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ABSTRACT

A space-timewirelesscommunicationchannelscan be decom-
posedasa setof filters,eachconsistingof a scalartemporalfilter
followedby asinglespatialsignaturevector. If only asmallnum-
ber of suchfilters is necessaryto accuratelydescribethe space
timechannel,wecall it a reducedrankchannel.We hereconsider
differentmethodsof exploiting this propertyto improve channel
estimationandsubsequentspace-timeequalizationperformance.
Threemethodshavebeenstudied,amaximumlikelihoodreduced
rankchannelestimationmethodandtwo differentsignalsubspace
projectionmethodswhich projectseitherthechannelestimateor
thereceiveddatasamplesontoanestimateof thesignalsubspace,
the latter beingthe new methodproposedhere. Simulationsin-
dicate that even though the maximumlikelihood reducedrank
methodhasthe smallestchannelestimationerrors, the BER of
the detectorbasedon this modelexceedsthe BER of the detec-
tors basedon the channelmodelsobtainedusingthe two signal
subspaceprojectionmethods.The bestperformanceis obtained
usingtheproposedmethod,whichalsohasthelowestcomplexity.

I. INTRODUCTION

Today, receiverswith multiple antennaelementsare introduced
into cellularcommunicationsystems.With suchreceivers,inter-
symbolandco-channelinterferencecanbeefficiently combatted.

To describethespace-timechannelfrom a transmitterto a multi-
antennareceiver, several parametersare required. However, in
many casesthe temporalchannelsto differentantennaelements
will becorrelated.Onesuchcasewhenthisoccursis whena par-
tial responsesignalis sentthroughachannelwith very little delay
spread.Sinceall intersymbolinterferenceis causedby themod-
ulation, the time dispersionexperiencedat the differentantenna
elementswill behighly correlated.Whenthis situationoccurs,a
reduced rank representationof thechannelmaybeused.

The reducedrank propertyof a channelcanbe exploited in the
channelestimation.Onewayis to estimatethespace-timechannel
with a maximumlikelihoodmethodundertheconstraintthat the
resultingchannelshouldbelow rank[1].

Anothermethodis to exploit the fact that the vectortapsof the
channelwill lie in the subspacespannedby the signaleigenvec-
tors to the spatialdatacovariancematrix [2]. We will call this
subspacethe spatial signal subspace or just the signal subspace.
Thechannelestimateis herefirst formedasastraightforwardleast
squareschannelestimate.Thevectortapsin thischannelestimate
arethenprojectedontothespatialsignalsubspace.If co-channel
interferersarepresent,thespatialsignalsubspacewill bespanned

by all signalcomponents,desiredaswell asundesired.

We hereproposea third methodwherethe received signalsam-
plesareprojecteddirectlyontothespatialsignalsubspacedefined
above. As well asremoving componentsin the noisesubspace,
this hasthe advantagethat the dimensionof the received signal
vectoris reduced.This turnsout to give betterperformanceand
lowercomplexity.

II. CHANNEL MODEL

Assumethat thesignalreceivedfrom user
�

to antennaelement�
canberepresentedas�������
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Above, � ���
	�� is thesignaltransmittedfrom user

�
, and ��>��� arethe

parametersusedto describethe temporalchannelfrom user
�

to
antennaelement� . Let usnow combinethesetemporalchannels
to form thespace-timechannel matrix for user

�
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where G is thenumberof antennaelements.OnerealizesthatH����
	��� ? �"/����
	���I
whereH����
	��J @�� B ���$	�� 4�4�4 � E ���
	�� F = is thereceivedvectorsig-
nalcausedby thesignaltransmittedby user

�
.

In ascenariowith multipleusers,thevectorsignal K �$	�� measured
at theantennacanbedescribedasK �$	���-H � �$	��)��L&M$NOP�Q B H P �$	��)�SRT�$	��JVUW�$	��)�SRT�$	�� (1)VX ��YZ� �
	��)�-L M"NOP�Q B X P Y P �$	��)�[R\�$	�� 4 (2)

Above, we areinterestedin the signal from user0, whereasthe
signalsfrom users ] to ^`_ba constituteco-channelinterference.
Furthermore,the term RT�
	�� constitutesnoise,which is assumed
to bespatiallyandtemporallywhite.

In general,thechannelmatrixfor user
�
hasrank cedgf � G I�')���b� ] � .

However, in somecasesthechannelmatriceslooserank. Whena
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channelis representedby a rank hji-kmlon.p"qsr�t)u�vWwVx�y channel
matrix, we call it a reduced or low rank channel. We will now
outlinein whatscenariossuchchannelsmayoccur.

Let usconsideramultipathpropagationmodelwith z “paths”for
oneof thechannelmatrices{3|5}~���1��� p
� � y$���Jp
� � y�� (3)

Here � p$� � y is the arrayresponsefor the desiredsignal traveling
alongpath � andarriving from direction � � .Thevector�+p$� � y con-
tainsasampledversionof thetransmitpulseshapingfunction��p$��y
with thesamplingoffsetdeterminedby therelativepathdelay � ��+p
� � y+�|3� ��p$� � y��1p
� ���;� y���������p$� ��� t)u�� � y0� � (4)

If thereis no delayspreadin thechannel,i.e. all � � | ���.� , then
all �+p
� � y will be equal,say �+p$� � y | � � r��Z� , and the channel
matrixcanbewrittenas{3|�� }~������� p$� � yb��� �� | � � �� (5)

where

� |5}~���1��� p
� � yJ� (6)

The channelmatrix thus hasrank one. If there is somedelay
spreadbut it is small,sothat�+p
� � y��[� � r)�Z�
thenthe channelmatrix will be approximatelyrank one. To get
a channelmatrix with an approximative rank larger thanonewe
thusneeda“significant” delayspread.

Let us now assumethat the pathscanbe groupedsuchthat the
pathswithin eachgrouphavesimilarpropagationdelays.Assum-
ing thatthespatialsignaturesfor thepathsin differentgroupsare
different,theapproximaterankof thechannelmodelwould then
bedeterminedby thenumberof suchgroupswith significanten-
ergy. If the numberof suchgroupsis small, the channelmatrix
canbeapproximatedwith a low rankmatrix.

In thefollowing two sectionswepresentandcomparethreemeth-
odsfor exploiting the low rank propertyof the channelmatrices
in thechannelestimation.

III. MAXIMUM-LIKELIHOOD REDUCED-RANK
CHANNEL ESTIMATION

Assumethechannelmatrix
{

canbedecomposedas{3|� ¢¡
(7)

where
 

is an q¤£�¥ matrixand
¡

is an ¥¦£¢p
t)u§w;x¨y matrix. The
channelmatrix thenhasamaximumrankof ¥ .

If the noisevector ©Tp$��y is temporallywhite and Gaussiandis-
tributed,thenthemaximumlikelihoodrank ¥ estimateof

{
can

befoundby generalizingtheresultin [1] to complex valuedsig-
nals,as ª{�«`¬| ª®°¯²± ª®�³ ��´�µ±o± ª¶ ª¶¸· ª®¹³ ��´�µ±o±

(8)

where ª® ¯ ± | x�»º¸¼�½ � �»º+v¿¾�w�x7À
Á)Â�Ã~
À � À
Á)ÄÆÅ&Ç p$��y»È

· p
��y (9)ª®É±o±`| x�»º¸¼�½ � �»º+v¿¾�w�x7À
Á)Â�Ã~
À � À
Á)ÄÆÅ È�p$��y»È

· p
��y (10)

and � º+v¿¾ and � º¸¼�½ aretheindicesof thefirst andlastsampleuti-
lized. Furthermore,thematrix

ª¶
is definedasª¶ |7Ê ªË � ����� ªË.Ì�Í (11)

where

ªË � r������Zr ªË Ì arethe ¥ dominanteigenvectorsof thematrixªÎÏ| ª® ³ ��´�µ±o± ª® ·¯Ð± ª® ³ �¯g¯ ª®m¯Ð± ª®É±o±
(12)

Thisestimatewill havea rankno largerthan ¥ .
IV. SIGNAL SUBSPACE PROJECTION

Themaximumlikelihoodreducedrankchannelestimationmakes
no assumptionaboutthespatialcolor of thenoise ©Tp$��y andthus
doesnot usethis in thechannelestimation.By assumingthat the
noise©\p$��y is spatiallywhiteit mayhoweverbepossibleto achieve
betterperformance.

Wewill now use(1) to dividethereceivedsignalinto asignalpart
anda noisepart. Sincethe signals Ñ²v�p
��y areassumedto be un-
correlatedwith thenoise©�p
��y , we candecomposethecovariance
matrixof thereceivedsignal® ¯g¯ |VÒ°Ó

Ç p
��y Ç
· p
��ybÔ (13)

as
®¢¯g¯¢|V®¢Õ�Õ w ®°ÖWÖ

with® Õ�Õ |-Ò �Ø× p
��y × · p$��y � ® ÖWÖ |�Ò � ©Tp
��y»© · p$��y � � (14)

We now make the critical assumptionthat the noisevector ©Tp
��y
consistsonly of whitenoisewith varianceÙ µ¾ :® ÖWÖ | Ù µ¾�Ú �
The q -dimensionalspacecontainingthereceivedsignalvectors
cannow bedividedupinto two subspaces,thesignal subspace and
thenoise subspace. Thesignalsubspaceis thesubspacespanned
by theeigenvectorsof thesignalcovariancematrix

® Õ�Õ
Signalsubspace

|
spanp Ë)Û� r������)r Ë)ÛÌ y (15)
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where Ü)ÝÞ¨ß�à�à�àZß�Ü)Ýá arethe â largesteigenvectorsof thesignalco-
variancematrix. The noisesubspaceis the orthogonalcomple-
mentof thesignalsubspace

Noisesubspaceã Signalsubspaceä (16)

We note that an eigenvector Ü.å of the signal covariancematrixæÉç�ç
with eigenvalue è Ýå is alsoaneigenvectorto thereceivedsig-

nalcovariancematrix
æ¢égé

but with eigenvalue èWÝå�ê[ëZìí sinceæ égé Ü Ýå ã�î æÉç�ç êïë ìíñðZò Ü Ýå ã-è Ýå Ü Ýå�êïë ìí Ü Ýå ãôó�è ÝåJêïë ìíöõ Ü Ýå à
(17)

Furthermore,sincethevectorsin thenoisesubspaceareorthogo-
nal to thevectorsin thesignalsubspace,they areorthogonalto all
columnsin thesignalcovariancematrix. Everyvectorin thenoise
subspaceis thenaneigenvectorto

æ¢égé
with eigenvalueequaltoëZìí , sincefor any vector Ü í in thenoisesubspaceæ°é é Ü í ã÷ó æ ç�ç êïë ìí ðZõ Ü í ã ë ìí Ü í à (18)

The noisesubspacewill thusbe spannedby the eigenvectorsofæ égé
with eigenvaluesequalto ëZìí and the signalsubspacewill

bespannedby theeigenvectorsof
æ°égé

with eigenvaluesstrictly
greaterthan ëZìí . A baseof vectorsspanningthesignalsubspace
canthusbeconstructedby selectingtheeigenvectorsof

æmé²é
with

eigenvaluesabovethenoiselevel ëZìí .

The signalpart of the spatialcovariancematrix cannow be ex-
pressedas æ ç�ç ã�øù�ø�úù êüû&ý$þÿ å�� Þ ø å ø¹úå à (19)

Whenany of the channelmatriceshasfull rank, or whenmany
co-channelinterferersarepresent,the rank of

æ ç�ç
will be full.

However, whenthechannelof thedesireduserhaslow rank,and
whenonly a few dominantco-channelinterfererswith low rank
channelsarepresent,

æ°ç�ç
maylooserank.

A. Channel signal-subspace projection

As notedin [2], thestandardleastsquareschannelestimate
�ø ���

canbeimprovedby exploiting thatall columnsof thetruechannel
matrix ø lie in thesignalsubspace(15). To utilize this property,
we will projectthe leastsquaresestimate

�ø ��� onto an estimate
of thesignalsubspace:

�� Ý �ã	� �Ü Ý Þ à�à�à �Ü Ýá�
 ß (20)

where
�Ü Ýå ß�1ã�� ß�à�à�à�ß�â arethe â largesteigenvectorsto thesample

covariancematrix

�æ°é é �ã �������������� å í ê �
�������ÿ
� � ���! �"$# ó � õ # ú ó � õ à (21)

Notethatno trainingsequenceis neededto estimate
æ¢égé

.

Theresultingestimateof thechannelwill thenbegivenby
�ø Ý»Ý ã �� Ý �� ú Ý �ø �%� (22)

This projectionwill remove componentsoutsidethe (estimated)
signal subspace. If the signal subspaceis reasonablywell es-
timated this will improve the channelestimateas somenoise-
inducedestimationerrorswill beremoved.Thismethodwassug-
gestedin [2] andwill be calledchannel signal-subspace projec-
tion.

B. Data signal-subspace projection

We canalsoprojectthereceivedsignalonto theestimatedsignal
subspace(20) before any otherprocessingis performed.We thus
form thenew datavectors

# Ý»Ý ó � õ ã �� ú Ý # ó � õ (23)

andestimatethe channelandnoiseplus interferencecovariance
matrix of this new dataset. Thechannelestimatewill beexactly
the sameas for the channelsignal subspaceprojectionmethod
(after re-transformationto the full space)but the quality of the
estimateof the noise-plus-interferencespatialcovariancematrix
improves.

Anothervery importantfeatureof this methodis that sincethe
dimensionof theprojectedsignalvector # Ý»Ý ó � õ is lower thanthe
dimensionof theoriginalsignalvector# ó � õ , all processinginclud-
ing theequalizertuningandexecutionis reducedin complexity.

A requirementfor bothof thesemethodsis of coursethatthenum-
berof antennas,& , is strictly greaterthantherankof thechannel.
Thelargerthedifferencebetweenthenumberof antennasandthe
rankof thechannel,thebetter. A largerdifferencemeansa larger
noisesubspacemeaningthat morecomponentsof the estimated
channelor receivedsignalonly createdby noiseareremovedby
theprojection.

V. ESTIMATION OF THE SPATIAL
NOISE-PLUS-INTERFERENCE COVARIANCE

MATRIX

Anotherimportantquantityof the channelfor space-timeequal-
izationis thespatialnoiseplusinterferercovariancematrixæ í(' å�ã*),+¿ó -ÿ å.� Þ ø¹å0/.å�ó � õ ê21 ó � õ�õ ó -ÿ å.� Þ ø¹å0/.å�ó � õ ê21 ó � õ�õ ú43 à

(24)

In all thethreemethodsdescribedabove, this matrix is estimated
from the residualsof thechannelestimation.Notehowever, that
for the novel datasignal-subspacemethod,the dimensionof the
covariancematrix is â , whereasit for theothertwo methodshas
dimension& .

VI. SIMULATIONS

For thesimulationsweusedacirculararraywith radius1.25 è and
tenantennaelements.We simulateda scenariowherethedesired
signalarrivesalongtwo pathsat angles0 and45 degrees. The
channels(i.e. pulseshaping)in thetwo pathswere 5�à 676 ê98;: Þ ê5�à 6<6 8;:Wì and 5�à 676 8;: Þ ê,8;:Wì�ê 5�à 676 8;:>= respectively. Two different
co-channelinterferersimpingedon thearrayfrom directions-45
and90 degrees,eachwith the channels5�à 6<6 ê?8;: Þ ê 5�à 676 8;:§ì .
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Spatiallyandtemporallywhitenoisewasaddedgiving a signalto
noiseratio of 3dB.ThetransmittedsignalwasBPSKmodulated.
A multi-channelMLSE [3] wasusedfor theequalization.

We appliedthethreemethodsto this scenario.For themaximum
likelihoodreducedrankestimation,a rank two channelwasesti-
mated,whereasfor the two projectionalgorithms,the respective
quantitieswereprojectedonto a rank four estimateof the signal
subspace.1
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Figure1: Relativechannelerror, covariancematrixerrorandBER
asafunctionof SIRwith aSNRof 3dBusingtheFIR leastsquares
(solid), maximumlikelihoodreducedrank(dashed),channelsig-
nal subspaceprojection(dash-dotted)and datasignal subspace
projection(BER andcovariancematrix error dotted,channeler-
ror dashed-dotted)channelestimationmethods.

In Figure1 the relative channelestimationerror andrelative co-
variancematrix errorsaswell astheresultingBER for theequal-
izer canbeseen.Notethatthemaximumlikelihoodreducedrank

1We only usedthe datareceived during the training sequenceto estimatethe
signal subspaceto get a fair comparisonwith the maximumlikelihood reduced
rankchannelestimationmethod.

estimationmethod(MLRR) hasthesmallestrelative channeler-
ror. However, the BER of the detectorbasedon the modelesti-
matedwith MLRR is not the lowest.On theotherhand,boththe
channelsignalsubspaceprojectionmethod(CSSP)andthe data
signal subspaceprojectionmethod(DSSP)have significantim-
provementsin termsof equalizerBER eventhoughtheir relative
channelestimationerrorsarelarger thanfor the MLRR method.
NotethattheDSSPmethodhasthebestnoiseplusinterfererspa-
tial covariancematrixestimateandthebestBERperformance.

VII. SUMMARY

We have hereconsidereddifferentmethodsof exploiting the re-
ducedrankpropertyof aspace-timechannelin wirelesscommuni-
cations.Threemethodshavebeenstudied,amaximumlikelihood
reducedrankchannelestimationmethodwhich findsthechannel
of agivenrankin amaximumlikelihoodsense[1], andtwo signal
subspaceprojectionmethodswhichprojectseitherthechanneles-
timate[2] or, asfor thehereproposedmethod,thereceivedsignal
samplesontoanestimateof thespatialsignalsubspace.

Eventhoughthemodelestimatedusingthemaximumlikelihood
reducedrankmethodprovidesthebestaccuracy, a detectorbased
onthismodeldoesnotachievethelowestBER.TheBERfromde-
tectorsbasedonthesignalsubspaceprojectionmethodsarelower,
despitethefactthattheaccuracy of theestimatedchannelmodels
is worse.Apparently, thesignalsubspaceprojectionmethodsfind
channelestimatesthatarebettersuitedfor thepurposeof space-
timeequalization.

Thehereproposedmethodof projectingthereceivedsignalsam-
plesdirectlyonthesignalsubspacegivesthebestequalizerperfor-
mance.This improvementis contributedto abetterestimatedspa-
tial noiseplus interferencecovariancematrix. Sincethis method
alsohaslower complexity thanthechannelsignalsubspacepro-
jectionmethod,it is clearlypreferable.
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