa trade-off betweencomplexity andperformance:

the larger decisiondelay, the betterthe performance.However, choosing3 larger
thanthedelayspread9 only leadsto minor improvementsin performance.8 Thedegree465 of thefeedforwardfilter shouldbechosenaslargeaspossible.How-
ever, whenthenoiseis assumedto betemporallywhite ( :<;>=@?A4CB=D? ), (3.6)will
give EF;G=H? for 4JI�3 .8 Thedegree4K7 of thefeedbackfilter shouldbelargeenoughto cancelall postcursor
taps(tapswith delay IL3 ) in thelinearlyequalizedchannelMON#P0QSR.TVUWNXP0QSR.T . A lower
degreewill lead to a loss in performance,and a higher degreewill not improve
performance.Thenumberof postcursortapsequals9>YZ465K[\3 , soweconcludethat467]=C9ZYL465([�3^[`_ .

3.2 Complexity

To computetheMMSE MIMO or MISO DFE,weneedto solvethesystemof linearequa-
tions(3.6) anddeterminethe feedbackfilter via (3.9). Thenumberof requiredcomplex
multiplicationsareindicatedin Table3.1for bothMIMO andMISO DFE:s.

Table 3.1: The numberof complex multiplicationsnecessaryto computeand run the
MIMO DFEandasetof a MISO DFE:sfor a usersand b sensors.Thedecisiondelay
of theDFE:sis 3 , thedegreeof thefeedforwardfilter is 4K5 andthedelayspreadis 9 . The
degreeof thefeedbackfilter is 4K7c=C9cY�465<[d3e[f_ .

MIMO DFE MISO DFE

For thefeedforwardfilter MGNXP0QSR.T :
Calculateghg�i]Y�j 1

4 blk-a@Nm3nYo_�T�Np3qYsrtT
Factorizeghg>icY�j 1

6 bvuwN ns Yo_�Txu
Solve for thefilter coefficients N k�N ns Yy_�T!kza

For thefeedbackfilter {JNXP QSR T :
Computethefilter coefficients M k N NX9cYy_|T�N nQ Yy_�T MN N#9cYo_�T�N nQ Yy_|T

Equalizationof onesymbolvector:
Feedforwardfiltering MN N ns Yy_|T
Feedbackfiltering M k N N nQ Yy_�T MN N nQ Yo_�T

FromTable3.1, we seethat thecomplexity of a setof MISO DFE:sis clearlycom-
parableto a MIMO DFE for a realistic numberof transmittersa . All differencesin
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complexity arisesfrom thedifferentfeedbackfilters: Both thefeedbackfilter adjustment
andthefeedbackfilter operationis morecomplex for oneMIMO DFEthanfor } MISO
DFE:s. However, in a DFE themajorcomplexity residesin thefeedforwardfilter. First,
to computethecoefficientsof the feedforwardfilter we needto solve a systemof linear
equations.Second,thefeedforwardfilter mustbeimplementedwith multipliers,whereas
thefeedbackfilter typically canbeimplementedusingonly adders.

Thereis however oneimportantcasewhentheMISO DFE is considerablylesscom-
plex thanthe MIMO DFE. If only oneof the impinging signalsis of interestto us, we
canusea singleMISO DFE to detectthat signal. Whenusinga MIMO DFE, we still
have to detectall thesignals,sothecomplexity of theMIMO DFE is determinedby the
total numberof impingingsignals,not thenumberof impingingsignalof interest.In the
uplink, this situationwould not berelevant,sincethebasestationmustalwaysdetectall
impinging signals. However, in the downlink the mobile only needsto detectits own
signal.In thatcase,adetectorperforminginterferencerejectionwill beconsiderablyless
complex thanamultiuserdetector.

3.3 Near-far resistance,well-posednessand ZF solutions

An MMSEDFEoptimallybalancessuppressionof intersymbolinterferenceandco-channel
interferenceagainstnoiseamplification.Whenthepowerof theinterferingusersis large,
rejectionof thesestrongsignalsis of paramountimportance,whereassuppressionof the
noiseis lessimportant.In thelimit, asthepowersof theinterferingsignalsgo to infinity,
thenoisecanbeneglected.

This situationhasbeenstudiedextensively for CDMA multiuserdetectors,in which
casetheability to copewith stronginterferersdiffersamongdetectors.If aCDMA multi-
userdetectoris ableto handlethe detectionof weaksignals(often originatingfar from
thereceiver) in thepresenceof strong(near)interferers,thedetectoris saidto benear-far
resistant[27].

We maythenaskunderwhatconditionsareMIMO andMISO DFE:snear-far resis-
tant? To investigatethis question,we let the noisecovariance~<� tendto zeroin (2.4)
(and(2.10)). If all intersymbolandco-channelinterferencecanberemoved,theMMSE
equalizerwill reduceto a ZF equalizer, andtheestimationerrorwill vanish.In this case,
perfectequalizationis possible,for anypowerof theinterferingusers.If noZF equalizer
exists,all intersymbolandco-channelinterferencecannotberemoved,sotheestimation
errorwill notvanish.

We canthereforeusetheexistenceof a ZF DFE asa proof of near-far resistancefor
theMMSE MIMO DFE or theMMSE MISO DFE. In moregeneralterms,theexistence
of azero-forcingsolutionalsoindicatesthattheequalizationproblemis well-posedin the
sensethat it canprovide a usefulsolution: goodperformancecanbe guaranteed,if the
noiselevel is sufficiently low.

A solutionto thezero-forcingequation(3.4)existsif andonly if [24]

Everycommonright divisor of ���#���S�.� and �0�t���S�x��� is alsoa right divisor
of �0�t�x��� .

(3.10)

In general,finding the commondivisorsof ���#� �S� � and � �t���S� ��� is a non-trivial task.
However, whenthechanneltaps �l�������������l� arerandommatriceswith independentele-
ments,���#� �S� � and � �t���S� ��� havecommonright divisorswith probabilityzero,in which
caseasolutionto (3.4)exists.
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A situationwhennozero-forcingsolutionexistsis describedin thefollowing lemma:

Lemma1: Considerequation(3.4). If � ��� , then ���X�0�S�.� and �0�t���S�x��� have a
commonright divisorwhichis nota right divisorof �0�t����� , implying thatnozero-forcing
solutionwill exist.

Proof: SeeAppendixC.

If (3.10)is fulfilled, we know thata zero-forcingsolutionexists.However, it remains
to specifythefilter degreesof suchDFE:s.Thisis thetopicof Theorem2 below. It should
benotedthatthesefilter degreesaresufficientbut only genericallynecessary.1

As a prerequisite,we needthe following definitions. We first factorize���#���S�.� into
threematrixpolynomials:���X� �S� �¡  ¢���#� �S� �V£d�#� �S� �.¤y�#� �S� �¦¥ (3.11)

Thefactorsof (3.11)aredefinedas¤y�#� �S� �¨§ y©«ªp¬®G¯ �0�0°²±³¥�¥�¥´�0�0°xµ·¶ (3.12a)£��#� �S� �¨§ y©«ªp¬®G¯�¸ � �#�0�S�.�³¥�¥�¥ ¸ ���X�0�S�.�V¶ (3.12b)¢���#� �S� � §  ¢¹lº<» ¢¹ � � �S� »o¼|¼|¼|» ¢¹�½¾ � � ½¾ (3.12c)

where ¿�À §  thepropagationdelayfor userÁÃÂ ¿�ÀÅÄ�Æ (3.13a)¸ À �#� �S� �·§  thegreatestcommonpolynomialfactor2of thechannelsÇ �
À �X� �S� �-Â�¥�¥�¥�Â ÇÉÈ À �X� �S� � from userÁ to all antenna

elements.Without restriction,̧

À �#� �S� � is assumedto be
monic.

(3.13b)

Wealsodefine Ê�À § o©ÌË� ¸ À �#� �S� � (3.14a)Í À § oÎ>¬wÏÐ Í Ð À (3.14b)

¢Í À §  Í ÀnÑL¿wÀqÑÒÊ�À (3.14c)¢Í § oÎ>¬wÏÀ ¢Í À ¥ (3.14d)

Wearenow readyto formulateTheorem2.

Theorem2: ConsidertheMIMO channelmodel(2.6)with � sourcesand � sensors
with � Ä � andassumethat (3.10)holds. A genericallynecessaryconditionfor the
existenceof azero-forcingMIMO DFE(3.1)with decisiondelay

Æ
andfeedforwardfilter

degreeÓ6Ô is thenthat

ÓKÔ^Õ �@� Æ »oÖ � ÑL× �Ø(Ù �
¿ Ø�

Ñ Ö ¥ (3.15)

1Genericnecessityof the degree conditionsin Theorem2 should be understoodin the sensethat
whentheseclaimsareviolated,a zero-forcingequalizerexists with probability zero if the channeltapsÚÜÛ�ÝxÞVÞxÞ!Ý,ÚAß

arerandommatriceswith independentelements.
2Sucha commonfactorcouldbecausedby e.g.thepulseshapingfunction.
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Thecondition

àKáãâ`äæåwçè é1êë(ìFí^îï ëJðòñqðoóõô îï è ôòö è÷ ðyóõôLø ôfó (3.16)

is genericallynecessaryfor existenceof a setof MISO DFE:swith decisiondelay ñ and
feedforwardfilter degreeàKá .

Thecondition à6ùJâ ï ð àKá ôdñeô�ó (3.17)

is, togetherwith (3.15)and(3.16)respectively, sufficient for theexistenceof zero-forcing
MIMO andMISO DFE:s.

Proof: SeeAppendixD.

Remark 5. If eitherthecondition(3.10)or thedegreecondition(3.15)or (3.16)is not
satisfied,then the correspondingMMSE detectorwill not work as intendedwhen the
signallevelsfor theinterferingusersarelarge. However, theeffectsof thenon-existence
of a ZF equalizerwill be visible alreadyfor moderatesignal-to-noiseratios,sincethe
residualco-channelinterferencewill causebit errorsatall noiselevels.

Remark 6. The degreelimit (3.16) for the MISO DFE will alwaysbe higherthanthe
degreeconditionfor theMIMO DFE(3.15).

Theimpactof aviolationof theinequality(3.16)will bedemonstratedin Section4.1.3.
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Chapter 4

Monte Carlo simulations

To explore the performanceof the MIMO DFE asa tool for joint multiuserdetection,
extensive simulationexperimentsareconducted.Theexperimentsaredesignedto illus-
trate several key aspectsof a real world implementationof a systememploying reuse
within a cell. We alsocomparetheperformanceof a multiuserdetectionapproachwith
theperformanceof aninterferencerejectionapproach.

Someof thesimulationscenarioscorrespondto bothuplink anddownlink1 situations.
In a few of thescenarios,specificuplink issuesareinvestigated.

In all scenarios,wecomparetheperformanceof two MMSE DFE:s:ú OneMIMO DFE,performingmultiuserdetectiononall thesignals.ú OneMISO DFE,detectingonesignalwhile andrejectingtheremainingasinterfer-
ence.

Ourbasicscenariois describednext.ú One,two, threeandfour transmitters( û üþý®ÿ�� ÿ��«ÿ�� ).ú Four receiverantennaelements( � ü�� ).ú Frequency selective,three-tapchannelsfrom all transmittersto all receiverantenna
elements( �
	��Éü�1ü�� ). Eachtap is time-invariantduringa burst,but subjectto
Rayleighfadingbetweenbursts.Differenttapsin achannelfadeindependently.ú Thechannelsfrom differenttransmittersto onereceiver antennaaremutuallyun-
correlated.ú Themodulationschemeis BPSK.ú The additive noiseis spatiallyandtemporallywhite ( ���Wü�������� ) andGaussian
distributedwith zeromean.ú Thesmoothinglagsandfeedforwardfilter lengthsof bothDFE:sarechosenequal
to thelengthof thechannelimpulseresponse( �·ü����¡ü��òü�� ).

In differentsimulations,thesystemspecifiedaboveis investigatedunderthefollowing
additionalconditions:

1For thedownlink, weassumethatthereareseveralantennaelementsat themobilereceiver.
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� Known channels(Section4.1)with

– EqualaverageSNRof all usersanduncorrelatedantennas.

– EqualaverageSNRof all usersandcorrelatedantennas.

– DifferentaverageSNRof theusersanduncorrelatedantennas.� Estimatedchannels(Section4.2):

– Estimationusingthetrainingsequenceonly.

– Estimationusingdetecteddata,with aso-calledbootstrapmethod[28].

4.1 Known channelcoefficientsand noisecovariances

In this subsectionwe shallstudytheidealizedcasewhenall channelcoefficientsareex-
actly known. Effectscausedby differencesin detectorstructurecanherebe studiedin
isolation,sinceeffectsof channelestimationerrorsareavoided.

4.1.1 Equal averageSNRfor all usersand uncorrelatedantennas

This is thebasicscenario,whereall usershave thesameaverageSNR,andthechannels
from a singletransmitterto differentantennaelementsareuncorrelated.In practice,the
conditionof all usershaving thesameaverageSNRcanbefulfilled by usingslow power
control,which compensatesfor the propagationlossandtheshadow fading,but not for
the Rayleighfading. The conditionof uncorrelatedantennaspresupposesa sufficiently
largeantennaspacing� in Fig. 2.2.

The above scenariois simulatedfor an averageSNR per bit between0 and15 dB,
wheretheaverageSNRperbit [25] for user , !"$#% , is definedas

!"&#%(' )* +-,/.10324 # . 5768.10:94 # . 576;. 0<54 # . 5�=>+-,/.�? #A@CBED . 5�=+F,G. H 4 @CBED . 5 = I (4.1)

wherewehavedividedby
*

to enableafair comparisonbetweenscenarioswith different
numberof antennaelements.2 We assumethat !" #% is equalat differentantennaelements
andthusindependentof J .

Fig. 4.1showstheestimatedBERasafunctionof theaverageSNRperbit. With four
users,theperformanceof theMIMO DFE at !"&#%K' )ML

dB is around6 dB betterthanthe
performanceof theMISO DFE.This differencearisesfrom thefact that theMISO DFE
usesupall its degreesof freedomto canceltheinterferencefrom theotherusers.Thistask
is easierfor theMIMO DFEsinceits feedbackfilter takescareof someof thesuppression
of theco-channelinterferers.For fewerusers,thedifferencebetweenthetwo approaches
is smaller. For example,in thecaseof threeusersthegainis approximately3 dB andfor
two usersaround1 dB.

For !" #% ' )ML
dB, theperformancedegradationwhenusinga MIMO DFE is approxi-

mately1 dB for two users,3 dB for threeusersand5 dB for four usersascomparedto a
singleusersystem.SeeTable4.1for aperformancesummary.

2Thus,we do not usethe SNR per channel,definedas NOQPRTSU�V NO PW . Also note that signalsfrom other
usersdo not affect NO PW . Adding userswill insteadincreasethe resultingBER for a fixed NO PW andthereby
demonstratetheperformancedegradationasa functionof thesystemload.
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Figure4.1: Comparisonof the MIMO DFE (MU) andthe MISO DFE (SU) for known
channels,equaltransmitterpowersanduncorrelatedantennas.Thenumbersto theright
of thegrapharethenumberof errorsusedto estimatetheBER for theaverageSNRper
bit Z[&\ =15dB.

4.1.2 Equal averageSNRfor all usersand correlatedantennas

In arealisticuplinkscenariowith phasedarrayreceivers,thechannelsfromasingleuserto
thedifferentantennaelementswill becorrelated.Thismakesthesystemmoresusceptible
to fading.

However, successfulmultiuserdetectiondoesnotrequireuncorrelatedantennas.With
perfectlycorrelatedantennas,theantennaarraycanform narrow beams,which enhance
thedesiredsignalandsuppressinterference,arriving from otherdirections.

In this simulation,we will assumea uniform linear arraywith the antennacorrela-
tion given by (2.15). In the multipathmodel,eachincomingray from user ] will give
rise to a columnvector ^`_ a at lag b in the impulseresponseasdefinedin (2.11). Each
of thesecolumnvectorsoriginatesfrom a circular distribution of scatterersasdepicted
in Fig. 2.2. The angularlocationsc of scattererdistributionscorrespondingto different
column vector tapsin the impulseresponseare assumedto be independentstochastic
variables,uniformly distributedin the interval dfehgjijkml�gjinkpo . Theantennacorrelationsac-
cordingto (2.15)will dependon theanglesc , which arenot underthesystemdesigner’s
control.Therefore,weshalladdresstheperformanceof theDFEasa functionof thecor-
relationcoefficient accordingto (2.15)thatwould resultif thesignalswould all impinge
from ananglecrq�i k , cf. Fig. 2.2:sutwv l�xyl{zMl�crq�ij|}q J0

~��A� v xz ���q��s ~ v xz���� (4.2)

Thequantity �s canbemeasuredfor agivenenvironmentanduniformlineararray, andthe
correspondingperformancecanbepredictedfrom thesimulationresultspresentedbelow.

To calculatetheactualantennacorrelations for a givenvalue �s�� of �s , we insertthe
ratio x vQ� z correspondingto �s�� anda realizationof thestochasticvariable c into (2.15).
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The resultingvalueof � is usedto form the covariancematrix of �`� � . A realizationof�`� � is thengenerated.Thisprocedureis repeatedfor eachof ���������M� vectortapsin the
impulseresponse.Thesimulationresultsarepresentedin Fig. 4.2 for a signal-to-noise
ratioof 10dB andantennacorrelationsbetweenzeroandone.3
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Figure4.2: Comparisonof theMIMO DFE(MU) andtheMISO DFE(SU)for auniform
lineararraywith correlatedantennaelements. Thechannelsareknown andtheSNRper
bit is ��& }¡ �£¢ dB for all users.TheestimatedBER is shown asa functionof theantenna
correlation ¤� thatwould resultif all signalswereimpingingatanangleof ¥ ¡ ¢j¦ .

It isevidentfromFig.4.2thatsuccessfulmultiuserdetectionandinterferencerejection
areindeednot dependenton uncorrelatedantennas.The performanceof all algorithms
deteriorateswhentheantennacorrelationis increasedfrom zeroto one.This is dueto the
diminisheddiversityeffect,resultingfrom adecreasein thenumberof diversitybranches
from twelve(four uncorrelatedantennasandthreetaps)to three(four perfectlycorrelated
antennasandthreetaps)peruser. However, themultiuserdetectionapproachretainsits
superiorperformanceascomparedto theinterferencerejectionapproach.

Remark 1. Noticethat ¤� ¡ ¢ doesnot imply thatall channeltapsareuncorrelated,only
thata signalthat impingesfrom ¥ ¡ ¢j¦ would resultin uncorrelatedtaps.Therefore,the
BERfor ¤� ¡ ¢ doesnotcoincidewith theBERfor ��& 7¡ �m¢ dB in Fig. 4.1,whereall taps
areuncorrelated.

4.1.3 Different averageSNRfor the usersand uncorrelatedantennas

In Sections4.1.1and4.1.2,we assumedthatpower controlwasusedto compensatefor
thepropagationlossandtheshadow fading.In thescenarioinvestigatedin thissubsection,

3While themodel(2.15)is notaccuratewhen § is largerelative to ¨ , it still providesaroughestimateof
thecorrelation,which is all thatis importanthere.
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we will relax this assumption:Even the averagereceived powerswill differ amongthe
users.Thiswill generatetheso-callednear-far problem.

WeestimatedtheBERof auserhaving anaverageSNRperbit of 10dB in ascenario
wherethereareone,two or threeadditionalusers,eachhaving an averageSNRper bit
that is between0 dB and10 dB higher, i.e. between10 dB and20 dB. The resultfrom
thissimulationis depictedin theright half of Fig. 4.3.

In a MIMO DFE,decisionsconcerningoneuseraffect futuresymbolestimatesof all
users.Incorrectdecisionson thesymbolsfrom aweakuserwill thusimpair thedecisions
of other, strongerusers.In this case,a MISO DFE may yield betterperformancesince
(possiblyincorrect)decisionsof theweakerusers’symbolsdonot influencetheestimates
thestrongerusers’symbols.

To investigatethis effect, we estimatetheBER of a userhaving anaverageSNRper
bit of 10dB in ascenariowheretherewereone,two or threeadditionalusers,eachhaving
anaverageSNRperbit which wasbetween0 dB and10 dB lower, i.e. theSNRperbit
of theremainingusersvariedbetween10dB and0 dB. Theresultfrom thissimulationis
depictedin the left half of Fig. 4.3.
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Figure4.3: Comparisonof the MIMO DFE (MU) andthe MISO DFE (SU) for known
channels,different transmitterpowers and uncorrelatedantennas. In this simulation,
25000channelswererandomlyselected.Over eachchannel,1000symbolsweretrans-
mitted.Usernumber1 hasanSNRperbit of ¬¯®°²±;³£´ dB, while theSNRperbit ¬¶µ° of the
otherusersareequalandvaries.

From the leftmostpart of Fig. 4.3, it is clearthat for the investigateddifferencesin
power levels,errorpropagationis not so severethat theBER of a MIMO DFE exceeds
the BER of a MISO DFE. On the other hand, from the rightmostpart of Fig. 4.3, it
is evident that for the MIMO DFE, four userscanco-exist in the cell, even when the
receivedaveragepowersdiffer substantially. For two users,the BER is hardly affected
at all by thepower level of the interferinguser. However, theperformanceof theMISO
DFEis seriouslyaffectedby theincreaseof thepowerlevelsof theinterferingusers,since
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thisMISO DFEdoesnotcomplywith theZF condition(3.16).Insertingnumericalvalues
into (3.16)givestherequiredfeedforwardfilter degree:· ¸8¹ ¸�º »�¼�½�¾r¹M¿QÀ· ¸ÂÁ ¸�º »�¼�½ Án¿nÃ· ¸�Ã ¸�º »�¼�½ ÁÅÄÇÆ· ¸�À ¸�º »�¼�½ È Ä
This meansthatsincewe used

»�¼É¸;Êr¸ÌË�¸�Á
, completesuppressionof all co-channel

interferersis impossiblewhenever
· ½�Ã

. As the powersof theseusersincrease,the
estimationerror due to residualinterferenceincreases,resultingin an increasedBER.
The MIMO DFE on the otherhandis capableof completelyremoving the interference
from thestrongerusers,at theexpenseof aslightly increasednoiseamplification.

4.2 Estimatedchannelcoefficients

4.2.1 Estimation using the training sequenceonly

To demonstratehow theMIMO DFE works in a morerealisticcase,channelestimation
is introduced.Thedatais transmittedin bursts,with a structuresimilar to thatof GSM:
A trainingsequenceof 26 symbolsis locatedin themiddleof eachburst. Togetherwith
datasymbols,tail symbolsandcontrolsymbols,this resultsin a total burst lengthof 148
symbols.4 Thechannelestimationis performedusingtheoff-line leastsquaresmethod,
andthespatialcolorof thenoiseis estimatedfrom theresidualsof thechannelidentifica-
tion. Thetemporalcolor of thenoiseis not estimateddueto thelimited amountof data.
In theMIMO case,thechannelsfrom all usersto eachantennaelementareestimatedsi-
multaneously. Apart from this, thesimulationconditionsarethesameasin Section4.1.1.
Theresultsareindicatedin Fig. 4.4.

Whenwe compareFigs.4.1 and4.4, we seethat thedifferencebetweenthe MIMO
DFEandtheMISODFEisgreaterwhenthechannelshavetobeestimated.Thedifference
betweenthemultiuserdetectionapproachandtheinterferencerejectionapproachhasnow
increasedto about4 dB for two users,andto about7 dB for threeusersandevenmorefor
fourusers.In thiscase,theoverallpenaltyfor squeezingin fourusersintoonecell isabout
7 dB ascomparedto thesingleusercase.Table4.1summarizestheperformancelossof
the MISO DFE andthe MIMO DFE for known andestimatedchannelsascomparedto
thesingle-usercase.

4.2.2 Impr oving channelestimationusing the detectedsymbols

Sincechannelestimationerrorsareamajorcauseof bit errorsin adigital cellularsystem,
thereis a greatpotentialfor performanceimprovementin the reductionof the channel
estimationerrors. Oneway of accomplishingthis would be to usedetectedsymbolsas
regressorsin theestimationalgorithm.Thisapproachwould thusconsistof two passesas
follows:
Pass1:

1. Estimatethechannelusingthetrainingsequence.

4The pulseshapingusedin GSM resultsin a channelwith five highly correlatedtaps. We have not
includedthis featurein thesimulation:Only theburststructureresemblestheoneusedin GSM.
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Figure4.4: Comparisonof theMIMO DFE(MU) andtheMISO DFE(SU) for estimated
channels,equaltransmitterpowersanduncorrelatedantennas.Thechannelwasestimated
usingonly the training sequence. The numbersat the right edgeof the graphare the
numberof errorsusedto estimatetheBERfor anSNRperbit of ÐÑ&Ò =15dB.

2. Designanequalizerusingthesechannelestimates.

3. Detectall thesymbolsin theburst.

Pass2:

4. Estimatethechannelusingthetrainingsequenceandthesymbolsdetectedin pass1.

5. Redesigntheequalizerusingtheupdatedchannelestimates.

6. Repeatthesymboldetection.

We thusimprove the channelestimatesby usingdetecteddatawhich areprobablycor-
rect. By usingtheseextra regressorswe canincreasethelengthof thetrainingsequence
from 26to 148symbolsin theGSMcase.Thisbootstrapmethodis basedontheassump-
tion that whenthe fraction of incorrectdecisionsfrom pass1 is sufficiently small, the
channelestimationin pass2 will provide betteraccuracy thanthechannelestimationin
pass1. Bootstrapequalizationis discussedin [28] for bothdecisionfeedbackequalizers
andmaximumlikelihoodsequenceestimation.

To testthis algorithm,we repeatthesimulationin Section4.2.1,with the useof the
detectedsymbolsto improve thechannelestimates,accordingto thebootstrapalgorithm
describedabove. Theresultsfrom thesecondpassof thealgorithmareshown in Fig. 4.5.

As canbeseenfrom Fig. 4.5,theBERwasreducedwhenthetentativedecisionswere
usedto improve the channelestimates.It seemsthat the performanceof the multiuser
detectorwas impairedmoreby the poor quality of the channelestimatesthan the per-
formanceof the detectorperforminginterferencerejection: Thedifferencebetweenthe
two approachesis largerwhenthetwo passalgorithmis usedthanwhenonly thetraining
sequenceis usedto estimatethechannel.This is dueto thefactthattheestimationof the
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Figure4.5: Comparisonof theMIMO DFE(MU) andtheMISO DFE(SU) for estimated
channels,equaltransmitterpowers and uncorrelatedantennas.The channelestimates
wereobtainedusingboth the training sequenceand detectedsymbols. The numbersat
theright edgeof thegrapharethenumberof errorsusedto estimatetheBERfor anSNR
perbit of äå&æ =15dB.

covariancefunctionof thenoiseandtheinterferersis still inaccurate,despitethefactthat
wenow haveaccessto a trainingsequenceof 148symbols.

Theperformanceat15dB of thebootstrapalgorithmis summarizedin Table4.1.

Table4.1: Theperformancelossexperiencedwhenaddingusersascomparedto a single
usersystemfor thesimulationscenariosin Sections4.1.1,4.2.1and4.2.2.All valuesare
estimatedatanSNRof 15dB.

MISO MIMO

Numberof users 2 3 4 2 3 4

Known channels 2.6dB 5.6dB 8.9dB 1.2dB 3.0dB 5.0dB
Estimatedchannelsusing
thetrainingsequenceonly 6.0dB 10.5dB 12.9dB 1.8dB 4.2dB 7.3dB
thetwo passalgorithm 5.9dB 11.2dB 14.0dB 1.5dB 3.3dB 5.6dB
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Chapter 5

Application on measureddata

Thesimulationsin Chapter4 indicatethatreusewithin a cell is indeedpossible.But will
it work in practice?To investigatethis we will applythemethodsdescribedin Chapter3
to asetof uplink measurements.

5.1 The measurements

Themeasurementswereperformedon a testbedconstructedby EricssonRadioSystems
AB andEricssonMicrowave SystemsAB [29]. Thetestbedimplementstheair interface
of a DCS-1800basestation. During all measurements,the carrierfrequency was1782
MHz.

The arrayconsistsof four antennaelements,eachhaving two polarizationdiversity
branches,resultingin eight antennaoutputs. A conventionalsectorantennawith two
branchpolarizationdiversity is alsoincludedin themeasurementsetupfor two reasons:
To evaluatethe impactof usingmoreantennaelementsandto estimatethe transmitted
signalpower.

Themeasurementswereperformedin Kista,asuburbof Stockholm,Sweden.
A singlemobile mountedin a van wasusedfor all experiments.The van drove at

approximately30–40km/h during the measurementperiod. The mobile transmitteda
burst of datain one of the eight time slots in a GSM frame. The basestationdown-
convertedandsampledthereceivedsignalandthe resultingdigital basebandsignalwas
recordedfor a large numberof frames. This procedurewasrepeatedwhenthe mobile
traveledthesameroutebut transmittedanotherdatasequence.Thetwo setsof collected
digitalbasebandmeasurementswereaddedto representasituationwhentwo mobileusers
sharethesamechannel.Thealgorithmsinvestigatedin Chapter4 werethenapplied,both
to thedatarecordedat thearrayantenna,andto thedatarecordedat thesectorantenna.

5.2 Estimation of the averageC/N

Weestimatetheaveragecarrier-to-noiseratio (C/N) indirectly, by measuringthereceived
poweratthesectorantennawhenthemobileis inactive.Thisprovidesuswith anestimate
of the noiselevel. The received power at the sectorantennaduring the periodswhen
the mobile is active providesan estimateof the signal-plus-noisepower. Thesepower
level measurementsareaveragedover a segmentof frames.Due to the shadow fading,
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this averagediffers betweensegments.Thusthe performanceof the algorithmscanbe
addressedasa functionof theaveragecarrier-to-noiseratio.1

5.3 Results

Theframestructurein DCS-1800is identicalto theonedescribedin Section4.2. In this
case,five tapchannelsareestimated,and ç�è}é�êëé�ìíéÂî is used.

TheMMSE MIMO DFE andtwo MMSE MISO DFE:swereusedto demodulatethe
signalsfrom the two users. In both cases,the bootstrapalgorithmdescribedin Chap-
ter 4.2.2 was utilized. The resultsare shown in Fig. 5.1 for the array antennaand in
Fig. 5.2for thesectorantenna.
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Figure5.1: Comparisonof the MIMO DFE (MU) andthe MISO DFE (SU) appliedto
measurementsfrom a DCS-1800testbedin a flat fadingenvironment.Theantennaarray
hadeightoutputsandtwo usersweretransmittingsimultaneously.

Whenwecomparetheresultsin Fig.5.1and5.2with theresultsfrom thesimulations,
weseethattheerrorratedecreasesmuchmoreslowly with SNRfor theexperimentaldata
thanfor thesimulations.This is becausethenumberof diversitybranchesis considerably
lower in this case: The channelis in fact flat fading and the partial responseGMSK
modulationcausesall theintersymbolinterference.

Theresultsfrom theexperimentsonthemeasurementsfrom thearrayantennaarenot
surprising.For the lightly loadedsystemwith òóé�ô and õ é÷ö , theperformanceof a
MIMO DFEshouldbeonly slightly betterthantheperformanceof two MISO DFE:s.

For the sectorantenna,the resultsare moresurprising: A MIMO DFE:sperforms
slightly worsethantwo MISO DFE:s.Thereasonsfor thisaretwofold:

1Thecarrier-to-noiseratiocorrespondsto theSNRperchanneldiscussedpreviously. Weusethenotation
C/N ratherthanSNRto stressthefactthatthequantityhasbeenestimatedindirectly.
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Figure5.2: Comparisonof the MIMO DFE (MU) andthe MISO DFE (SU) appliedto
measurementsfrom aDCS-1800testbedin aflat fadingenvironment.Thesectorantenna
hadtwo outputsandtwo usersweretransmittingsimultaneously.

1. Sincethe channelis flat fading, the MISO DFE will have adequatedegreesof
freedom.Theintersymbolinterferenceinducedby theGMSK modulationwill be
presentin the channelsto all antennaelements.Hence,eachcolumnof úüûwýÿþ�� �
will have a commonfactorof degree � . For ����� and 	 �
� , thezero-forcing
condition(3.16)thenreducesto����������� � ����������� �!�#"%$� ����� � �&� � �'� "($
where

�
is thedecisiondelayand

"($
is thepropagationdelayof user) . Therefore,

thechoice �� � � ensurestheexistenceof a ZF MISO DFE for this scenario,and
thecorrespondingMMSE detectorwill work well.

2. Whenthe amountof intersymbolinterferencecausedby multipathpropagationis
small, spatial-onlyinterferencerejectionis sufficient to suppressthe interfering
user. TheMIMO DFE tries to rejectco-channelinterferenceby meansof anesti-
mateof its spatio-temporalcolor. This will hereleadto worseperformance,since
parameters,whichdonot improveequalization,areestimated.

It shouldbenoted,thattheinvestigatedscenarioconstitutesaverydifficult detectionprob-
lem: Thetwo mobilestravel exactlythesamemeasurementroute.Still, reusewithin acell
is possible,usingeitherthearrayantennaor thesectorantenna:Thedetectorperformance
is approximately2 dB worsefor two usersthanfor oneuser.
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Chapter 6

Discussionand conclusions

In our investigationof receiver algorithmsdesignedto accomplishchannelreusewithin
cells,we have comparedMIMO DFE:swhich work asmultiuserdetectorsto theuseof
interferencerejection,implementedby MISO DFE:s. RealizableMMSE equalizersof
bothkindshavebeenderived,basedonchannelmodelsandnoisespectralmodels.

In summary, extensivesimulationsindicatethatchannelreusewithin a cell is indeed
a viable option, with multiuserdetectionproviding superiorperformance.Up to four
userscouldco-exist in thesamecell if thereceiversutilize antennaarrayswith only four
antennaelements.With multiuserdetection,thepricepaidfor this in increasedbit error
rateis rathersmall. We have testedthealgorithmson experimentalmeasurementsfrom
a DCS-1800testbed.For the investigatedscenario,reusewithin a cell is possibleusing
eitheraneight-elementantennaarrayor a two-branchdiversitysectorantenna.

Differencesin performancebetweenmultiuserdetectionandinterferencerejectionare
partly dueto the detectorstructures: A multiuser(MIMO) DFE utilizes feedbackfrom
previouslyestimatedsymbolsfromall users,while theinterferencerejecting(MISO)DFE
performsdecisionfeedbackfrom theuserof interestonly.

The differencealsoresultsfrom to the preconditionsfor channelestimation: In the
multiusercase,input-outputtransferfunctionsfrom eachuserto eachantennacan,and
must, be estimated. For interferencerejection,the co-channelinterferenceconstitutes
colorednoise.Themultivariatenoisemodelsestimatedfrom shortdatarecordswill have
pooraccuracy.

Thesefactorswill in generalresultin ahigherperformancefor themultiuserdetector.
This is particularlyapparentwhen the detectorsareappliedto heavily loadedsystems
(with many users/interferers)andwhenthedelayspreadin themultipathchannelis large.
Whenappliedto lightly loadedsystemsorwhenthechannelsareflat fading,thedifference
will be small if the estimatesof channelsandnoisestatisticshave adequateprecision.
Whennoisemodelsareinaccurate,theperformancedifferencewill still besignificant.

BothmultiuserdetectorsandinterferencerejectingMISO DFE:scanbemadenear-far
resistant.However, theconditionsfor this,asindicatedby theexistenceof azero-forcing
solution,aremorerestrictivewhenusinginterferencerejection.

As topicsfor furtherresearch,multiuserdetectorscouldbeusefulalsofor therejection
of out-of-cell co-channelinterference.This would requirethe transmissionof training
sequencesto besynchronizedthroughoutthecellularsystem.

Ourconclusionsarebasedonstudiesandcomparisonsof symbol-by-symboldecision
feedbackequalizers.We would expectsimilar conclusionsto hold from a comparison
of joint multiusermaximumlikelihooddetectors[30] to single-usermaximumlikelihood
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detectorswith spatialinterferencewhitening[5]. However, for maximumlikelihoodde-
tectorsthecomplexity of thetwo approacheswoulddiffer substantially, in contrastto the
complexity of thetwo detectorsdescribedhere.
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Appendix A

Remarkson the structureand designof
the MIMO DFE

Apart from thefiltershaving multiple inputsandmultipleoutputs,theFIR DFE(3.1)has
the conventionalstructureof a decisionfeedbackequalizer. A rarely notedfact is that,
assumingcorrectpastdecisions,a DFE having an FIR structurecanattainthe minimal
MSEonlyunderthefollowing assumptions:

1. Thechannelimpulseresponsehasfinite length.

2. Theadditivenoiseis temporallywhiteor autoregressive.

See[26] for a proofof thisconclusionfor thescalarcase.
Assumption1 is not restrictive for wirelesschannels.Assumption2 however, is vio-

latedin atypicalcellularsystem,sincethemainsourceof noiseisco-channelinterference,
which hasmoving average,not autoregressive,statistics.In this paper, we will still con-
sider the conventional(FIR) DFE structure. The main reasonfor this is that the error
propagationresultingfrom incorrectpastdecisionswould be moreseverefor an “opti-
mal” DFEstructure,sincetheimpulseresponseof thefeedbackfilter would have infinite
length.

For thedeterminationof theequalizercoefficients,weadvocateanindirectapproach.
We thussupposethat an estimateof the channelimpulseresponse(2.7) and the noise
covariancefunction(2.4)hasbeenmadeavailableto us. We thencomputetheequalizer
matrixcoefficientsfromthechannelmatrixcoefficientsandthenoisecovariancefunction.
This is not theconventionalapproachin anadaptivesetting,but theindirectapproachhas
two majoradvantagesin thepresentcase:

1. The estimationof the channelparameterscanbe performedwith betteraccuracy
thandirect estimationof the equalizercoefficients. Whenthe channelhasfewer
inputsthanoutputs( * +-, ), fewer parametershave to beestimatedbasedon the
availabledata. For the indirect approach,only */.10325476 parametersdescribing
the channelsfrom the * usersto a singleantennaelementhave to be estimated
simultaneously, basedon datafrom thatantennaandthetrainingdatafor all users.
In a directapproach,the feedforward filter of anequalizerwhich detectsa single
usermustbetuned.If thereare , antennaelementsandthefeedforwardfilter has08294 taps,the ,:.;0<29476 parametersdescribingthis feedforwardfilter mustbees-
timatedsimultaneously. See[31] for aperformancecomparisonbetweenindirectly
anddirectly tunedMISO DFE:s.
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2. Theindirectapproachis bettersuitedfor trackingof rapidlytime-varyingchannels.
This is dueto the fact that channelparametersvary smoothly, whereasthe corre-
spondingoptimumequalizerparametersdonot. See[32] and[18] for adiscussion.
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Appendix B

Derivation of the MIMO MMSE DFE

Supposethata linear time-invariantfinite impulseresponsechannelof order = is given
by (2.6)andassumethat>@?BADCFEHGIA(JKC1LMGONQP�RTSIUWV >X?ZYQC;EHG[Y\JKC1LMG]NQP�^�ST_DU >X?`ADCFEaG[Y\JbCcLMG]NQP�dfe

(B.1)

The objective is to estimatethe symbolvector
ADCFEMgihjG

, by meansof the multiple-
input-multiple-outputdecisionfeedback equalizer(MIMO DFE) definedin (3.1),i.e.kADC;Elg:h\mnEHGoPqprC1s _�t G]uvC;EHG�gxw<C;s _�t G7yA\C;Ezg:h'gi{(G

(B.2)Pq|~}�uvCFEHG��&|vtOuvC;E�gi{7G�9�7�7�(�&|~���[uvC;E�g��~��Gg3��}�yADCFEzg�h�gi{(G�g��@t7yADC;Elg:h�gx��Gvgi�7�7��g3�����a���[_��O_�tjyADC;Elg = g���IGP�� J�
x
S�gx� J� y

s
ST_���_�t

(B.3)yADCFEzg�hjG�P��jCjkADCFEzg:h\mZEaG�G
(B.4)

where
prC1s _�t G

of order
��

and
w�C1s _�t G

of order
� � P = �-���g&h!g�{ arepolynomial

matricesof dimension� mn� and
�
mZ�

respectively and
��C[��G

is thedecisionnon-linearity.
Also, ��J��P � |~} |¡t¢eje�e5|~����£

(B.5a)��J��P � ��}¢�@t¢e�eje¤���¥�a�j�I_��O_�t]£
(B.5b)

and

x
S�P � uH¦�CFEaG§uH¦�C;E�g3{(G�ejeje¨uH¦�CFEzg��~��G[£ ¦

(B.6a)y
s
ST_��O_�t©P � yA ¦ CFEzg�h�gi{(G�ejejeªyA ¦ CFEzg��~��g = G £ ¦ e (B.6b)

Thecoefficients « |~�\¬ and « �l�\¬ areto bedeterminedsothatthemeansquareerrorof
theestimate

kADCFEg�h\mZEHG
is minimizedundertheconstraintof realizability, which implies

that thefilters
prC1s _�t G

and
w�C1s _�t G

shouldbecausalandthedecisiondelay
h

shouldbe
finite.

Theestimationerror ® C;Elg:hjGoP¨ADC;Elg:hjG�g�kADC;Elg:h\mnEHG (B.7)

is minimizedin themeansquaresenseif it is orthogonalto all signalswhich theestimatekA\C;EXgxh\mZEaG
maybebasedupon,i.e. x

S
and
y
s
ST_��O_�t

. Thematrix filter coefficientsprovid-
ing theminimummeansquareestimationerrorarethusdeterminedby theorthogonality
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condition ¯ °²± x ³´�µs³T¶�·�¶�¸[¹»º�¼b½;¾ ´:¿jÀ�ÁXÂ-Ã (B.8)

or, with ºa½;¾ ´:¿7À from (B.7)¯ °�± x ³´Kµs³T¶�·O¶�¸[¹9ÄÅ ¼ ½F¾ ´�¿\Æ ¾ À Á Â ¯ °²± x ³´Kµs³T¶�·O¶�¸[¹ Å ¼ ½F¾ ´:¿jÀ Á�Ç
Next, insert ÄÅ ½F¾ ´:¿\Æ ¾ À from (B.3):± ¯

x ³ x ¼³ ´ ¯ x ³ µs¼³T¶�·�¶�¸´ ¯ µs³È¶�·O¶�¸ x ¼³ ¯ µs³T¶�·O¶�¸ µs¼³T¶�·O¶�¸ ¹ ±�É�ÊÉ!Ë ¹ Â ± ¯
x ³ Å ¼ ½;¾ ´:¿jÀ´ ¯ µs³T¶�·�¶�¸ Å ¼ ½;¾ ´:¿jÀ ¹ Ç (B.9)

Assumethatall previousdecisionswerecorrect,i.e.µÅ ½F¾ ´#ÌÍÀ�Â Å ½;¾ ´:ÌÍÀ Î5¿�Ï�ÐÒÑiÌ<Ñ�ÓÔÏ ÌÕ
anddefine

s³T¶�·O¶�¸ Â Ö ÅT× ½F¾ ´�¿�´iÐ(À ÇjÇjÇ ÅT× ½F¾ ´�Ì~Õ�´ Ó�ÀIØ × Ç (B.10)

Dueto theassumptionof uncorrelatedsymbolsmadein (B.1),equation(B.9) canthenbe
simplifiedto ± ¯

x ³ x ¼³ ´ ¯ x ³ s¼³È¶�·O¶�¸´ ¯ s³T¶�·�¶�¸ x ¼³ Ù ¹ ±ÍÉ!ÊÉ�Ë ¹ Â ± ¯ x ³ Å ¼ ½F¾ ´:¿jÀÃ ¹ Ç (B.11)

Toevaluatetheexpectationsin (B.11), weinvokethechannelmodel(2.6)towrite Ú ½;¾ ´ÛÌÀ
as

Ú ½F¾ ´�ÌÍÀ�ÂªÖOÜMÝ ÇjÇ�Ç ÜßÞ Øßàáâ Å ½F¾ ´�ÌÍÀ...Å ½F¾ ´�Ìã´ Ó�À
ä�åæ Ï ç ½;¾ ´�ÌÍÀ Ç (B.12)

By inserting(B.12) into (B.6a)for ÃèÑqÌ�Ñ�ÌÕ , we will obtainanexplicit expressionof
x ³ in termsof thechannelcoefficientmatrices:

x ³ Â àáâ ÜßÝ ÇjÇjÇ ÜMÞ ÇjÇjÇ Ã
...

... ...
...Ã ÇjÇjÇ ÜßÝ ÇjÇjÇ ÜßÞ
ä�åæ àáâ Å ½;¾ À...Å ½F¾ ´�ÌÕv´ ÓWÀ

ä�åæ Ï àáâ ç ½F¾ À...ç ½F¾ ´�ÌÕIÀ
ä�åæ Ç (B.13)

To obtaina morecompactexpressionof (B.13),we introducethevectorof stackednoise
vectors

v ³ Â-Ö ç × ½;¾ À§ç × ½;¾ ´iÐ(À ÇjÇjÇ ç × ½F¾ ´�Ì~Õ�À[Ø × (B.14)

andthevectorof stackedsymbolvectorsé
s³ Â Ö Å × ½F¾ À Å × ½;¾ ´3Ð(À ÇjÇjÇ Å × ½F¾ ´�¿�Ï9Ð(À Ø × Ç (B.15)
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Furthermore,wedefinethefollowing matrices:

ê
tot ëì íîîîï

ðßñ ò�òjò�ðßó ô ò�òjò ôô ðßñ òjòjòõðßó ...
...

...
... ... ... ...

ôô ò�òjò òjòjòöðßñ ò�òjòqðßó
÷�øøøù
úZûûûüûûûýÿþ�� �������
	

ëì�� ê
fut
ê

pres
ê

past (B.16a)

wherewehavedefinedê
fut ëì Thefirst ��� columnsin

ê
tot (B.16b)ê

pres ëì Columns��� ��� to � � � ���
	 in
ê

tot (B.16c)ê
past ëì Columns� � � ����	���� to � � �����������
	 in

ê
tot
ò

(B.16d)

Equation(B.13)canthenbewrittenas

x � ì ê fut �s� � ê
pres� � ��� � 	�� ê

pasts����� �"! � v � (B.17)

wheres����� �"! wasdefinedin (B.10). Using(B.17)and(B.1), we cancomputetheexpec-
tationsin (B.11): #%$

x � x &�(' ì ê fut
ê &fut

� ê
pres
ê &pres

� ê
past
ê &past

�*)#%$
x � s&�+��� �"! ' ì ê past#%$

x � � & � ��� � 	 ' ì ê pres

where) is givenby (3.8).
Thesecomputedexpectationscanthenbeinsertedinto thenormalequations(B.11):, ê

fut
ê &fut

� ê
pres
ê &pres

� ê
past
ê &past

�*) � ê
past� ê &past - . ,�/10/32 . ì , ê

presô . ò (B.18)

By observingthat
/32 ì ê &past

/10
from thesecondblock row of (B.18)andinsertingthis

into thefirst block row, weobtain

� ê fut
ê &fut

� ê
pres
ê &pres

�*)3	 /10 ì ê
pres (B.19a)/12 ì ê &past

/10 ò
(B.19b)

Now observethat � ê fut
ê

pres ì ê asdefinedin (3.7).Thus(B.19a)and(B.19b)canbe
expressedas

� ê ê & �*)3	 /10 ì ê
pres (B.20a)/12 ì ê &past

/10 ò
(B.20b)

Here (B.20a)coincideswith (3.6) and if we complex conjugateboth sidesof (B.20b)
and evaluatefor eachmatrix element 465 , we readily obtain (3.9). Equations(B.20a)
and(B.20b)arethedesignequationsfor themultiple-input-multiple-outputdecisionfeed-
backequalizer.
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Appendix C

Proof of Lemma 1

We will hereprove that 7 8�9 impliesthat :<;>=@?"ACB and =D?�E ?"AGFIH have a commonright
divisor which is not a right divisor of =@?�E FIH . In this case,theZF equation(3.4)will not
haveany solution.

If :J;K=D?"ACB and =@?�EL?"AGFIH haveacommonright divisor MN;>=@?"ACB , wemusthave:J;K= ?"A BPO Q:<;>= ?"A BCMR;K= ?"A B (C.1a)= ?�E ?"A F�HSOUTR;>= ?"A BCMN;K= ?"A B (C.1b)

for somepolynomialmatrices Q:<;>=@?"ACB , MN;>=@?"ACB and TR;K=@?"ACB of dimensions9WVX7 , 7JVY7
and 7JVY7 , respectively. We propose,thatwhen 7 8Z9 sucha commonright divisor is
givenby MR;K= ?"A B[O]\ F�H ?"A_^ ;>=@?"ACB` =@?�E ?"Aba (C.2)

and that this polynomialmatrix is not a right divisor of = ?�E F�H . In (C.2), ^ ;K= ?"A B is a
polynomialcolumnvectorwith 7 ced rowswhichwill bespecifiedlater.

For MR;K=@?"ACB in (C.2), wemustthusverify thefollowing threeproperties:

1. MN;>= ?"A B is a right divisorof : ( = ?"A )
2. MN;>=@?"ACB is a right divisorof =D?�E ?"AGFIH
3. MN;>=@?"ACB is not a right divisorof =D?�EfF�H .

Property 1

To show property1, wepartition :J;>=@?"ACB ::J;K= ?"A BPOhg :Si AKj ;>=@?"ACBk:Siml j ;K=@?"ACBGnRo (C.3)

where :Si AKj ;K=D?"ACB constitutesthefirst 7 cUd columnsand :Siml j ;K=@?"ACB the lastcolumnof:<;>=@?"ACB , respectively. In thesameway, we alsopartition Q:J;K=D?"ACB , which wasimplicitly
definedin (C.1a): Q:J;K= ?"A B[Oqp Q: i AKj ;K=@?"ACB Q: irl j ;K=D?"ACBtsvu (C.4)
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Wenow insert(C.3), (C.4)and(C.2) into (C.1a):wfxSy{zK|t}K~D� zC� xSyr�f|�}>~@� zC�t�������x y{zK| }K~ � z � �x yr�f| }>~ � z �t���"��� � z_� }>~ � z �� ~ ��� � zb�]�
Thisequationis satisfiedifx y�zK| }K~ � z � � �x y{zK| }K~ � z �

(C.5a)x yr�f| }K~ � z � � �x y{zK| }K~ � z � � }K~ � z ��� ~ ��� � z �x ym�f| }K~ � z � � (C.5b)

Wecannow insert(C.5a)into (C.5b):x ym�f| }K~ � z � � x y�zK| }K~ � z � � }>~ � z ��� ~ ��� � z �I� �x ym�f| }K~ � z � � (C.6)

This equationwill have a solution � � }K~ � z ��� �x yr�f| }K~ � z ���
if andonly if every commonleft

divisor of
xSy�zK|�}K~D� zC�

and
~@���L� z �I� is alsoa left divisor of

xSym�f|t}K~D� zC�
. If this conditionis

satisfied,thenaright divisor � }>~@� zC�
of theform (C.2)will exist. If it is notsatisfied,then

we exchangethesinglecolumn
x yr�f| }K~ � z �

for oneof thecolumnsin
x y{zK| }K~ � z �

. As we
shallsee,wecanalwaysusethis trick to find asolutionto equation(C.6).

To show this,assumetheexistenceof a channel �x<}K~ � z �
suchthatno permutationof

its columnswill make (C.6)solvable.Define�xJ}K~ � z ���� � �x y{zK| }K~ � z � �x ym�f| }K~ � z � ��� w �� z }K~ � z � � � � �� � � z }>~ � z � �� � }K~ � z � � �
Denotea setof ¡ left divisorsof

~ ��� � z ��� as �£¢�¤ }>~ � z ��� �¤¦¥ z . If (C.6) lacksa solution
for every permutationof the columns ��¨§ }>~ � z �+�ª© �¬« � � � � � ¡ , theremustexist ¡ � «
polynomialmatrices § }K~ � z �+�¦© � � � � � � � ¡ , suchthat § }K~ � z �

is a left divisorof ��¦§ }K~ � z ���¨© �®« � �I� � � ¡°¯ }K~ � z �
is a left divisorof

~ ��� � z ��� � (C.7)

The polynomialmatrices § }K~ � z �f© � � � � � � � ¡ musthave the following characterizing
properties:

(a) For
©ª±� �

,  § }>~ � z �
musthaveall thepolynomialmatrices¢�¤ }K~ � z ���³² �S« � � � � ��©+´« ��©µ� « � � � � � ¡ asleft divisors,i.e.wemustbeableto express § }>~ � z �

as § }>~ � z � � ¢�¤ }K~ � z � � ¤§ }K~ � z ��� © �®« � � � � � ¡² �®« � � � � ��©�´ « �C©µ� « � �I� � � ¡ (C.8)

for somepolynomialmatrices
� ¤§ }>~ � z �

.

(b) °¯ }>~ � z �
musthave ¢�¤ }K~ � z ���¶² ��« � � �I� � ¡ asleft divisorsand,i.e. we mustbe

ableto write °¯ }>~ � z � � ¢�¤ }K~ � z � � ¤ ¯ }K~ � z ��� ² �·« � � � � � ¡ (C.9)

for somepolynomialmatrices
� ¤ ¯ }>~ � z �

.
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(c) For any given ¸�¹ºk» , ¼¾½ ¿KÀ@Á"ÂCÃ mustnot be a left divisor of Ä°½ ¿KÀ@Á"ÂCÃ . If ¼�½f¿KÀDÁ"ÂCÃ
werea left divisorof ÄÅ½ ¿KÀ@Á"ÂCÃ , thepermutation ÆÇSÈmÉfÊ ¿KÀDÁ"ÂCÃ º ÆË ½ ¿KÀ@Á"ÂCÃ would imply
that (C.6) hasa solution: the polynomial matrix ¼�½f¿KÀ Á"Â Ã is the only left factor
which is commonto ÆÇ È Â Ê ¿>À Á"Â Ã and À Á�Ì Á"ÂGÍ�Î , and ¼�½ ¿KÀ Á"Â Ã will bea left factoralso
to ÆÇ ÈrÉfÊ ¿>À Á"Â Ã .

(d) Theset Ï£¼�Ð�¿KÀ Á"Â Ã�ÑÓÒÐ¦Ô Â musthave Õ elements,i.e.we mustbeableto find Õ left
divisors ¼�½f¿>À@Á"ÂCÃ of À@Á�Ì Á"Â Í�Î . Otherwise,therewill be somepermutationof the
columnsof ÆÇ ¿KÀ@Á"ÂCÃ whichmakesit possibleto find asolutionto (C.6).

Whenthe channelhasleft divisorsasdefinedin (C.7), (C.8) and(C.9), ÆÇSÈ Â Ê ¿>À@Á"ÂCÃ andÀ@Á�Ì Á"Â Í�Î will haveacommonleft divisor ¼ Ò ¿KÀDÁ"ÂCÃ whichisnotaleft divisorof ÆÇSÈrÉfÊ ¿>À@Á"ÂCÃ ºÆË Ò ¿KÀ@Á"ÂCÃ , nomatterhow wearrangethecolumnsof ÆÇ ¿KÀ@Á"ÂCÃ . However, if wecannotfind
sucha set of polynomial matrices ¼�½f¿>À@Á"ÂCÃ , then somepermutationof the columnsofÆÇ ¿>À@Á"ÂCÃ will make it possibleto solve(C.6). Wewill now show thatit is indeedimpossi-
ble to find aset Ï£¼�½f¿>À@Á"ÂCÃ�Ñ Ò½ÖÔ Â suchthat(a),(b), (c) and(d) areall satisfied.

Without restriction,we assumethatboth ÄÅ½ ¿KÀ Á"Â Ã and ¼�½f¿KÀ Á"Â Ã arewritten in Hermite
form. A Hermiteform polynomialmatrix is uppertriangularandrow reduced.Further-
more,theelementwith thehighestdegreein eachrow is thediagonalelement.

To seeunderwhatconditions(c) is satisfied,westudytheleft matrix fractiondescrip-
tions(MFD:s) × ½ ¿KÀ Á"Â Ã�Øº Ä Á"Â½ ¿KÀ Á"Â ÃC¼�½f¿>À Á"Â Ãb¸ º®ÙÛÚ Ü Ü Ü�Ú Õ (C.10)

whichcanberewritten Ä°½f¿>À Á"Â Ã º ¼�½G¿>À Á"Â Ã × Á"Â½ ¿>À Á"Â Ã Ü (C.11)

In general,

× Á"Â½ ¿KÀ Á"Â Ã is a rationalmatrix. However, if

× Á"Â½ ¿>À Á"Â Ã canbeshown to bea
polynomialmatrix in À Á"Â , then ¼�½f¿KÀ Á"Â Ã will bea left divisor of Ä3½f¿>À Á"Â Ã . To satisfy(c),
wemustthusassurethat

× Á"Â½ ¿KÀ Á"Â Ã is notapolynomialmatrix in À Á"Â .
In fact, it turnsout that assoonas

× ½G¿KÀ@Á"ÂCÃ is a properrationalmatrix1,

× Á"Â½ ¿KÀDÁ"ÂCÃ
will beapolynomialmatrix. To seethis,weobserve thatsince ÄÅÝÓ¿KÀ@Á"ÂCÃ is a left factorofÀ Á�Ì Á"ÂGÍ�Î , Þàß�á À Á�Ì Á"Â ÍIÎ º Þàß�áãâ ÄÅÝ
¿KÀ Á"Â Ã�äR¿>À Á"Â Ãtå º Þàß+á Ä�Ý
¿KÀ Á"Â Ã Þàß�á ä�¿KÀ Á"Â Ãº Þàß�á ¼�½ ¿KÀ Á"Â Ã Þæß�á3çÄ ½Ý ¿>À Á"Â Ã Þàß+á äè¿>À Á"Â Ã
for any ¸ andsomepolynomialmatrix äè¿>À@Á"ÂCÃ . But, sinceÞàß�á À Á�Ì Á"Â Í�Î º À Á Î È ÌKéêÂ Ê
wemusthave Þàß+á ¼�½f¿KÀ Á"Â Ã º À Á@ë�ì
for somenon-negativenumberí�½ . Usingthis,weobtainfrom (C.10)Þàß+á × ½ ¿KÀ Á"Â Ã º Þàß+á ¼�½f¿KÀ Á"Â ÃÞæß�á ÄÅ½f¿KÀ Á"Â Ã º ÙÀ ÁDî�ì

1For eachscalarelementin a properrationalmatrix, thedegree(in ïÓðòñ ) of thenumeratorpolynomialis
smallerthanor equalto thedegree(in ïÓðòñ ) of thecorrespondingdenominatorpolynomial.
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for someconstantó³ô . Also,õ*ö"÷ô�øKù ö"÷Cú[ûJü�ýÓþ õ ô øKù ö"÷ úýàÿ�� õ ô ø>ù ö"÷ ú û ù ö���� ü�ýÓþ õ ô øKù ö"÷Cú��
Now, assumethat

õ ô øKù ö"÷ ú
isproper. Thismeansthat ó�ô	��
 . Eachelementin ü�ýÓþ õ ô ø>ù ö"÷ ú

is a minor of
õ ô ø>ù ö"÷ ú

. Since
õ ô ø>ù ö"÷ ú

is row-reduced,thedegreeof every minor is less
thanor equalto thedegreeof thedeterminant.Therefore,

õ ö"÷ô�ø>ù ö"÷ ú
becomesa polyno-

mial matrix in ù ö"÷
. Thus,if the MFD (C.10) is proper, we seefrom (C.11) that condi-

tion (c) is violated.If wecanfind only oneindex � for which
õ ô øKù ö"÷ ú

in theMFD (C.10)
is proper, equation(C.6)canbesolvedwith thepermutation ��� øKù ö"÷ ú¶û � ô ø>ù ö"÷ ú

. Thus,
condition(c) canbe satisfiedonly if the rationalmatrix

õ ô ø>ù ö"÷ ú
, definedin (C.10), is

improperfor all � û��������������
.

To find theconditionsunderwhichtherationalmatrix
õ ô ø>ù ö"÷ ú

is improper, wedefine���ô
ø>ù ö"÷Cú��û
row � in

� ô ø>ù ö"÷�ú �ô
ø>ù ö"÷Cú��û
row � in

 ô ø>ù ö"÷Cú��
Sinceboth

 ô ø>ù ö"÷ ú
and

� ô øKù ö"÷ ú
arerow reduced,the left MFD

õ ô øKù ö"÷ ú
is improperif

andonly if [33] ýàÿ�! � �ô�øKù ö"÷ ú#" ýàÿ$!  %�ô
ø>ù ö"÷ ú
(C.12)

for somerow � .
Let us now study ýæÿ$!  �ô ø>ù ö"÷ ú

. Assumethat of all the left divisors
��& ø>ù ö"÷ ú

in ô ø>ù ö"÷ ú
,
��' øKù ö"÷ ú

hasthehighestdegreein row � , i.e.ýàÿ�! ���' øKù ö"÷Cú(û)(+*-,&#./ ô ýàÿ$!10 ���& ø>ù ö"÷Cú324�
(C.13)

Wenow write
 %�ô�øKù ö"÷ ú

as  �ô�øKù ö"÷Cú(û ���' øKù ö"÷Cú65 'ôòøKù ö"÷Cú
anddefinethefollowing scalarpolynomials:7 �8� ø>ù ö"÷Cú9�û

element� in thepolynomialvector
 �ô
ø>ù ö"÷Cú: �8� ø>ù ö"÷ ú9�û

element� in thepolynomialvector
� � ' øKù ö"÷ ú57 �8� ø>ù ö"÷ ú9�û

element� , � in thepolynomialmatrix
5 'ôòøKù ö"÷ ú

.

Due to the Hermiteform assumptionmadeon
 ô øKù ö"÷ ú

, the degreeof
 %�ô øKù ö"÷ ú

is deter-
minedby thedegreeof

7 �8� øKù ö"÷ ú
. Also, when

 ô øKù ö"÷ ú
and

� ô øKù ö"÷ ú
areuppertriangular,

sois
5 ô ø>ù ö"÷ ú

. When
� ô øKù ö"÷ ú

and
5 ô øKù ö"÷ ú

arebothtriangular,7 �8� ø>ù ö"÷CúPû : �8� øKù ö"÷Cú 57 �8� øKù ö"÷Cú;�
Therefore, ýàÿ$!  <�ô ø>ù ö"÷CúPû ýàÿ�! 7 �8� øKù ö"÷Cú(û ýæÿ$!>= : �?� øKù ö"÷Cú 57 �8� ø>ù ö"÷Cú3@� ýàÿ$! : �8� ø>ù ö"÷Cú(û ýàÿ�! ���' øKù ö"÷Cú;� (C.14)
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If we combine(C.12), (C.13)and(C.14),we seethata necessaryconditionfor theexis-
tenceof animproperACBEDGFIHKJML is thatthereexistsa row N in O�BPDGFIHKJML suchthatQSR$T O�UB DGF HKJ L#VXW+Y-Z[#\] B Q^R$T O�U[ DGF HKJ L`_ (C.15)

Tomakeevery AaBbDcFIHKJML improper, theinequality(C.15)mustholdfor every dfehg�i�_�_�_�i�j .
Thismeansthatevery O�BEDcF�HKJML musthavearow, whosedegreeis greaterthanthedegreeof
thecorrespondingrow in all theotherleft factorsO [ DcFIHKJML�ilknmeod . Sincefor eachof thep

rows,only oneof the j left factorsO�BPDcF�HKJML canhave thehighestdegree,weconclude
therecanbeat mostoneleft factorwith therequiredproperty(C.15)for eachparticular
row N . Therefore,when(c) is fulfilled we canfind at most

p
suchdivisors,andwhenj V p

therewill beno setof j left divisorsasrequiredby (d). Consequently, (C.6)
will alwayshave a solutionandwe canalwaysfind a polynomialmatrix qrDGF HKJ L of the
form (C.2)which is a right divisor to stDcF HKJ L .
Property 2

Weimmediatelyseethat qaDGFIHKJML in (C.2) is a right divisorof FIHvu8HKJPw$x , sincey F Hvu8HKJ w$x HKJ{z9| DGF HKJ L} g ~ y w$x HKJ�| DcF HKJ L} F HvubHKJ ~ e)F HvubHKJ w�x�_
Property 3

To prove that q�DcFIHKJML is not a right divisor of FIHvubw$x , we will try to find a polynomial
matrix ��DGF HKJ L suchthat F Hvu w$xhe���DGF HKJ LMq�DcF HKJ L;_ (C.16)

Wenow partition ��DcF HKJ L into four blocks:��DcF HKJ L`e y � JbJ DcFIHKJML�� JG� DGFIHKJML� �MJ DcFIHKJML � �b� DcFIHKJML�~ i
where� JbJ DcF HKJ L is j z g^��j z g , � JG� DcF HKJ L is j z g^��g , � �MJ DGF HKJ L is g^��j z g and � �b� DcF HKJ L
is ascalarpolynomial.

Equation(C.16)cannow beexpressedasy F Hvu w$x HKJ }} F Hvu ~ e y � JbJ DcF HKJ L�� JG� DcF HKJ L� �MJ DcF HKJ L � �b� DcF HKJ L�~ y w�x HKJ�| DGF HKJ L} F HvubHKJ ~ _ (C.17)

To fulfill (C.17),thefollowing relationsmusthold:F Hvu w$x HKJ eo� JbJ DGF HKJ L (C.18a)} eo� JbJ DGF HKJ L | DcF HKJ L���F HvubHKJ � JG� DGF HKJ L (C.18b)} eo� �MJ DGF HKJ L (C.18c)F Hvu eo� �MJ DGF HKJ L | DcF HKJ L���F HvubHKJ � �b� DcF HKJ L�i (C.18d)
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or equivalently �C�b���G�I� �M�;� �I�v�P��� � �
(C.19a)

�C�G���G�I� �M�;�h� �����G�I� �M�
(C.19b)

�4�M���G� � � �;�o�
(C.19c)� �b�-�G� � � �;� �1�
(C.19d)

However,

���G� � � �
is requiredto bea polynomialmatrix in

� � �
, which is obviously vio-

latedby (C.19d).Thereforewe concludethat   �G� � � � cannotbea right divisorof

� �v� ���
.

Sinceall threeclaimedpropertiesof   �c� � � � have beenestablished,thezero-forcing
equation(3.4)cannothaveasolutionif ¡ ¢¤£ .
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Appendix D

Proof of Theorem2

Weshallherederivethedegreeconditions(3.15), (3.16)and(3.17). If theseconditionsare
fulfilled aswell as(3.10),amultiple-input-multiple-outputzero-forcingdecisionfeedback
equalizer(MIMO ZF DFE) will exist.

Westartby verifying thecondition(3.17).Equation(3.4)canberewrittenas¥§¦G¨I©KªM«3¬¦c¨�©KªM«�®�¨I©v¯�¦±°$²)³�¨I©KªM´r¦G¨I©KªM«M«;µ
(D.1)

Thepolynomialmatrix
´r¦G¨ ©Kª «

mustbechosensothat thedegreeof theright handside
equalsthedegreeof theleft handside.Thedegreeof theright handsideequals¶^·$¸ ¨I©v¯$¦G°�²�³�¨�©KªM´r¦G¨I©KªM«M«;® ¶^·$¸ ¨I©v¯�³ ¶S·�¸ ¦±°$²)³�¨I©KªM´4¦c¨I©KªM«3«`®X¹`³»º½¼+³)¾¿µ
whereasfor theleft handside¶^·$¸ ¥<¦c¨I©KªM«3¬t¦c¨I©KªM«#À ¶S·�¸ ¥<¦G¨I©KªM«�³ ¶S·�¸ ¬t¦G¨I©KªM«;®oº½Á�³�ÂÃµ
For agivenfeedforwardfilter

¥<¦G¨ ©Kª «
of degree

º½Á
, a thefeedbackfilter degreeº½¼4Ä�ÂÅ³�ºÆÁÈÇa¹ÉÇÊ¾

(D.2)

is thensufficient to cancelall postcursortaps.Theinequality(D.2) coincideswith (3.17).
To prove the degreeconditions(3.15)and(3.16),we first needto remove the influ-

enceof commonfactorswithin eachcolumnof
¬t¦c¨ ©Kª «

. For this purpose,we insertthe
factorization(3.11)into (D.1):¥<¦c¨I©KªM«#Ë¬t¦c¨I©KªM«3Ìa¦c¨�©KªM«MÍ)¦c¨I©KªM«;®o¨�©v¯$¦G°�²)³�¨I©KªM´4¦c¨�©KªM«M«`µ
For this equationto have a solution,we mustchoosé

�¦c¨ ©Kª «
so that the right divisorÌa¦c¨ ©Kª «MÍ)¦c¨ ©Kª «

of the left handsideis alsoa right divisor of theright handside,i.e. we
musthave ¨I©v¯�¦±°$²)³�¨�©KªM´r¦G¨I©KªM«M«�®�Î�¦c¨�©KªM«MÌa¦G¨I©KªM«MÍ)¦c¨�©KªM«

(D.3)

for somematrixpolynomial
Î�¦c¨ ©Kª «

. Werealizethat
Í)¦c¨ ©Kª «

cannotbearight divisorof°$²�³X¨ ©Kª ´r¦G¨ ©Kª «
, sincethecoefficientshaving thelowestdegreediffer whenthepropa-

gationdelay Ï�Ð is non-zerofor somecolumn Ñ . However, theleft handsideof (D.3) can
berewrittenas ¨I©v¯$¦G°�²)³�¨I©KªM´�¦c¨�©KªM«M«�®Ò¦±°$²�³�¨I©KªÓ´�¦G¨I©KªM«M«P¨I©v¯P°�²
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whichhas Ô)ÕcÖI×KØMÙ asa right divisor, since Ú�ÛÝÜ�Þ for all ß by (3.13a).Therefore,we can
write Ö ×và ÕGá�â)ã�Ö ×KØMä ÕcÖ ×KØ ÙMÙ�åÒÕ±á$â�ã�Ö ×KØÓä ÕGÖ ×KØ ÙMÙPÖ ×và á�âå�æ�ÕcÖ ×KØ ÙlçÔoÕGÖ ×KØ ÙMÔ)ÕcÖ ×KØ Ù (D.4)

for somematrixpolynomial æXÕcÖ�×KØMÙ andwithçÔoÕGÖ ×KØ Ù�åoèSéëê�ì<í ÖI×vàcîSïÓðnñ$ñ�ñòÖI×vàcîSïPó�ô ñ
Wenow chooseæ�ÕcÖ�×KØMÙ sothatit has õaÕGÖI×KØMÙ asa right divisor, or equivalentlyÖ ×và ÕGá�â)ã�Ö ×KØMä ÕGÖ ×KØ ÙMÙ;å çæÊÕcÖ ×KØ Ù3õaÕGÖ ×KØ Ù�çÔ)ÕcÖ ×KØ Ù3ÔoÕGÖ ×KØ Ù�ñ (D.5)

Thematrixcoefficientwith thelowestdegreeon theleft handof (D.5) sidemustbeequal
to thematrix coefficient with the lowestdegreeon the right handside. Since õaÕGÖ ×KØ Ù is
monic,thiscanonly besatisfiedif çæXÕGÖ ×KØ Ù is alsomonic,i.e. ifçæÊÕGÖ ×KØ Ù;åoá�â�ãÊÖ ×KØ çä ÕcÖ ×KØ Ù
for somepolynomialmatrix çä ÕGÖ ×KØ Ù . If we insert çæ�ÕcÖ ×KØ Ù into (D.5),weobtainÖ ×và ÕGá�â)ã�Ö ×KØ ä ÕGÖ ×KØ ÙMÙ;å í á�â)ã�Ö ×KØ çä ÕcÖ ×KØ Ù ô õrÕcÖ ×KØ Ù çÔoÕGÖ ×KØ ÙMÔ�ÕGÖ ×KØ Ù;ñ
Since õrÕcÖ ×KØ Ù and çÔ)ÕcÖ ×KØ Ù arediagonal,they commute.HenceÖ ×và ÕGá�â)ã�Ö ×KØ ä ÕGÖ ×KØ ÙMÙ;å í á�â)ã�Ö ×KØ çä ÕcÖ ×KØ Ù ôöçÔ)ÕcÖ ×KØ ÙMõaÕGÖ ×KØ ÙMÔ�ÕGÖ ×KØ Ù;ñ (D.6)

From (D.6) we seethat Ö ×và Õ±á$â�ã�Ö ×KØ ä ÕGÖ ×KØ ÙMÙ has õrÕcÖ ×KØ Ù3ÔoÕGÖ ×KØ Ù asa right factoras
required.This factorcanthusberemovedin our original equation(D.1). We mustnow
solve ÷ ÕGÖ ×KØ Ù çø ÕcÖ ×KØ Ù`å�ÕGá�â)ã�Ö ×KØ çä ÕcÖ ×KØ Ù3Ù çÔ�ÕcÖ ×KØ Ù`ñ (D.7)

with respectto

÷ ÕGÖI×KØMÙ and çä ÕGÖI×KØMÙ . The polynomialmatrix ä ÕcÖI×KØMÙ which solvesthe
originalDiophantineequation(D.1) canthenbeobtainedfrom thesolutionof (D.6).

Let usnow investigatetheequalizedchannelfrom sourcesù to ú to theestimateof
sourceß , i.e. let usconsiderrow ß in (D.7):ûü ýÿþ Ø ç�

ý � ÕcÖ ×KØ Ù��SÛ ý ÕcÖ ×KØ Ù�åoÖ ×vàcîSï��f×KØ ç� Û � ÕcÖ ×KØ Ù �	�å�ß (D.8a)ûü ýÿþ Ø ç�
ý Û-ÕcÖ ×KØ Ù��SÛ ý ÕcÖ ×KØ Ù�åoÖ ×vàcîSï�
 ÕEù ã�Ö ×KØ ç� Û?Û-ÕcÖ ×KØ ÙMÙ`ñ (D.8b)

Sincewe know thereexist both ZF MIMO DFE:s and ZF MISO DFE:s when (3.10)
holds,equations(D.8a)and(D.8b)canbesolvedif therearemoreunknownsthanthere
areequations.In general,they cannot besolvedif thenumberof equationsexceedsthe
numberof unknowns.
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The MIMO DFE

In theMIMO DFE, we mustusethe feedforwardfilter to canceltheprecursortaps,and
also to make the referencetap equal to the identity matrix. In the � �� equations
in (D.8a),thereare ������������� ���� �� (D.9)

precursortapswhich must be canceled. In (D.8b), the � !� � precursortapsmust be
canceledandthereferencetapshouldbesetto unity, giving

��� ��"� � (D.10)

additionallinearequations.Adding(D.9)and(D.10)givesthetotalnumberof conditions
to fulfill: #�� �%$ ����� ��"� �& �' � ���(� �  

#�� �%$ � �*) (D.11)

To satisfytheseequationswemustuseonly thefeedforwardfilter. Thefeedforwardfilter
for user+ has,.- � � vectortaps,giving a totalof/ � ,10 � �  (D.12)

unknowns.If wecompare(D.11)with (D.12), weseethatif

,.-&2 � ���(� �  "3
#� �%$ � �/ 4� (D.13)

all precursortapscanbecanceled.Since(D.13) is independentof + , a feedforwardfilter
degreesatisfying(D.13)is genericallynecessaryto fulfill thezero-forcingcondition(3.3)
for all � users.Togetherwith (D.2), thecondition(D.13) is sufficient for theexistence
of azero-forcingMIMO DFE.

The MISO DFE

For theMISO DFE,wecanonly usethefeedbackfilter to cancelthepostcursortapsof the
userwe aredetecting.Thepostcursortapsfrom theinterferingusershave to becanceled
by thefeedforwardfilter. Usingonly thefeedforwardfilter, we mustthussatisfy5� 6 �%$ 78

6 � ��9;: $  =< �
6
��9;: $  �>@? A	B' + (D.14a)5� 6 �%$ 78

6 � ��9 : $  =< �
6
��9 : $  �' 9 : CEDGF�H � � �I9 : $ 7J �K� ��9 : $  = �) (D.14b)

The �LM� equationsin (D.14a)now contributeoneequationfor eachtapin theequalized
channelgiving ������� � ,.- � 7N � � �  (D.15)
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linearequations,whereasthenumberof equationsin (D.14b)is still equaltoO�PRQ�S"TVU�W
(D.16)

Thismeansthatfor userX wenow have to satisfyYZ&[\ U^]`_.a P�bc Z PRQVd1PeOfPgQhSeTiU&j ]Kk SlQVd ]�_.a PRQVd1P mYZ \%n1o bc Zqp Srbc UsP�OfPgQ�S"TiU
(D.17)

linear equations,whereasthe numberof unknowns is still given by (D.12). Thus,we
require

_.a&t u mZ \%n o bc Z p PeOfPRQ�Svbc UqS"TVUw S k PRQ S4Q
(D.18)

for eachuser. A feedforwardfilter degree

_.a&t4xzyi{U u mZ \%n o bc Z p PeOfPgQhS bc UqSeTiUw S k PRQ S4Q
(D.19)

is thengenericallynecessaryto fulfill the zero-forcingcondition(3.3) for all k users.
Theconditions(D.2) and(D.19)aretogethersufficient to ensuretheexistenceof a zero-
forcingMISO DFE.
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