CAPON AND APES SPECTRUM ESTIMATION
FOR REAL-VALUED SIGNALS

AndreasJakobssonh Torbjorn Ekmart Petre Stoica
SystemsandControlGroup SignalsandSystem<sroup SystemsandControlGroup
Box 27,SE-75103Uppsala  Box528,SE-75120Uppsala Box 27,SE-75103 Uppsala

Sweden. Sweden. Sweden.
ABSTRACT Theleast-squaresstimateof the comple< amplitude o(w),

Thispaperconsidestheproblemof estimatinghespectrum
of real-valuedsignals. We proposereal-valuedversions
of the Caponand the APESspectal estimatos. The esti-
matois are derivedas membes of the Matched-Rlterbank
(MAFI) estimatorclassasintroducedin [1]. Furthermoe,

we showthat the real-valuedestimatos will be unbiased,
whereasthe comple-valuedestimatos will havea (slight)

bias for real-valueddata. Finally, we concludethe paper
with a numericalexampleillustrating the performanceof

theproposedestimatos.

1. INTRODUCTION

In the filterbank approachto spectralestimation,the am-
plitude of the spectrumis estimatedby passingthe signal
througha narravbandfilter, h,,, with varying centerfre-
gueny w (see,e.g.,[2]). Here,andin the following, the
subscriptw is usedto indicate a parametes dependence
on thefilter's centerfrequeng. Let {y(¢);t = 1,...,N}
denotethe available (stationary)datasampleof which the
spectrumis to be estimatedwhere N denoteshe number
of datasamplesThefilter outputcanthenbewritten as:

hiy(t) = a(w)e™ +e(t), 1)

fort=1,...,M,whereM =N — L+ 1,

y(®) = [ y(t) yt+L-11", @

()T and(-)* denoteranspos@ndcomplex conjugatdrans-
pose,respectrely, ande(t) is someadditive colorednoise.
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in (1) isthengivenby

a(w) =hY, 3)
where
1 M
Y, = — ) y(t)e ™. 4
i tZI.V(t)e 4)

The problem of designingh,, as a matched-filterbank
(MAFI) wasstudiedn [1]. It wasfoundthatthewell-known
Capommethod3, 4], aswell astherecentlyproposeAPES
(Amplitude and PhaseEstimationof a Sinusoid)method
[2], canbeinterpretecasmembersf the MAFI class.The
correspondindilters aredesigneds:

N N -1
hCapon R-'a, (aZR_law) (5)

APES
hw

= Qf‘)_law (aZij_law)il (6)

wherethe estimateof the (comple-valueddata)noiseco-
variancematrix, Q¢,, is foundas(see[1])

Q, =R-Y,Y,, @)
and
. 1 X
R = M;)’(t))’(t)* ®)
a, = [1 e« ... eilt-Dw]T 9)

Mary signalsareactuallyreal-valuedvhichtheabovefilter
designdoesnot exploit. For suchsignals,it is moreappro-
priateto designthefilter takinginto accounthefactthatthe
spectrums symmetric

In thefollowing sectionwe presentreal-valuedversion
of the Caponand APES spectralestimators.In section3,
we then discusstheseestimatorshiasin the caseof real-
valueddata. Finally, we concludein section4 with a nu-
mericalsimulationillustratingthe proposedestimatorgper
formance.



2. THE REAL-VALUED MAFI APPROACH

It is reasonabldéo expect betterperformanceof the real-
valuedfilter designbecauséy constructiorthe filters will
passboth frequenciesf interest,w and —w, undistorted,
whereaghe comple-valueddesignabore will only passv
undistortedandwill try to null —w, thereforeyielding less
powerin thefiltered output.

Thefilterbankapproactbasicallyreduceghe problemof
estimatinghespectrunof y(t) to thatof estimatingheam-
plitude of a sinusoidalsignalburiedin colorednoise(see,
e.g.,[2, 5]). Thereforeundertheassumptiorof real-valued
data,it is reasonableo considery(t) to be additively de-
composeds:

y(t) = ry, sin(wt + ) + n(t) (10)

wherer,, € R, w € (0,2x] andn(t) is someadditive col-
orednoise.By rewriting (10) as:

y(t) = a,, cos(wt) + by, sin(wt) + n(t), (11)

where
ay
Y, = arctan (b_) (12)
ro = a2 +0b2, (13)

we canwrite y(t) as:

y(t) = Auu(t)+n(), (14)

wheren(t) is formedin thesameway asy(t), and

1 0
cosw sinw
Au) = : : (15)
_cos(L.— 1w sin(L.— 1w
_ cos(wt)  sin(wt)
u(t) = | —sin(wt) cos(wt) ]0“’ (16)
= ('-)wvg7 (17)
where
0, = [aw by ]" (18)
a, by
o. = |3 " | (19)
vi = [ cos(wt) sin(wt) ]. (20)

As in the compl-valuedcase(see[1]), the choiceof the
filterlength, L, shouldbe doneby a compromisebetween
resolutionandstatisticalstability: thelarger L the betterthe
resolutionbut theworsethe statisticalstability.

Following the MAFI designin [1], thereal-valuedMAFI
filter is designeduchthatthecorrespondingignal-to-noise
ratio (SNR)in thefilter's outputis maximized:

T 2

max ”};&A (21)

h, hIQrh,

where|| - || denoteghevectornorm,thefilter is constrained
as(c.f., (14)and(16))

A, =[1 0]2c", (22)

andQZ; is anestimateof the(real-valueddata)noisecovari-
ancematrix. Themaximizationin (21), underthe constraint
(22),caneasilybefoundto be equvalentto

r{llinhZ:QLhw subjecto hTA, =c7, (23)

whichis awell-known, well-studied minimizationproblem
(see,e.qg.,[6]). Thereal-valuedversionof the Caponand
APESestimatorgtermedrv-Caponandrv-APES)canthen
befoundas(c.f., (5) and(6))

rv—Capon
hw

RIA, (AgfrlAw) e (29

~ N -1
hAPES = Qr'AL (ATQUTIAL) e (25)

Using (17), the estimateof the datacovariancematrix can
bewrittenas:

~ — —_ T ~
R= (Awgw)G(AwGw) + QS (26)
where
1 M
_ T
G=; ;vt vy (27)

From (14), the leastsquaresestimateof A0, ignoring
thefactthat A, is known, is givenby:

(A.0,) =€, G (28)
where
. 1 M
Co=1; t; y(t)vi. (29)

Finally, inserting(28) into (26)yieldsthefollowing estimate
of Q7, (c.f. (7))

Q =R-C,G'CT. (30)

By using equation(22) and the structurein (16), a least-
squaregstimatornf 6, canthenbeformulatedas:

6, =G 'C’n, (31)



whereh,, denoteseitherthe Caponor the APES-filterin
(24) and (25), respectrely. Thentake #,,, using(13) and
the estimatesn (31), asanestimateof the spectrunof y(t)
atfrequeny w.

From a computationaliewpoint, it is hereworth men-
tioning that the calculationof Qg—l in (25) can be done
efficiently by expandingthe inversionof Q; usingthe ma-
trix inversionlemma(see.e.g.,[6]). Furthermorenotethat
G~ in (30) canbe calculatedn a closedform expression
andthatthe sumin (29) canbe efficiently computedusing
therealandimaginarypartof the FFT.

Also, notethatin the casesvheresin(wt) ~ 0 (andsim-
ilarly for cos(wt)) theinversionsneededo calculate(24),
(25) and(31) will needspecialsolutions(which areeasily
derived)dueto thefactthatthematriceswill besingular

3. BIASANALYSIS

To examinethe behaior of the complex-valuedCaponand
APESspectralestimatorson real-valueddata,we reformu-
latethedatamodelin (10)usingEuler'sformulas.Thesam-
ple vectory(¢) in (2) canthenbeexpresseds:

y(t) = a,a,e™t +ata_,e"“ 4 n(t), (32

wherea,, = (r,,/2)e!(¢«~7/2) Theleastsquaregstimator
in (3) canthenbewritten as:

by = ay+af LM e H,(—w)p(M,w) +h:A,, (33)

where (-) denotescomplex conjugate,the frequeny re-
sponseof thefilter h,, atfrequeny f, H,(f), is foundas:

L
1 ) ,
Hy(f) = 7 Y ho(k)e " = L7 n{a;, (34)

k=1
and,where
M .,
p(Mw) = Y e (35)
t=1
— ei(M—‘,—l)w SIH(M(/J) (36)
sin(w)
1 M
A, = — —iwt, 7
M;nme (37)

Following the discussionin [1], the expectedvaluefor the
estimatiorerrorin (33) canbe expresseds:

B(a, — au) = o, LM~ ¢ H,(~w)p(M,0), (38)

whereE(-) denotesexpectation. Sincep(M,w) in (38)is
an oscillating function, and as H, (—w), althoughsmall,
will be non-zero.the complex-valuedestimatorswill have

a (slight) bias(at mostfrequenciesjor real-valueddata. It
shouldbe notedthat, even thoughthe methodsare biased
onreal-\aluedsignals this biaswill in mostcasedesmall.
The methodswill treatthe contribution from ae~** as
partof thenoiseandwill thustry to minimizeit'sinfluence.

A similar procedurdor the least-squareastimatefor the
real-valuedspectrakstimatorwill indicatethatthey areun-
biased. The estimationerror in (31) can, by insertingthe
expressiorfor C,, in (29), berewrittenasin (39), atthetop
of thenext page.Theestimateof thespectrum¢,,, asgiven
by (13), will thusbeunbiased.

4. NUMERICAL EXAMPLE

As the finite-sampleperformanceanalysisof the spectral
estimatorsis quite difficult at best, we illustrate the per
formance using numerical simulations. In this section
we study how the estimatorsgperformancedependson the
signal-to-noiseratio (SNR). Figure 1 shaws the modulus
of the true spectrumwhich consistsof threesuperimposed
real-\alued sinusoidslocated at the following frequen-
cies: 0.1475,0.1850,0.2194 (wherel is the samplingfre-
gueng). Thesinusoidhaveinitial phase$.2x, 0.67, 0.27.
The datasequencéias N = 64 datasamplesandis cor-
ruptedby a zeromeanwhite Gaussiamoisewith standard
deviationo. The SNRfor the kth sinusoidis definedas

2
SNR, = 10log Z—’; [dB] (40)

wherer;, is the amplitudeof the kth sinusoid.In the simu-
lateddatathesewere0.3, 2, 1.

Modulus of the Spectrum

0.2
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Figure 1: The modulusof the true spectrum,plotted to-
getherwith the periodogramandtherv-APESspectrakesti-
mate, SNR=25dB.

Thefilterlength, L, wassetto 20 taps. To obtaina rea-
sonablyfine grid on the frequeng axis the spectrumwas
evaluatedat 256 grid points.In Figurel thelimited amount



—— Capon
— — - rv—Capon
—— APES

Bias (dB)

10 1‘5 26 2‘5 36
Figure3: Thepresente@stimatorshiasasthe SNRvaries.

of datagivesa corruptedperiodogramwhile the rv-APES
manageo reproducehetrue spectrunguite accurately

Figure 2 shavs the mean squareerror (MSE) of the
Capon(solid line), rv-Capon(dashedline), APES (dash-
dottedline) and rv-APES (dotted-line)spectralestimators
for thesecondrequeny asthe SNRvaries.As canbeseen,
the proposedestimatorperformbetterthantheir complex
counterpartsNote thatthe reasorwhy the MSE increases
for high SNRis thatR becomesimostsingular

Figures3 and4 shaws the estimatorshiasandvariance,
respectiely, and as was expectedthe real-valued estima-
torshave a somavhatlower biasthantheir complec-valued
counterparts.t canalsobe seen,in Figure4, thatthe rv-
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Figure4: The presentedestimators'varianceasthe SNR
varies.

Caponestimatorhave a (slightly) lower variancethanit’s
comple-valuedcounterpartwhereaghe APES estimators
have roughlythe samevariance.

It shouldbe mentionedthat the estimatorgperformance
variessomeavhatwith thefrequeng separationbut thecase
shavn is typical. Ourresultsareobtainedrom 1000Monte
Carlotrials.
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