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ABSTRACT

We presentan efficient implementationof the Amplitude
SpectrumCapon (ASC) estimator. The implementation
is basedon the FFT and an efficient computationof the
Cholesky-factor for the inverse covariancematrix. The
Cholesky-factoris obtainedfrom thelinearpredictioncoeffi-
cientsascomputedby themodifiedcovariancemethod.The
implementationis significantlysimplerthanpreviousimple-
mentations,and it will yield spectralestimatesof a similar
quality as these. A short discussionon the differencesbe-
tweendifferentCaponestimatorsis alsoincluded.

1. INTRODUCTION

There has of lately been an increasedinterest in non-
parametricspectralestimation,in particularusingthePower
SpectrumCapon(PSC)andtheAmplitudeSpectrumCapon
(ASC) estimators. An importantdifferencebetweenthese
estimatorsis that the ASC estimatorgives a least-squares
(LS) estimateof theamplitudeandthephaseof a complex-
valuedsinusoidlocatedat thefrequency of interest,whereas
thePSCestimator, ignoringthenoise,estimatethepowerof
theCaponfilter output,andis thusnotyieldinganestimateof
thephaseinformation[1]. This is oneof thePSCestimator’s
majordrawbacksasthephaseinformationis oftendesiredin
applications.

In thiswork we presenta computationallyefficient imple-
mentationof theASC spectralestimationalgorithm,termed
MASC, which is basedon an efficient estimationof the
Cholesky factorof the inversecovariancematrix. The pro-
posedestimateof the Cholesky factordependsonly on the
linearpredictioncoefficients(LPC) andthe predictionerror
variancesequence,which both areobtainedfrom Marple’s
fast implementationof the modified covariance method
(MCM) [2]. The presentedspectralestimatortakesfull ac-
countof thehighly structuredproblemformulation,andcan
beimplementedusingtheFastFourierTransform(FFT).The
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proposedalgorithm hascloseconnectionsto both the effi-
cientASC implementationpresentedby Liu et al [3] andthe
efficientPSCimplementationpresentedby Musicus[4]. The
differencebetweenour implementationandthatof Liu et al
is that in the Liu et al implementationthe Cholesky factor
of the inversecovariancematrix is found from the sample-
covariancematrix, asopposedto in our methodwherethe
Cholesky factoris directly estimatedfrom thedatausinges-
timatedLPCs.ThePSCspectralestimatein [4] is alsobased
on LPCs,althoughanimportantdifferencebetweenthis ap-
proachandours is that the LPCsare thereestimatedusing
the Levinson-Durbinalgorithm (see,e.g., [5, 6]), whereas
our implementationis basedon the MCM. It is well known
that theautoregressive(AR) spectralestimatesobtainby us-
ing theMCM algorithmwill have higherresolutionthanthe
AR estimatesobtainedfrom thesolutionto theYule-Walker
equations[2]. Thesamewill alsohold for theCaponestima-
tors. Anotherdifferenceis of coursethatour methodyields
anASC estimate,whereasthealgorithmin [4] yieldsa PSC
estimate.

Thepaperis organizedasfollows. In thenext sectionthe
ASC and the PSCspectralestimatorsarebriefly reviewed.
Then,in Section3, thecomputationallyefficient ASC algo-
rithm is presented.Finally, Section4 containssomeillustra-
tivenumericalexamples.

2. THE ASC AND THE PSC ESTIMATORS

In the filterbank approachto spectralestimation,the spec-
trum is estimatedby passingthesignalthrougha

�
-tapnar-

rowbandfilter, ��� , with varying centerfrequency � (see,
e.g.,[7, 8]). Thefilter ��� is designedto pass� undistorted.
Here,andin thefollowing, thesubscript� is usedto indicate
adependenceon thefilter’s centerfrequency.

Let �	��
�������������������������! #" denotetheavailable(sta-
tionary) data sampleof which the spectrumis to be esti-
mated.Thefilter outputcanthenbewrittenas��$�&% 
'��(�!)��+*	, �.-�/10 
2'��3� (1)

for '4�!�5����������67�1 , where% 
2'�� is theforwarddatavector
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andwhere 
@?A� > and 
@?A� $ denotetransposeandcomplex con-
jugate transpose,and 0 
2'�� is someadditive colored noise.
Here, 6B�C�D� � /  , is thenumberof subvectors.In the
following we assumethat 0 
2'�� is uncorrelatedwith )���* , �E- .
This assumptionis basicallyonly true for spectrallines,al-
thoughit hasbeenfoundto beareasonableapproximationin
othercasesaswell [7].

The LS estimateof the complex amplitude, )�� , in (1) is
givenby F) � �!� $�&G � � (3)

where

G � �  6 HJILKM -2N�O % 
'��@* I , �.- � (4)

TheCaponfilter [9] is givenby� � � FP I�KQSR � 
 � �(T R $� 
 � � FP I�KQUR � 
 � �@V ILK � (5)

where R � 
 � �4� 8  W* , � �����X* ,Y[Z ILK@\ � < > � (6)

is theFouriervector, and

FP Q is anestimateof thecovariance
matrixof % 
'�� , i.e.,P Q �^]!_ % 
'�� % 
'��@$=`a� (7)

where ];�#?[" denotesexpectation.TheASC estimate,at fre-
quency � , is givenby (3) evaluatedusingthefilter (5), i.e.,F)cb�dfe� �g��$�&G �h� R $� 
 � � FP ILKQ G �R $� 
 � � FP I�KQ R �c
 � � � (8)

andthespectralestimateis themagnitudesquareof (8), i.e.,Fi b�dfe� �kj F)cb�dfe� j lm� (9)

The PSC spectralestimatoris obtainedby estimatingthe
powerof thefilter output,i.e.,Fimn d@e� �  6

H=ILKM -2N�Opoo ��$�&% 
'�� oo l �!�c$�
FP Q ���

�  R $� 
 � � FP ILKQ R � 
 � � � (10)

By ignoringtheadditivenoiseterm, 0 
2'�� , in (1), thePSCesti-
matorcanbeseenasanestimateof j F)��mj l . NotethatASC,as
it doesaccountfor thenoise,in generalwill yield adifferent,
andoftenpreferable,spectralestimatethanthePSCspectral
estimator.

3. PROPOSED EFFICIENT IMPLEMENTATION

TheproductbetweentheFouriervectorsandtheinverseco-
variancematrix in (8) and(10) can,with a Cholesky factor-
izationof theinversecovariancematrix,beefficiently calcu-
latedusingtheFFT [3, 8]. Letqsr� FP ILK�t lQ (11)

denotea squareroot of thepositive definitematrix

FP ILKQ , so

that
quq $ � FP ILKQ , andletv � � q $ R � 
 � � (12)w � � q $ G �x�  6 q $ay R{z� 
|6C��� (13)

where y}� 8 % 
� 	�:����� % 
|6C� <c� (14)

Here, 
@?A� z is usedto denotethecomplex conjugate.Thevec-
tors v � and w � canbeefficiently calculatedfor all frequen-
ciesonthefrequency grid usingtheFFT. A columnwiseFFT
of
q

givesall the v $� , whereasarow wiseFFTof
q $ y�~36

gives w � for all the frequenciesconsidered.Making useof
(10),aswell as(12),thePSCspectralestimatecanbeformu-
latedas Fimn dfe� �  v $� v � � (15)

Similarly, theASCspectralestimateis foundasin (9),where
the complex amplitudeestimatescanbe formulatedas(see
[1, 8] for furtherdetails)F)cb�d@e� � v $� w �v $� v � � (16)

Thus, both the PSCand the ASC spectralestimatorscan,
given an estimateof

q
, be efficiently computedusing the

FFT.
Both theclassicalASC andPSCimplementationsandthe

recentlyproposedimplementationsby Liu et al canuseei-
ther an estimateof the forward-only outer-productcovari-
ancematrix (F-ASCandF-PSC),i.e.,FPx�Q �  6 HJI�KM -2NLO % 
2'�� % 
2'��@$��  6 y�y�$�� (17)

or anestimateof theforward-backwardaveragedcovariance
matrix (FB-ASCandFB-PSC), i.e.,FP����Q �  � T FPx�Q /p� 
 FPx�Q � > � V�� (18)

where � is the exchangematrix whoseanti-diagonalele-
mentsareonesandall otherelementsarezero,to compute
the estimatesin (9) or (10). The Liu et al implementations
will thusbe computationallyunnecessarilycumbersome,as
they requiresthecomputingof anestimateof thecovariance
matrix, asthe productof two

�g� 6 matrixes,aswell asa
Cholesky factorizationandthe inversionof a matrix of size�

to get
q $ .

Here,we insteadproposeto computetheASC estimatein
(16) by constructing

q
directly from theforwardprediction

coefficients(see,e.g.,[2], Chapter3.8)
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where�#� 
���� denotesthe � th (forward)LPCof order� , satis-
fying

* � 
2��������
��� / �M� N K � � 
|���f�c
2�h���5��� (20)

and � � is the predictionerror standarddeviation of model
order� , i.e., � � ��� ]��.j * � 
����j l "E� (21)

The neededLPCsin (19) canbe computedin numerous
ways. We will in the following use the MCM, as it will
producespectralestimateswith higher resolutionthan, for
instance,the solution to the Yule-Walker equationswould.
Thus,we term the resultingASC estimator, asobtainedby
combining(16) and(19), theMASC estimatorl . It is worth
stressingthat by estimatingthe AR coefficients using the
MCM oneavoidstheproblemof line-splittingandfrequency
biasthatwouldoccurif, e.g.,theBurgalgorithmwasusedin-
stead[2]. The MCM algorithmestimatesthe LPCsdirectly
from dataanddoesnot needto calculatea covarianceesti-
matefirst.

4. NUMERICAL EXAMPLES

Thetruespectrumof thesimulationdata,asseenin Figure1,
consistsof three dominant spectral lines and ten smaller
spectrallines locatedat the following normalizedfrequen-
cies:0.062,   l , 0.25,0.28,0.33,0.35,0.37,0.39,0.41,0.43,
0.45,0.47,0.49.Thesecondspectralline, locatedat   l , is in
thefollowing variedto demonstratetheresolutionproperties
of the estimators.The spectrallines all have a phasevalue
of ¡�~�¢ . Thedatasequencehas �£�k¤¥¢ datasamplesandis
corruptedby complex white Gaussiannoisewith zeromean
andvariance� l . The SNR for a spectralline is definedas ��m¦¨§#© K O 
�j )��4j l ~ � l � [dB].
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Figure1: Thetruemagnitudespectrum,with thesecondline
at   l � 0.071,thePeriodogramandtheMASC estimate.ª

A MATLAB implementationof theMASC estimatorisavailableupon
requestfrom thefirst author.

First we study the different spectralestimators’resolu-
tion by varying the locationof thesecondspectralline. Let
Fi � denotean amplitudespectralestimateat frequency � .
One can then considerthe two sinusoidalsignalsresolved
if «C� � Fi �¬®� Fi �°¯&� Fi �±�²9� , where �c³ is the midway
frequency between� K and � l . Figure2 showstheresolution
ability of the ASC andthe PSCspectralestimatorsascom-
paredto thestandardPeriodogram.As seenfrom thefigure
theresolutioncurvesfor theMASC andtheFB-ASCestima-
torscoincide,bothhaving slightly lower resolutionthanthe
F-ASC. It is worth noting that the ASC methodswill have
significantly higher resolutionthan both the PSCmethods
andthePeriodogram³ . Here,theSNR= 30 dB for thetwo
first lines. Unlessotherwisestated,the usedfilter is

�
=16

tapslong andtheresultsareobtainedfrom 500MonteCarlo
trials.
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Figure2: Resolutionlimits whenthesecondpeakis varied.

We proceedby comparingthemeansquarederror (MSE)
of thepower spectralestimates(themagnitudesquaredam-
plitude spectralestimate)for the differentestimators.Fig-
ure 3 shows how the MSE of the power spectral esti-
matesvariesfor the FB-ASC, FB-PSC, MASC estimators
and the Periodogramas the secondspectralline is moved
(SNR= 20 dB). As seenin thefigure, theMASC estimator
shows lessof a dependency on the frequency separationof
thespectrallinesascomparedto theFB-ASCestimator(the
forward-onlyestimatorsperform worsethan their forward-
backwardcounterparts)andis thusfoundto yield a morere-
liablepowerspectralestimate.

Figure 4 comparesthe MSE of the power spectralesti-
matesfor the secondspectralline, separated

� ~�� from the
first, for theF-ASC,FB-ASC,MASC, FB-PSCestimatorsas
well asfor thePeriodogram.TheMASC estimateis seento
yield a superiorestimateascomparedto theothermethods.
If insteadtheline separationwouldhavebeen

� � ´E~�� thedif-
ferencein performancewould have beensmaller(asseenin
Figure3).

Finally, Figure 5 illustrates the relative computationalµ
In fact,in [10] it wasfoundthattheASCmethodshavehigherresolu-

tion thaneventheparametricMUSIC estimator, whichassumesfull knowl-
edgeof thedatastructure.
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Figure 3: The MSE of the power spectralestimatefor the
secondpeak,astheseparationof thepeaksvaries.
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Figure 4: The MSE of the power spectralestimateof the
secondpeak.

complexity of the differentASC andPSCimplementations
asthedatalength, � , varies.NotethattheF andFB spectral
estimatorshave almostthe samecomputationalcomplexity
asthey differ only in thesummationof theforwardandback-
wardcovariancematrix (18). Thecomputationalloadfor the
FB-ASC and FB-PSCare obtainedby using the Cholesky
basedimplementationby Liu et al (the classicalimplemen-
tationsare significantly more cumbersome).In the figure,
the estimators’computationalload, as measuredby MAT-
LAB, hasfor clarity of presentationbeennormalizedwith the
load of the MASC method. In the example,the filterlength
was

� �S��~�¢ , andthespectrumwasevaluatedfor ¢E� grid-
points(to obtainasufficiently highresolution).Theonly dif-
ferencebetweenourmethodandthemethodpresentedin Liu
etal is how theCholesky factoris calculated.Theremaining
computationsare the same. For �¶� � ´¥¤ , the direct cal-
culationof the forward-backwardcovariance,the Cholesky
factorizationandits inverseamountsto roughly 54% of the
totalnumberof floatingpointoperations(flops)ascompared
to about4% in our approach. It is worth noting that a di-
rectcalculationof theFB-ASCusing(8) (not exploiting the
Cholesky decomposition)would, for ��� � ´¥¤ , renderabout
15 timesmorecomputationsthantheMASC method.
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