
EUROPEAN TRANSACTIONS ON TELECOMMUNICATIONS
Eur. Trans. Telecomms. 2011; 22:296–314

Published online 15 June 2011 in Wiley Online Library (wileyonlinelibrary.com). DOI: 10.1002/ett.1480

RESEARCH ARTICLE

Cross-layer optimisation for uplink transmission in
OFDMA cellular networks with fixed relays
Lei You1,2, Ping Wu1*, Mei Song2, Junde Song2 and Yong Zhang2

1 Signals and Systems, Department of Engineering Sciences, Uppsala University, Uppsala, Sweden
2 PCN and CAD Center, Beijing University of Posts and Telecommunications, Beijing, China

ABSTRACT

In this paper, we consider a cross-layer design aimed to enhance performance for uplink transmission in an orthogonal
frequency division multiple-access (OFDMA)-based cellular network with fixed relay stations. Because mobile stations
(MSs) spend most of the power on the uplink transmission, power efficiency resource allocation becomes very important
to MSs. We develop a cross-layer optimisation framework for two types of uplink flows (inelastic and elastic flows) that
have different quality-of-service requirements. For inelastic flows with fixed-rate requirement, we formulate the cross-layer
optimisation problem as the minimisation of the sum transmission power of MSs under the constraints of flow conserva-
tion law, subcarrier assignment, relaying path selection and power allocation. For elastic flows with flexible-service-rate
requirement, we consider the cross-layer trade-off between uplink service rate and power consumption of MSs and pose
the optimisation problem as the maximisation of a linear combination of utility (of service rates) and power consumption
(of MSs). Different trade-offs can be achieved by varying the weighting parameters. Dual decomposition and subgradient
methods are used to solve the problems optimally with reduced computational complexity. The simulation results show
that, through the proposed cross-layer resource optimisation framework and algorithms, significant benefits of deployment
of multiple fixed relays in an OFDMA cellular network can be fully obtained such as reduction in power consumption,
increase in service rate and energy savings in the uplink transmission of MSs. Copyright © 2011 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Relay-based deployment has been viewed as one of the
most promising architectures for next-generation cellular
networks [1] because it can reduce subscribers’ power con-
sumption and deployment cost of the infrastructure, expand
coverage of cells and also enhance system capacity and
throughput in cellular networks. Therefore, the Institute of
Electrical and Electronics Engineers (IEEE) 802.16 Work-
ing Group has created the Relay Task Group 802.16j [2] to
add a relay functionality to the IEEE standard 802.16 and
to develop an appropriate procedure for relaying operation.

In this paper, relay-based orthogonal frequency divi-
sion multiple-access (OFDMA) cellular networks are
considered. OFDMA has the capability of exploit-
ing frequency-selectivity-enabled multi-user diversity by
adaptive resource allocation. A deep faded subcarrier for

one node may be favoured by another node. Therefore,
the multi-user diversity may be exploited in a multi-user
orthogonal frequency division multiplexing (OFDM) sys-
tem if a subcarrier assignment for each user and power
allocation for each subcarrier are appropriately adapted to
the channel condition. Extensive research has been carried
out to investigate resource allocation in traditional cellular
networks without relays [3–7].

In order to attain the best performance, the optimal oper-
ation of a relay-enhanced OFDMA cellular network should
be employed. This, however, is not an easy task as it
involves so many different combinations of power and sub-
carrier allocations and path selections, especially when an
adaptive modulation and coding is used, and quality-of-
service (QoS) requirements of different flows should be
considered. In addition, because a mobile station (MS) is a
power-limited and energy-limited device, power efficiency
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resource management and rate control strategies for the
uplink transmission are important to increase the life-
time of MSs. Although extensive research on relay-based
OFDMA cellular networks has been performed, the prob-
lems related to all the above aspects are not optimally
solved yet. For example, in [8], subcarrier and power
allocations to maximise system capacity in OFDMA
relay cellular networks are considered, and a subopti-
mal approach dividing the problem into two heuristic
steps is adopted. In [9], the optimal source, relay and
subcarrier allocation problem with the fairness constraint
on relays is solved using a graph theoretical approach.
However, it is assumed that fixed power is allocated
to each subcarrier, which cannot yield optimal power
control.

Recently, a dual decomposition method was proven to
be a computationally efficient method to obtain optimal
solution in the resource allocation of multicarrier systems
[10, 11]. Related work using such a method in an OFDMA
cellular system includes weighted sum rate maximisation
and weighted sum power minimisation for downlink in
traditional cellular networks [6], utility maximisation in
user cooperation cellular networks [12] and sum rate max-
imisation for downlink in a relay-based OFDMA system
[13]. In [12], optimal resource allocation and relay strat-
egy (amplify-and-forward and decode-and-forward) selec-
tion for a user cooperation cellular network, in which
subscribers can cooperatively forward data for each other
while using the same OFDMA subcarrier as a source
node, are presented under a utility maximisation frame-
work [14, 15]. In [13], a similar problem for joint sub-
carrier and power allocation as that in [8] is formulated
and solved by making continuous relaxation and using a
dual decomposition method. However, their objective is
to maximise the sum rate for the downlink, and they do
not consider the QoS requirements of flows from upper
layer, which would result in unfairness in resource allo-
cation. In addition, because MSs spend little power on the
transmission in the downlink case (a very small amount
of power consumption for reception and signal process-
ing), power efficiency of MSs in this case is not an issue
considered.

In [16], the average achievable rate and the average
power consumption on the uplink transmission of cooper-
ative OFDMA cellular networks with relay nodes, which
have little concern about their power consumption, are ana-
lytically examined. Although it focused on a cooperative
relaying scheme, the analytical results showed that the ben-
efits in increasing average transmission rate and reducing
average power consumption of MSs from the deployment
of multiple relay nodes are significant. However, it did not
address how to get those benefits and how to achieve the
best trade-off between those benefits through intelligent
and optimal resource allocation.

In this paper, we develop a cross-layer resource opti-
misation framework for the power efficiency of MSs
and flows with different QoS requirements in the uplink
transmission in OFDMA cellular networks with dedicated

relays, which are assumed to be fixed and have unlimited
energy but have maximum transmission power limit. First,
we consider inelastic flows with a specific rate require-
ment (e.g. voice over Internet Protocol services) and min-
imise the sum power consumption of MSs by optimally
assigning subcarriers on direct and relaying uplinks and
allocating power of RSs and MSs to subcarriers. Then,
we consider elastic flows with a flexible service rate (e.g.
best-effort and non-real-time service) and investigate the
cross-layer trade-off between maximising the sum util-
ity of uplink service rate of elastic flows and minimis-
ing the power consumption of MSs by fully utilising the
relay nodes and the resource available. Thanks to the
time-sharing property of multicarrier systems analysed
and shown in [11], the problem has zero duality gap,
which enables us to solve it almost optimally in its dual
domain using a dual decomposition approach and a sub-
gradient iteration algorithm with reduced computational
complexity.

It should be pointed out that our work and the exist-
ing literature, although both are concerned with resource
allocation of relay-based OFDMA cellular networks, deal
with different scenarios and use different objectives in
optimisation and thus develop different algorithms and
present the results in different ways. Specifically, in the
framework of our work, we minimise sum power con-
sumption for uplink inelastic flows, whereas the exist-
ing works consider maximising the sum rate. Thus, the
rates of flows are fixed in our model whereas total power
is given in other authors’ model. Moreover, we con-
sider the trade-off between power consumption and utility
of the services. As far as we know, no research works
have considered this trade-off in their algorithms when
dealing with resource allocation of OFDMA cellular net-
works with fixed relays; and the existing methods can-
not be directly used to deal with the trade-off between
rate and power. It is a consensus that both elastic and
inelastic flows will co-exist in future wireless communi-
cation networks. Thus, the consideration of the two types
of flows in network optimisation is very important and
necessary.

The remainder of this paper is organised as follows.
The system model considered is described in Section 2.
Then, the resource optimisation and solution for inelastic
flows and power minimisation are discussed in Section 3,
and resource optimisation and solution for the trade-off
between uplink service rate of elastic flows and power
consumption of MSs are presented in Section 4. After
simulation results are discussed in Section 5, the paper is
concluded in Section 6.

2. SYSTEM MODEL

In this section, we will present a system model for uplink
transmission in OFDMA cellular networks with two-hop
fixed relays.
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Figure 1. Uplink transmission model in the OFDMA cellular network with two-hop fixed relays. BS, base station; RS, relay station;
MS, mobile station.

2.1. Network model and uplink
frame structure

We consider the uplink transmission in an OFDMA relay-
enhanced cellular network as shown in Figure 1. In each
cell, there are a base station (BS) at the centre and K fixed
relay stations (RSs) evenly located around the BS. In an
uplink transmission, an MS can send signals either directly
to the BS (called direct transmission, DT) or indirectly to
the BS with two hops with the help of one of the K RSs
(named relaying transmission, RT). In this case, there are
K C 1 possible paths for an MS to communicate with the
BS for an uplink transmission. OFDMA subcarriers can be
allocated separately to links between those nodes. The net-
work model described here can be used to model the uplink
transmission of an IEEE 802.16j relay-based network [2].*

We assume a half-duplex operation of RSs on each sub-
carrier because of radio limitation. To guarantee proper
transmission, we design a special uplink transmission
frame with two subframes as shown in Figure 2. Each
uplink frame includes two subframes. In the first subframe,
MSs transmit data to RSs or directly to BS. In the second
subframe, RSs transmit the data they received from MSs
in the first subframe to BS, although it is also possible for

*In 802.16j, one cannot freely assign power to a single physical subcar-

rier. Subcarriers are grouped into subchannels. Thus, one cannot have

direct access to the physical subcarriers but to the logical subchannels.

This is helpful for the MAC layer to allocate resources to the sub-

channels. The assumption of subcarrier-wise resource allocation does

not affect the optimisation algorithm proposed in this paper applying to

802.16 systems. In the case of subchannel-wise resource allocation, we

can calculate the capacity of each subchannel using the average sub-

channel gain and the corresponding capacity of subchannels or links

just as in the subcarrier case given in Sections 2.2 and 2.3 and then use

the cross-layer algorithms in Sections 3 and 4 to allocate subchannels

and power allocation.

MSs to transmit directly to BS. Each subframe may use
several OFDMA subcarriers in the frequency domain. To
avoid interference, we impose that an OFDMA subcarrier
can only be assigned to one of the uplink links MS–RS,
MS–BS and RS–BS in any uplink subframe. We assume
that the lengths of the two subframes are the same. Such
an uplink frame structure is slightly different from the one
proposed in the IEEE 802.16j MMR network [2], in which
all MSs keep silent and only RSs are allowed to transmit
in the second subframe. Our uplink frame structure can
enable resource allocation to be more flexible.

We assume that wireless channels between nodes
in the cellular are frequency-selective fading channels.
OFDM technology divides the whole channel into many
subcarriers so that each subcarrier experiences frequency-
flat fading. We assume a slow-fading environment so that
the channel remains unchanged during the resource allo-
cation period. Full channel state information is known to
the BS, which makes allocation decision in a centralised
fashion and informs all RSs and MSs of the results of the
resource allocation through a certain reliable control chan-
nel. A similar network model is also considered in [8] and
[13]; however, it is focused on the downlink, whereas we
consider the uplink case.

2.2. Power allocation and transmission
rate on subcarriers in physical layer

Assume that there are K RSs, labelled f1; :::; k; :::; Kg,
and M MSs randomly distributed in the cell, labelled
f1; :::; m; :::;M g. The overall bandwidth B is divided into
N OFDM subcarriers, labelled f1; :::; n; :::; N g. The chan-
nel coefficients of subcarrier n on the links MSm-to-BS,
RSk-to-BS and MSm-to-RSk are �nm;BS, �n

k;BS and �n
m;k

,
respectively, the magnitudes of which follow a Rayleigh
distribution with parameters �2 D Cd�˛ , where ˛ 2[2, 6]
is the path loss exponent of the channel,C is a constant and
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Figure 2. Frame structure for uplink transmission.

d indicates the distance between transmitting and receiving

nodes. Consequently, the channel power gains
ˇ̌̌
�nm;BS

ˇ̌̌2
,ˇ̌̌

�n
k;BS

ˇ̌̌2
and

ˇ̌̌
�n
m;k

ˇ̌̌2
follow the exponential distribution

with mean 2�2.
Let p1;nm denote the power that MS m spends on subcar-

rier n during the first subframe. Let p2;nm and pn
k;BS denote

the power that MS m and RS k spend on subcarrier n dur-
ing the second subframe, respectively. Note that an RS only
spends power during the second subframe.

With the above parameters defined, we have the follow-
ing transmission rate formulas for the subcarrier n:

(1) On link MSm-to-BS in the first uplink subframe

R
1;n
m;BS DW log2.1C p

1;n
m

ˇ̌̌
�nm;BS

ˇ̌̌2
=�WN0/

(2) On link MSm-to-RS k in the first uplink subframe

R
1;n
m;k
DW log2.1C p

1;n
m

ˇ̌̌
�nm;k

ˇ̌̌2
=�WN0/

(3) On link MSm-to-BS in the second uplink subframe

R
2;n
m;BS DW log2.1C p

2;n
m

ˇ̌̌
�nm;BS

ˇ̌̌2
=�WN0/

(4) On link RSk-to-BS in the second uplink subframe

R
2;n
k;BS DW log2.1C p

n
k;BS

ˇ̌̌
�nk;BS

ˇ̌̌2
=�WN0/

whereW D B=N is the bandwidth of each subcarrier, � is
the signal-to-noise ratio gap related to a targeted bit error
rate and N0 is the additive white Gaussian noise power
spectral density, which is assumed to be the same for all the
receiver nodes and subcarriers. In this case, given channel
gains in the current frame, different power allocations may
result in different transmission rates for subcarriers.

2.3. Subcarrier allocation and link
layer rate

For the subcarrier allocation, we introduce binary indica-
tors d1;n

m;k
, d2;nMSm and d2;nRSk , which are explained below. Let

d
1;n
m;k
D 1 represent that subcarrier n is allocated to the link

MSm-to-RSk or MSm-to-BS (when k D 0) in the first sub-
frame, and d1;n

m;k
D 0 otherwise; let d2;nMSm D 1 represent

that subcarrier n is allocated to the link MSm-to-BS in the
second subframe, and d2;nMSm D 0 otherwise; let d2;nRSk D 1

represent that subcarrier n is allocated to the link RSk-to-
BS in the second subframe, and d2;nRSk D 0 otherwise. Those
binary indicators must satisfy

KX
kD0

MX
mD1

d
1;n
m;k
D 1; d

1;n
m;k
2 f0; 1g;8nD 1; :::; n; :::; N

(1)

KX
kD1

d
2;n
RSk C

MX
mD1

d
2;n
MSm D 1; d

2;n
RSk ; d

2;n
MSm 2 f0; 1g;

8nD 1; :::; n; :::; N (2)

where Equation (1) means that for the first uplink sub-
frame any subcarrier can only be assigned to one of the
links MS–RS and MS–BS, whereas Equation (2) states that
for the second uplink subframe any subcarrier can only be
assigned to one of the links RS–BS and MS–BS.

With the above assumptions and conditions, we can
formulate the aggregate rates on links MSm-to-BS and
MSm-to-RSk in the first subframe and MSm-to-BS
and RSk-to-BS in the second subframe, respectively, as
follows:

T 1m;BS D
NP
nD1

d
1;n
m;0R

1;n
m;BS;8mD 1; : : : ;M

T 1
m;k
D

NP
nD1

d
1;n
m;k

R
1;n
m;k

;8k D 1; : : : ; KI 8mD 1; : : : ;M

T 2m;BS D
NP
nD1

d
2;n
MSmR

2;n
m;BS;8mD 1; : : : ;M

T 2
k;BS D

NP
nD1

d
2;n
RSkR

2;n
k;BS;8k D 1; : : : ; K

Thus, different subcarrier allocation policies result in
different link layer rates. For convenience, let ddd denote
the vector of the binary indicators for a specific subcarrier
allocation policy, which is ordered as follows:

dD
h
d
1;1
1;1 ; : : : ; d

1;n
1;1 ; d

1;1
2;1 ; : : : ; d

1;n
m;1; d

1;1
m;2; : : : ; d

1;n
m;k

;

d
2;1
MS1; : : : ; d

2;n
MS1; d

2;1
MS2; : : : ; d

2;n
MSm; d

2;1
RS1; : : : ;

d
2;n
RS1; d

2;1
RS2; : : : ; d

2;n
RSk

i
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2.4. Flow conservation constraints for MSs
and RSs

Here, we consider the cross-layer optimisation for two
types of uplink flows from MSs to BS: inelastic and elastic
flows, respectively. For inelastic flow, for example voice
services, fixed service rate is usually required. Here, we
assume that we have a reliable coding and a perfect admis-
sion control. Thus, we can ignore other requirements such
as bit error rate and delay. For elastic flows such as non-
real-time and best-effort services, which have no specific
service rate requirements, some rate control schemes (e.g.
TCP) are usually used to avoid network congestion and
attain fairness.

We denote Sm (bits/frame) as the total service rate of
the uplink (inelastic or elastic) flows from MSm to BS.
For each MSm, the allocated aggregate uplink transmis-
sion rate in the two uplink subframes must be greater than
or equal to Sm, and thus we have the following constraints:

Sm � T 1m;BSC

KX
kD1

T 1m;k C T 2m;BS; 8mD 1; :::;M (3)

For any RSk, the aggregate rate received in the first sub-
frame must be less than or equal to the uplink rate of the
link between the RSk and the BS in the second subframe.
Thus, we have

MX
mD1

T 1m;k � T 2k;BS; 8k D 1; :::; K (4)

3. RESOURCE OPTIMISATION FOR
INELASTIC FLOWS AND POWER
EFFICIENCY OF MOBILE STATIONS

In this section, we consider uplink inelastic flows with a
fixed required service rate.

In the cellular networks deployed with special fixed RSs
for the purpose of performance enhancement, each RS has
a maximum power limitation although we have no con-
cern about the energy expenditure of RSs. Letting Pmax

k
be the maximum power of RSk, we have the following
constraints:

NX
nD1

pnk;BS � Pmax
k

; 8k D 1; :::; K (5)

However, for MSs, we need to concern more about their
power and energy consumption. It is well known that trans-
mission power should increase exponentially with distance
to the receiver so that similar transmission rates could be
attained. The deployment of relay nodes can significantly
reduce transmission power of the MSs far away from the
BS in the cell for the same uplink rate requirement [1].
So that power efficiency transmission of inelastic flows
under the network model assumption described in

Section 2.1 can be achieved, the choice of the MS to relay
or not should depend not only on its location but also on
the service rate required by its inelastic flow. This will be
shown in a simple example in the following section.

3.1. A simple scenario with a single carrier

We consider a scenario in which a cell with a radius of
2000 m consists of one BS, one RS and one MS as shown
in Figure 3, and the distance between the RS and the BS
is 1400 m. We assume that only one carrier is available,
the channel gain only includes a large scale path loss com-
ponent with path loss exponent of 4, the bandwidth of the
channel is W D 100 kHz, � D 1, and N0 D�174 dBm.

From the network model described in Section 2.1, the
MS can use DT and transmit data directly to BS in both
uplink subframes or use RT and transmit data to the RS
in the first subframe, and then the RS forwards the data to
the BS in the second subframe. For the RT case, we assume
that the RS has sufficient power to transmit to the BS all the
data coming from the MS. Thus, the MS spends its power
in both subframes for DT, whereas it just spends power in
the first subframe for RT.

We calculate the power consumption of the MS using
the relations given in Section 2.2. The results are shown
in Figure 4 when the required data rate is 0.5 Mbit/s and
Figure 5 when the required data rate is 1 Mbit/s. From
Figures 4 and 5, we can see the following:

(1) The deployment of RSs can significantly reduce the
level of uplink transmission power of the MS when it
is far away from the BS, especially when it is located
near the boundary of the cell;

(2) So that as much power as possible is saved, how
an MS chooses a transmission scheme (DT or RT)
should depend not only on its position in the cell
but also on the service rate required by the inelastic
flow. For example, when the MS is located at a dis-
tance between about 800–950 m to the BS, it should
choose RT scheme when the required service rate is
0.5 Mbit/s (see Figure 4), but DT when the required
service rate is 1 Mbit/s (see Figure 5).

This simple example shows that whether an MS chooses
relaying or not depends on its location and the service rate
required by its inelastic flow. In a more realistic scenario
involving multicarriers with frequency-selective fading

BS

RS
MS

Figure 3. A simple scenario.
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Figure 4. Power consumption of the MS at different locations and with different uplink transmission schemes (DT or RT) when the
required service rate of the flow in the MS is 0.5 Mbit/s.
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Figure 5. Power consumption of the MS at different locations and with different uplink transmission schemes (DT or RT) when the
required service rate of the flow in the MS is 1 Mbit/s. (Note that the vertical scale is ten times of that in Figure 4).

channels, multiple RSs and MSs, the optimal operation of
the whole network to minimise power consumption of all
the MSs will become much more complicated because it
also depends on the channel gain of subcarriers between
different nodes, power allocation as well as different rate
requirements from all MSs. In addition, when the rate
requirement is high, an RS may reach its maximum power,
which will limit its capacity for relaying. In the following
subsection, we will tackle such a cross-layer resource allo-
cation problem using nonlinear optimisation techniques.

3.2. Primal problem formulation, dual
problem and subgradient method

As in the previous analysis, our objective is to find the
optimal resource allocation solution to minimise the sum

of power consumption of all the MSs in the two uplink
subframes while satisfying the rate requirements from all
the inelastic flows under the constraints described in the
system model. The optimisation problem can be formu-
lated as follows:

Minimise
PMS;PRS;d

MP
mD1

 
2P
tD1

NP
nD1

p
t ;n
m

!

Subject to Equations (1)–(5)

(P1)

The minimisation in P1 is taken with respect to PMS,
PRS and d where PMS and PRS are the vectors of power
allocation for all MSs and RSs, respectively. Note that the
service rates Sm;8m in constraint (3) of P1 are known
and fixed for all MSs. The optimisation problem P1 is
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an NP (non-deterministic polynomial-time)-hard combina-
tion optimisation problem with non-linear constraints [17],
and finding its optimal solution involves an exhaustive
search over all possible transmission schemes, RS selec-
tion, subcarrier assignment policies and power allocations
in the two uplink subframes, which is difficult to deter-
mine within a designated time, especially when the num-
ber of subcarriers is large because the dimension of the
set of potential subcarrier assignment policies d increases
exponentially with the number of subcarriers [6, 17].

It can be observed that Equations (3)–(5) are the cou-
pling constraints of problem P1 between two subframes
and among different subcarriers. By relaxing these cou-
pling constraints using the Lagrange multiplier technique,
we can decouple the problem into several subproblems that
can be solved with low computational complexity given the
Lagrange multipliers [10, 11, 18], and the optimal solution
of the primal problem can be recovered optimally using a
gradient/subgradient method in its dual domain if a strong
duality holds [19].

However, because of binary variables in constraints (1)
and (2), P1 is a mixed integer programming problem and
not a typical convex programming problem. Thus, a strong
duality may not hold. We can relax this integer constraint
to a continuous one (i.e. let d1;n

m;k
, d2;nMSm and d

2;n
RSk 2

Œ0; 1�), which corresponds to permitting the time sharing
of subcarrier allocation policies, and can change the prob-
lem to a convex one so that a strong duality holds. This
method needs to implement the resulting solution in mul-
tiple frames as in the TDMA (Time Division Multiple
Access)-based stationary networks [5, 20, 21], which is
impractical in the case of mobile cellular communication
where the OFDMA channel varies from frame to frame [5].

Recently, it was discovered that the time-sharing condi-
tion under which the duality gap is zero is always satisfied
in OFDM systems in the limit as the number of subcarriers
goes to infinity as analysed and proven in [11]. The reason
is, roughly speaking, that in practical OFDM systems with
a large number of subcarriers, channel conditions in adja-
cent subcarriers are often similar. Then, the time sharing of
each subcarrier may be approximately implemented with
frequency sharing of these adjacent subcarriers [6, 11, 12].
Thanks to this result, we argue that the duality gap of P1
is approximately zero and that the dual method can still be
used to solve P1 optimally.

By introducing three vectors of Lagrange multipli-
ers, � D Œ�1; :::; �M �

T ; � D Œ�1; :::; �k �
T and � D

Œ"1; :::; "k �
T , to relax coupling constraints (3), (4) and

(5), we can write the corresponding partial Lagrangian as
follows:

L1.PMS;PRS;dI�;�; �/

D
MP
mD1

 
2P
tD1

NP
nD1

p
t ;n
m

!

C
MP
mD1

�m

 
Sm � T 1m;BS �

KP
kD1

T 1
m;k
� T 2m;BS

!

C
KP
kD1

�k

 
MP
kD1

T 1
m;k
� T 2

k;BS

!

C
KP
kD1

"k

 
NP
nD1

pn
k;BS � P

max
k

! (6)

where PMS and PRS are the vectors of power allocation for
all MSs and RSs, respectively. Then, with this Lagrangian,
we can define the dual objective function as

D.�;�; �/D

(
min

PMS;PRS,d
L1.PMS;PRS;dI�;�; �/

s:t : .1/ .2/
(7)

Thus, the dual problem can be given as:

max D.�;�; �/
s:t : �� 0; �� 0; � � 0

(D1)

where Lagrange multipliers �; � and � become the dual
variables in dual problem D1. Because of the zero duality
gap, that is, a strong duality holds, the solution of primal
problem P1 can be recovered by solving its dual problem
D1. The most important advantage of solving the primal
problem in its dual domain is the decomposability of the
dual function, with which we can decouple the coupling
constraints, decompose the problem into several subprob-
lems and solve them separately with low complexity [18].
As shown in the next subsection, we will show that D1
can be divided into separate per-subcarrier subproblems for
each uplink subframe, which can significantly reduce the
complexity of the problem.

Because the dual objective function D.�;�; �/ is not
a differentiable function, we can solve the dual problem
using the subgradient method [22, 23]. To find the subgra-
dient using the definition in [22, 23], we first convert D1
into the following equivalent convex optimisation problem
with convex objective function.

min �D.�;�; –/
s:t : œ� 0; �� 0; –� 0

(D10)

Then, we can find a subgradient of the convex objective
function in D10 by definition with the following Lemma.

Lemma 1. Considering the convex optimisation prob-
lem D10 and assuming that T 1 �m;BS; T

1 �
m;k

; T 2 �m;BS; T
2 �
k;BS

and pn �
k;BS are the optimal solution of minimisation in the

function (7) for given �; � and �, then

gm.�m/D T
1 �
m;BSC

KX
kD1

T 1 �m;k C T
2 �
m;BS � Sm;

hk.�k/D T
2 �
k;BS �

MX
kD1

T 1 �m;k and
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fk."k/D P
max
k
�

NX
nD1

pn �k;BS

are the subgradients of �D.�;�; �/ at �m; �k and
"k ,respectively.

The proof of Lemma 1 is presented in the Appendix at
the end of the paper.

A subgradient update algorithm [23] for solving D10

(and also D1) is stated as follows.
Given the optimal solution T 1 �m;BS; T

1 �
m;k

; T 2 �m;BS; T
2 �
k;BS

and pn �
k;BS in the current iteration i , the algorithm updates

dual variable in the following manner:

8<
:
�m.i C 1/Dmax.0; �m.i/� �.i/gm.�m.i// /;8m
�k.i C 1/D max.0; �k.i/� �.i/hk.�k.i// / ;8k
"k.i C 1/D max.0; "k.i/� 	.i/fk."k.i// / ;8k

(8)

where �.i/, �.i/ and 	.i/ are the step sizes for the
update of Lagrange multipliers �; � and �, respectively, in
iteration i , until the algorithm converges.

According to [23], subgradient method is guaranteed to
converge to the optimum if step sizes �.i/, �.i/ and 	.i/
are designed appropriately as follows:

Theorem 1. Dual variables �; � and � converge to the
optimal dual solutions if the positive scalar step sizes �.i/,
�.i/ and 	.i/ are chosen such that

lim
i!1

�.i/D 0;

1X
iD1

�.i/D1I

lim
i!1

�.i/D 0;

1X
iD1

�.i/D1I

lim
i!1

	.i/D 0;

1X
iD1

	.i/D1

Remarks. Because a strong duality holds, the corre-
sponding primal variables .P�MS; P�RS; d�/ are the globally
optimal variables of primal problem P1 for optimal dual
variables (��; ��; ��/.

3.3. Dual decomposition and
subproblems solution

Each step of subgradient iteration algorithm requires the
optimal solution of minimisation in the dual objective
function (7) which can be divided into subproblems (9)
and (10):

D.�;�; –/DD1.�;�/CD2.�;�; –/�

KX
kD1

"kP
max
k

where

D1.�;�/D min

P1
MS;

KP
kD0

MP
mD1

d
1;n
m;k
D1

�

0
@ MX
mD1

NX
nD1

p
1;n
m �

MX
mD1

�m

 
T 1m;BS

C

KX
kD1

T 1m;k

!
C

KX
kD1

�k

MX
mD1

T 1m;k

1
A
(9)

D2.�;�; –/D min

P2
MS;PRS;

KP
kD1

d
2;n
k
C
MP
mD1

d
2;n
m D1

�

0
@ MX
mD1

NX
nD1

p
2;n
m �

MX
mD1

�m T
2
m;BS

�

KX
kD1

�kT
2
k;BSC

KX
kD1

"k

NX
nD1

pnk;BS

1
A

(10)

Given the dual variables, D1.�;�/ and D2.�;�; �/
are to determine resource allocation in the first and second
uplink subframes, respectively.
D1.�;�/ can be further written as

D1.�;�/D

NX
nD1

0
B@ min

P
1;n
m ;

KP
kD0

MP
mD1

d
1;n
m;k
D1

MX
mD1

KX
kD0

�
h
p
1;n
m � .�m ��k/d

1;n
m;k

R
1;n
m;k

i1CA

D

NX
nD1

�
Dn1 .�m; �k/

�

where �0D 0 and R
1;n
m;0DR

1;n
m;BS, and can then be de-

composed to N subproblems as follows,

Dn1 .�m; �k/ D min

P
1;n
m ;

KP
kD0

MP
mD1

d
1;n
m;k
D1

MX
mD1

KX
kD0

d
1;n
m;k

�
h
p
1;n
m � .�m ��k/R

1;n
m;k

i
;

81; :::; n; :::; N (11)
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Each subproblem in Equation (11) is to determine the
assignment of one subcarrier to one of the links between
MSs and RSs/BS and also the amount of power of the
MSs spent on it. The constraints in those N subprob-
lems are independent, and thus these subproblems can be

solved separately. Because constraint
KP
kD0

MP
mD1

d
1;n
m;k
D 1

and binary variables d1;n
m;k
2 f0; 1g in each subproblem

in Equation (11), the optimal solution of Dn1 .�m; �k/ is
that subcarrier n is allocated exclusively to the node pair
.m�; k�/ such that

Œm�; k��D arg min
m;k

p
1;n
m � .�m ��k/R

1;n
m;k

D arg min
m;k

h
p
1;n
m � .�m ��k/R

1;n
m;k

iˇ̌̌ˇ̌
p
1;n
m Dmax

�
0;
�m��k

log2 ��WN0=
ˇ̌̌
�n
m;k

ˇ̌̌2 � (12)

and power allocated to subcarrier n is

p
1;n
m�
Dmax

�
0;
�m� ��k�

log 2
� �WN0=

ˇ̌̌
�nm�;k�

ˇ̌̌2�
(13)

Then, we set d1;n
m�;k�

D1 and d1;n
m;k
D 0;8m¤m�; k ¤ k�.

In Equations (12) and (13), k� D 0 means that sub-
carrier n is allocated to the link between MS m� and BS
in the first uplink frame. To solve Equation (12), we need
M�.K C 1/� 1 comparisons.

Similarly, D2.�;�; "/ can be further written as

D2.�;�; "/D

NX
nD1

min
P
2;n
m ;P

2;n
k;BS;

KP
kD1

d
2;n
RSKC

MP
mD1

d
2;n
MSmD1

�

MX
mD1

KX
kD0

d
2;n
MSm

h
p
2;n
m � �mR

2;n
m;BS

i

C d
2;n
RSK

h
"kp

1;n
k;BS ��kR

1;n
k;BS

i

D

NX
nD1

Dn2 .�m; "k ; �k/

and thus be further decomposed to N subproblems,

Dn2 .�m; "k ; �k/D min
P
2;n
m ;P

2;n
k;BS;

KP
kD1

d
2;n
RSKC

MP
mD1

d
2;n
MSmD1

�
MP
mD1

KP
kD0

d
2;n
MSm

h
p
2;n
m � �mR

2;n
m;BS

i

C d
2;n
RSK

h
"kp

1;n
k;BS ��kR

1;n
k;BS

i
81; : : : ; n; : : : ; N

(14)

Each subproblem in Equation (20) is to determine the
assignment of subcarrier n to one of the links MSs–BS and
RSs–BS and the amount of power of MS or RS spent on
the subcarrier. The second uplink frame is equivalent to
the uplink transmission in a traditional multi-user OFDMA
cellular network with M C K users [24]. Similar to the
case of Equation (11), those N subproblems can be solved

separately. From constraint
KP
kD1

d
2;n
RSKC

PM
mD1 d

2;n
MSm D 1

and binaryvariables d2;nRSK ; d
2;n
MSm
f0; 1g in each subprob-

lem in Equation (20), it follows that each subcarrier
should be allocated to either one of MSs or one of RSs.
Wefirst find, for subcarrier n, the optimal MS m� and the
corresponding optimal power allocation, respectively, in
the following fashion:

m�D arg min
m

h
p
2;n
m ��mR

2;n
m;BS

iˇ̌̌
p
2;n
m Dmax

�
0; �m= log2��WN0=

ˇ̌̌
�nm;BS

ˇ̌̌2� (15)

p
2;n
m�
Dmax

�
0; �m�= log 2� �WN0=

ˇ̌̌
�nm�;BS

ˇ̌̌2 �
(16)

and then find the optimal RS k� and the corresponding
optimal power allocation, respectively, in the following
manner:

k� D arg min
k

h
"kp

1;n
k;BS ��kR

1;n
k;BS

iˇ̌̌
p
2;n
k
Dmin

�
max

�
0;

�k
"k log2��WN0=

ˇ̌̌
�n
k;BS

ˇ̌̌2 �
; Pmax
k

�
(17)
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p
2;n
k�
Dmin

�
max

�
0; �k�=."k� log 2/

��WN0=
ˇ̌̌
�n
k�;BS

ˇ̌̌2 �
; Pmax

k�

� (18)

Then, from MSm�and RSk�, we determine the best one to
which the subcarrier is allocated in the following way:

(1) If .p2;n
m�
��m�R

2;n
m�;BS/<."k�p

1;n
k�;BS��k�R

1;n
k�;BS/,

the subcarrier n is assigned to MSm� with power
allocation according to Equation (22), and d2;nMSm�D

1 and d2;nRSK D 0;8k; d
3;n
MSm D 0;8m¤m

� are set.

(2) If .p2;n
m�
��m�R

2;n
m�;BS/>."k�p

1;n
k�;BS��k�R

1;n
k�;BS/,

the subcarrier n is allocated to RSk� with power allo-
cation according to Equation (25), and d2;nRSk� D 1

and d2;nMSm D 0;8m; d
2;n
RSk D 0;8k ¤ k

� are set.

When the optimal subcarrier assignment policies
and power allocation are determined, the values of
T 1 �m;BS; T

1 �
m;k

; T 2 �m;BS and T 2 �
k;BS can be calculated accord-

ing to the formulas for link layer rate given in Section 2.3.

3.4. Summary of the algorithm

We summarise the complete procedure of the whole algo-
rithm in Algorithm 1 as follows.

Algorithm 1: Cross-layer resource optimisation for inelas-
tic flows and power efficiency of MSs

(1) The BS collects service rate request from all MSs and
channel state information through uplink control channels
at the beginning of the frame. Then the BS initialises the
dual variables �.0/; �.0/ and ".0/.
(2) Given �.t/, �.t/ and ".t/ in iteration t, the BS solves
2N per-subcarrier subproblems in Equations (11) and
(20) to obtain the optimal subcarrier assignment and the
power allocation in the first and second uplink subframes,
respectively.
(3) The BS calculates T 1 �

m;BS
; T 1 �

m;k
; T 2 �

m;BS
and T 2 �

k;BS
based on the results obtained in step 2, calculates subgra-
dients according to Lemma 1 and then updates the dual
variables using Equation (8).
(4) Return to step 2 until the algorithm converges.
(5) The BS broadcasts the resulting subcarrier assignment
policies d� and power allocation P�MS and P�RS to all the
MSs and RSs through downlink control channels.

4. CROSS-LAYER TRADE-OFF
BETWEEN SERVICE RATE OF
ELASTIC FLOWS AND POWER
EFFICIENCY OF MOBILE STATIONS

In this section, we consider elastic flows in the uplink,
which can have a flexible service rate. A proper rate control

scheme is essential for elastic flows to avoid congestion
and fairly utilise the available resource. Network utility
maximisation (NUM) has been developed in [15, 25] to
formulate joint resource allocation and rate control as an
optimisation problem. By solving the NUM problem, we
develop the algorithms to allocate the resource (bandwidth
and power) available in Physical Layer (PHY) to achieve
optimal rate control for each flow. A typical example
for a multihop Code Division Multiple Access (CDMA)
network is shown in [25]. Through the joint optimiza-
tion of rate control and power allocation under the NUM
framework, transport and physical layers are perfectly bal-
anced, that is, the resource (power) in physical layer is
fully utilised whereas the sum utility of source rate is
maximised.

In cellular networks where MSs are power-limited and
energy-limited devices, power efficiency rate control and
resource allocation strategies become important issues.
Because the service rate of elastic flow is flexible, we can
get another balance between power efficiency of MS and
service rate of elastic flow. We first get the fundamen-
tal trade-off between rate and energy consumption from
Shannon formula for channel capacity. We assume a basic
stationary channel with gain � , bandwidthW , noise power
spectral density N0 and capacity gap � . The capacity of
the channel with transmission power P is

C DW � log.1CP j� j2 =�WN0/

and the energy needed for transmitting one bit is

Ebit D P=C D Œ.W =P /
� log.1C .P =W / j� j2 =�N0/�

�1

It is easy to find that Ebit! ln.2/.�N0= j� j
2/ asW =P !

1. This indicates that one can reduce energy per bit by
reducing the power (which will lower the transmission
rate) for a given bandwidth. Accordingly, for elastic flows
from MSs, one can save energy for transmitting the same
amount of data by reducing its service rate (through using
lower transmission power level).

The above fact motivates us to develop another cross-
layer optimisation framework and algorithm to balance the
service rate of elastic flows and uplink transmission power
of MSs. However, to get the best trade-off in OFDMA
cellular networks with fixed RSs, we need to take into
account the optimal uplink service rate, the full utilisation
of the power of fixed RSs (which are not energy limited),
proper selection of transmission path and assignment of
OFDMA subcarriers for relaying links and direct links. To
this purpose, we will pose a cross-layer trade-off optimi-
sation problem by incorporating the utility of service rate
of elastic flows as well as the power consumption of MSs
into the objective of the problem and then solve it using the
dual decomposition method.
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4.1. Problem for trade-off between service
rate of elastic flows and power
efficiency of mobile stations

We assume that the utility function associated with elastic
flows in MSm is Um.Sm/, where Sm is the total service
rate of all elastic flows from MSm to the BS. Um.Sm/ is
usually assumed to be a concave, non-decreasing and con-
tinuously differentiable function of Sm. There are many
such utility functions available for different optimisation
objectives. A class of utility functions for fair resource
allocation [26] is

U ˛.z/D

�
.z/1�˛=1� ˛; ˛ > 0 and ˛ ¤ 1
log(z), ˛=1

which is called ˛-fairness utility. ˛ is a positive constant
and represents the level of fairness. For example, maximis-
ing total utility corresponds to the proportional fairness
when ˛ D 1 and the max–min fairness as ˛!1 [26].

An ideal objective is to achieve simultaneously both
maximisation of each utility Um.Sm/ and minimisation of
the power consumption of each MS. The problem in this
case can be formulated as a class of vector (multicriterion)
optimisation problem as follows [19]:

Maximise

�
U1.S1/; : : : ; Um.Sm/; : : : ; UM.SM /;

.�
2P
tD1

NP
nD1

p
t ;n
1 /; : : : ; .�

2P
tD1

NP
nD1

p
t ;n
m /; : : : ;

.�
2P
tD1

NP
nD1

p
t ;n
M
/

�

Subject to Equations (1)–(5) and S � 0

where S is the vector of service rate Sm ; 8m.
We cannot obtain the ‘optimal solution’ for this optimi-

sation problem because all the objectives are not possible
to satisfy at the same time. However, we can find a trade-
off between the service rate of elastic flows and the power
consumption of MSs by using the ‘scalarisation technique’
in [19] and introducing 2M parameters to get a linear com-
bination of those objectives. The optimisation problem in
this case becomes

Maximise
MX
mD1

�
˛mUm.Sm/� ˇm

2X
tD1

NX
nD1

p
t ;n
m

�
(P2)

Subject to Equations (1)–(5) and S � 0

where ˛m and ˇm are the weighting parameters associ-
ated with MSm to determine the trade-off between the
service rate and the power assumption. ˛m can be viewed
as the reward earned by the utility Um(Sm), whereas ˇm
can be viewed as the price paid to the power consumed

by MSm. Different trade-offs can be obtained by vary-
ing those parameters. Different from P1, Sm ; 8m in P2
are decision variables that need to be optimised for fixed
trade-off parameters ˛m and ˇm; 8m.

4.2. Solution via dual problem

Following the same argument in Section 3 and the assump-
tion of concavity of utility function, the dual gap of prob-
lem P2 is also zero. Therefore, strong duality holds, and we
can solve it by dual decomposition and subgradient meth-
ods. The corresponding partial Lagrangian of P2 can be
written as follows:

L2.S;PMS;PRS;dI �;�; �/

D
MP
mD1

"
˛mUm.Sm/� ˇm

2P
tD1

NP
nD1

p
t ;n
m

#

�
MP
mD1

�m

 
Sm � T

1
m;BS �

KP
kD1

T 1
m;k
� T 2m;BS

!

�
KP
kD1

�k

 
MP
mD1

T 1
m;k
� T 2

k;BS

!

�
KP
kD1

"k

 
NP
nD1

pn
k;BS � p

max
k

!

D

(
MP
mD1

˛mUm.Sm/� �mSm

)

C
NP
nD1

(
MP
mD1

KP
kD0

d
1;n
m;k

h
.�m ��k/R

1;n
m;k
� ˇmp

1;n
m

i)

C
NP
nD1

(
MP
mD1

KP
kD0

d
2;n
MSm

h
�mR

2;n
m;BS � ˇmp

2;n
m

i

C d
2;n
RSK

h
�kR

1;n
k;BS � "kp

1;n
k;BS

i )
(19)

The dual objective function is given by

Dt .�;�; �/D

(
max

S;PMS;PRS;dI
L2.S;PMS;PRS;dI �;�; �/

s:t : .1/ .2/
(20)

and the corresponding dual problem is

Minimise Dt .�;�; �/
Subject to s:t : �� 0; �� 0; � � 0

(D2)

With Equation (19), the dual objective function can be
decomposed into M C 2N subproblems as follows:

(1) Service rate control

Dm3 .�m/Dmax
Sm

˛mUm(Sm)� �mSm;

8mD 1; : : : ;M
(21)
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(2) Subcarrier assignment and power allocation in the
first uplink subframe

Dn1 .�m; �k/ D max

P
1;n
m ;

KP
kD0

MP
mD1

d
1;n
m;k
D1

MP
mD1

KP
kD0

� d
1;n
m;k

h
.�m ��k/R

1;n
m;k
� ˇmp

1;n
m

i
8nD 1; : : : N

(22)
(3) Subcarrier assignment and power allocation in the

second uplink subframe

Dn2 .�m; "k ; �k/D max
P
2;n
m ;P

2;n
k;BS;

KP
kD1

d
2;n
RSKC

MP
mD1

d
2;n
MSmD1

MP
mD1

KP
kD0

� d
2;n
MSm

h
�mR

2;n
m;BS � ˇmp

2;n
m

i
C d

2;n
RSk

h
�kR

1;n
k;BS � "kP

1;n
k;BS

i
8nD 1; : : : N

(23)

Given the dual variable �m, we can get the optimal
service rate for each MS in Equation (21) as follows:

Sm D U
0�1
m .�m=ˇm/ ; 8mD 1; : : : ;M (24)

where U 0�1m .�/ is the inverse function of the derivative of
utility function U.�/.

The solutions to Equations (22) and (23) are similar to
the solutions to Equations (10) and (14) (except weighting
parameters ˛m and ˇm/.

Similarly, a subgradient method can be used to solve
dual problem D2, which has a convex objective function
(20). For the subgradient at given dual variables, we have
the following Lemma.

Lemma 2. Considering the convex optimisation problem
D2 and assuming that S�m; T

1 �
m;BS; T

1 �
m;k

; T 2 �m;BS; T
2 �
k;BS

and pn �
k;BS are the optimal solution of maximisation in the

dual objective function (20), which can be obtained by
solving Equations (21), (22) and (23), then

gt ;m.�m/D T
1 �
m;BSC

KX
kD1

T 1 �m;k C T
2 �
m;BS � S

�
m;

ht ;k.�k/D T
2 �
k;BS �

MX
kD1

T 1 �m;k and

ft ;k."k/D P
max
k
�

NX
nD1

pn �k;BS

are the subgradients of Dt .�;�; �/ at �m; �k and "k ,
respectively.

The proof of Lemma 2 is similar to that of Lemma 1,
which is presented in the Appendix.

Given the optimal solution S�m; T
1 �
m;BS; T

1 �
m;k

; T 2 �m;BS,

T 2 �
k;BS and pn �

k;BS in the current iteration i , the dual vari-
ables for D2 are updated in the following fashion:

8<
:
�m.i C 1/Dmax.0; �m.i/� �.i/gt ;m.�m.i// /;8m
�k.i C 1/D max.0; �k.i/� �.i/ht ;k.�k.i// / ;8k
"k.i C 1/D max.0; "k.i/� 	.i/ft ;k."k.i// / ;8k

(25)

where �.i/, �.i/ and 	.i/ are the step sizes for �m; �k
and "k , respectively, in iteration i .

The dual variables converge to the optimum if step sizes
�.i/, �.i/ and 	.i/ are designed appropriately according
to Theorem 1. Because strong duality holds, the corre-
sponding primal variables .S�; P�MS;P

�
RS;d

�/ are globally
optimal variables of primal problem P2 for optimal dual
variables .��; ��; ��/.

4.3. Summary of the algorithm

We summarise the complete procedure of the whole algo-
rithm in Algorithm 2 as follows.

Algorithm 2: Resource optimisation for the cross-layer
trade-off between service rate of elastic flows and power
efficiency of mobile stations

(1) The BS collects the trade-off parameters ˛m and ˇm
from all MSs and channel state information through uplink
control channels at the beginning of the frame. Then, the
BS initialises the dual variables with �.0/, �.0/ and ".0/.
(2) Given �.t/ in iteration t, the BS solves M service rate
control subproblems in Equation (21) using Equation (24)
to find S�m,8mD 1; : : :M .
(3) Given �.t/, �.t/ and ".t/ in iteration t , the BS solves
2N per-subcarrier subproblems in Equations (22) and (23)
to obtain the optimal subcarrier assignment policies and the
power allocation in the first and second uplink subframes,
respectively.
(4) The BS calculates the T 1 �

m;BS
; T 1 �

m;k
; T 2 �

m;BS
and

T 2 �
k;BS

with the solution obtained in steps 2 and 3, calcu-
lates subgradients according to Lemma 2 and then updates
the dual variables using Equation (25).
(5) Return to step 2 until the algorithm converges.
(6) The BS broadcasts the resulting service rates S�m,
subcarrier assignment policies d� and power allocation
P�MS and P�RS to all the MSs and RSs through downlink
control channels.

4.4. Complexity of the algorithm

In the preceding subsections, we have solved optimisa-
tion problem P2 for the trade-off between the service rate
of elastic flows and the power efficiency of MSs using
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subgradient method in its dual domain. The problem is
decomposed into M C 2N subproblems, that is, M ser-
vice rate control subproblems in (21), N subcarrier assign-
ment and power allocation subproblems in the first uplink
subframe in Equation (22) and N subcarrier assignment
and power allocation subproblems in the second uplink
subframe in Equation (23). The complexity of solving
per-subcarrier subproblems in the first and second uplink
subframes is O..KC 1/M/ and O.KCM/, respectively.
The complexity of solvingM service rate control subprob-
lems is O.M/. Thus, the complexity of each iteration is
O..KM CKCM/N CM/, which is linear in K,M and
N , respectively. The complexity of subgradient method
is polynomial in the number of dual variables (which is
2K CM for the D10). So the computational complexity
of the whole algorithm is linear in the number of the sub-
carriersN , which is significantly lower than employing the
exhaustive search solution to the master primal problem P2
because the number of subcarrier assignment policies (d/
increases exponentially with N .

The similar results of complexity to Algorithm 1 in Sec-
tion 3.4 can be obtained. The only difference is that the
subproblems (21) are not present in Algorithm 1. Thus, the
complexity of computation for each iteration isO..KMC
K CM/N/.

5. SIMULATION AND RESULTS

To show the performance of an OFDMA cellular network
with fixed relays in the cross-layer optimisation framework
and algorithms proposed in Sections 3 and 4, we conducted
and presented a few simulations here. In the simulations,
we consider a wireless OFDMA cellular network with a
coverage of a 2-km radius. The MSs are assumed to have
low mobility. The distance between the BS and each RS is
about three-fifths of the cell radius. The locations of MSs
are randomly generated and evenly distributed over the
cell. However, from our simulation experience, too large
channel gain would significantly reduce the rate of con-
vergence. Thus, we impose some additional limits on the
locations of MSs as follows:

� The distance between any MS and any RS is not less
than 300 m;

� The distance between any MS and the BS is not less
than 500 m.

Such restriction is reasonable because we care more
about the power consumption of MSs far away from any
fixed node (RSs or BS).

We model instantaneous channel gain of each subcarrier
in a frame as the multiplication of a deterministic path loss
with path loss exponent of 4 and a random Rayleigh fad-
ing component. We assume that the Rayleigh fading com-
ponent is independent and identically distributed among
all OFDMA subcarriers. The other parameters and their
values used in the simulation are shown in Table I. The

Table I. Simulation parameters.

Simulation parameter Value

Total bandwidth 10 MHz
Noise power spectral density �174 dBm/Hz
Number of subcarriers 64
Bandwidth of subcarrier 156.25 kHz
Number of MSs 24
Number of RSs 3, 6
P max

k 36 dBm
Cell radius 2 km
� 1
C 1
˛ 4

simulations are made using MATLAB. The results in the
following simulations are obtained from the average values
of 1000 simulation trials.

A comparison with existing works is a good way to see
the benefits of our method and how well our algorithm
performs compared with the state-of-the-art algorithms.
However, as it is pointed out in the Introduction, the sce-
nario and objectives in optimisation that we consider in this
paper are all different from those in the existing works.
This makes it difficult to find a reasonable and fair way
for comparison so that in this paper we do not make com-
parison. Nevertheless, our algorithm is developed based on
dual decomposition and subgradient so that it is optimal in
the resource allocation for the scenario and objectives in
our optimisation model. The optimality of our algorithm is
shown in Theorem 1.

5.1. Inelastic flow with fixed service rate

In the first simulation, we assume that there are only inelas-
tic flows with fixed service rate requirement, which is the
same for all MSs. The average transmission power (mW)
consumed per MSs versus the required service rate (Mbps)
of the inelastic flow in each MS is shown in Figure 6 for
the scenarios where the numbers of RSs are three and six,
respectively. Minimal total power assumption is obtained
using Algorithm 1. The figure shows that the required aver-
age power per MS increases with the required service rate.
The power consumed by the MS for the six-RS case is
much less than for the three-RS case. This performance
gain is about 32–58% when the number of RSs increases
from three to six. This demonstrates that significant reduc-
tion of power consumption of MSs in OFMDA cellular net-
work because of the deployment of more RSs can be fully
obtained through our cross-layer optimisation Algorithm 1.

Figure 7 shows the total throughput via RSs versus
the total required service rate of inelastic flows from all
the MSs (the required service rate for inelastic flows in
all MSs is the same). The figure reveals that with the
increase of total required service rate, the throughput via
RSs increases first for the lower total required service rate
until it reaches the maximum and then decreases for the
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Figure 6. Required service rate versus average power consumption per mobile station.
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Figure 7. Total required service rate versus total throughput via RSs.

larger total required service rate. The reasons for this are
the following:

� When the required service rate lies in the lower value
range, it is efficient for the MSs that are near to RSs to
transmit data by relaying. When the required service
rate continues to increase, the RSs need to increase
their capacity for relaying by utilising their maximum
power and acquiring more subcarriers in the second
subframe.

� When the required service rate lies in the higher value
range, it is more efficient for some MSs to trans-
mit data to the BS in both subframes (as discussed
in the example in Section 3.1). Consequently, as the
required service rate further increases, more subcar-
riers in the second subframe are allocated to MSs,
which in turn reduces the capacity of relays.

5.2. Trade-off between service rate of
elastic flows and power efficiency of
mobile stations

In the second simulation, we show the resource alloca-
tion optimisation for the trade-off between the service rate
of flows and the power efficiency of MSs in the case
of only elastic flows present. We choose to use the log-
arithmic utility function Um(Sm) = log(Sm), 8m, which
provides proportional fairness for all elastic flows [26].
To easily illustrate the results, we further assume the
weighting parameters ˛m D ˛ and ˇm D ˇ; 8m in P2.
Thus, the ratio ˇ=˛ can be used to determine the trade-
off between the service rate of flows and the power
consumption of MSs. By varying ˇ=˛, we examine the
change of the average service rate, total utility and aver-
age power spent per MS in the cell for two cases where
the numbers of RSs are three and six, respectively. The
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results are obtained based on Algorithm 2 and shown in
Figs. 8–10.

From those figures, we can see that the average ser-
vice rate, the total utility and the average power consump-
tion decrease with the increase of the value of ˇ=˛. As
mentioned in Section 4, ˛m can be viewed as the reward
earned by the utility Um(Sm), whereas ˇm can be viewed
as the price paid to the power expense of MSm. Thus,
increasing ˇ=˛ implies that the price of power of MSs
becomes higher, and this will require the MSs to reduce
power expenditure. This indicates that, for elastic flows, we
can reduce transmission power of MSs by increasing the
ratio of the weighting parameter ˇ=˛ (Figure 10), which,
however, will result in lower average service rate of elas-
tic flows (Figure 8). But the benefit is that the decrease

of the energy required to send one bit data for MSs is
decreased (Figure 11). This means that an MS, which is
an energy-limited device, can send more data for elastic
flows for given fixed total energy in its battery (but with
low rate). For each given .ˇ=˛ /, the trade-off is opti-
mal because of the cross-layer optimisation Algorithm 2
in Section 3.

Another observation from the results shown in
Figs. 8–10 is that more relays deployed can achieve better
trade-off. In other words, the average service rate and total
utility in the case of six RSs are larger than in the case of
three RSs, whereas the average power consumed by MSs
is less. But the performance gain in power consumption,
which is about 22–25% (Figure 10), is smaller than the
case of inelastic flows (Figure 6). This is because we have
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Figure 8. Average service rate versus parameter ratio .ˇ=˛ /.
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Figure 11. Energy needed for the transmission of one bit versus parameter ratio .ˇ=˛ /.

obtained higher gain in average service rate (Figure 8) for
the six-RS case in the trade-off optimisation.

Comparing the results in Figures 6, 8 and 10, we can
notice that it takes much lower average power in the trade-
off optimisation of elastic flows to achieve the same aver-
age rate as in the optimisation of inelastic flow. This is
because we impose the strict fairness (i.e. identical service
rate) for all the inelastic flows. The MSs being located far
away from any RS or BS have to spend quite much power
to satisfy this rate requirement, which results in high aver-
age power consumption, whereas, in the trade-off optimi-
sation of its elastic flow, such MSs may lower their service
rate to reduce its transmission power, and thus the average
power consumption is reduced.

6. CONCLUSION

In this paper, we have developed the cross-layer resource
optimisation framework for both inelastic and elastic flows
in the uplink transmission of an OFDMA cellular net-
work with fixed RSs. The RSs are assumed to be ded-
icated devices to relay the data from MSs to a BS and
have no energy limitation whereas the MSs are power-
limited and energy-limited devices. We have formulated
the cross-layer optimisation problem to minimise the sum
power consumption of MSs in the case of inelastic flow
and presented the cross-layer trade-off between the ser-
vice rate and power consumption of MSs in the case of
elastic flows. Dual decomposition and subgradient update
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methods were employed to obtain the optimal solution with
reduced computational complexity, and simulations were
conducted using MATLAB. Simulation results have shown
that through the proposed cross-layer resource optimisa-
tion framework and algorithms, the benefit of deployment
of multiple RSs in the uplink transmission of OFDMA cel-
lular network in significantly reducing power consumption
in the inelastic flow case can be fully obtained, and trade-
off between benefits in increasing service rate and saving
energy can also be achieved.

APPENDIX A: PROOF OF LEMMA 1

Proof: Definition of subgradient [22, 23] given a convex
function f W Rn ! R, a vector h 2 Rn is a subgradient
of f at the point v 2 Rn if f .u/ � f .v/C .u � v/T h,
8u 2Rn.

Consider objective function �D.�;�; �/ in D10 at
two different points .�; �; 
/ and.�0; �; 
/, where � D
.�1; : : : ; �m; : : : ; �M / and �0 D .�1; : : : ; �

0
m; : : : ; �M /.

We have

�D.�;�; �/D

(
� min

PMS;PRS;d
L1.PMS;PRS;dI�;�; �/

s:t : .1/ .2/
(26)

�D.�0;�; �/D

(
� min

PMS;PRS;d
L1.PMS;PRS;dI�0;�; �/

s:t : .1/ .2/
(27)

Letting the optimal values of PMS;PRS and d in Equa-
tions (26) and (27) be P�MS;P

�
RS;d

� and P0�MS;P
0�
RS;d

0 �,
respectively, we can find the subgradient of �D.�;�; �/
at �m in the following manner:

	
�D.�0;�; �/



� Œ�D.�;�; �/�

D�L1.P0
�
MS;P

0�
RS;d

0�I�0;�; �/

CL1.P�MS;P
�
RS;d

�I�;�; �/

� �L1.P�MS;P
�
RS;d

�I�0;�; �/

CL1.P�MS;P
�
RS;d

�I�;�; �/

D��0m

 
Sm � T 1 �m;BS �

KP
kD1

T 1 �
m;k
� T 2 �m;BS

!

C�m

 
Sm � T

1 �
m;BS �

KP
kD1

T 1 �
m;k
� T 2 �m;BS

!

D
�
�0m � �m

�  
T 1 �m;BSC

KP
kD1

T 1 �
m;k
C T 2 �m;BS � Sm

!
(28)

T 1 �m;BS; T
1 �
m;k

and T 2 �m;BS are the link layer rate of links
MSm–BS and MSm–RSk in the first uplink subframe
and MSm–BS in the second uplink subframe, respectively,
when the dual variables are .�;�; �/. The inequality in
Equation (28) holds because of the definition of dual func-
tion in Equation (7). The second equality holds because of

the definition of Lagrange in Equation (6). Thus, we get

�D.�0;�; �/��D.�;�; �/C .�0m � �m/.T
1 �
m;BS

C
KP
kD1

T 1 �
m;k
C T 2 �m;BS � Sm/

(29)
By the definition of subgradient, the subgradient of
�D.�;�; �/ at the point �m is

gm.�m/D T
1 �
m;BSC

KX
kD1

T 1 �m;k C T
2 �
m;BS � Sm

Similarly, we can also get the subgradients of �D.�;�; �/
at �k and "k , which are , respectively, of the following
form

hk.�k/D T
2 �
k;BS �

MX
kD1

T 1 �m;k ;

fk."k/D P
max
k
�

NX
nD1

pn �k;BS :
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