Chapter 3

LQ controller design and
self—tuning control

M Sternad and A Ahlén

3.1 Introduction

The present chapter contributes on some aspects of infinite-horizon LQG control
for discrete time systems!. It takes up four themes, which complement mainly
Chapter 2 and Chapter 5 of this volume:

1. A novel variational technique, for deriving polynomial equations for LQG
controller design, is presented in Section 3.2. It is illustrated on MIMO feed-
forward design in Section 3.3. (Application of this tool to filtering problems
is discussed in Chapter 5.)

2. Rejection of nonstationary disturbances, described by marginally stable and
non-stabilisable models, is another topic. A control law discussed in Sec-
tion 3.4 achieves this by utilising the internal model principle (generalised
integration) combined with disturbance measurement feedforward.

3. The suitability of polynomial LQG design as a candidate for self-tuning
control is highlighted, and an algorithm is presented in Sections 3.5.

4. We investigate some of the user choices in LQG control, which influence the
robustness of both self-tuning and fixed control laws. In particular, the roles
of feedforward control and of different choices of observer polynomials are
discussed. See Section 3.6.

These contributions are four inter—related pieces of a larger puzzle, which we see
as a challenge for research in the coming years. To explain our interest in the
discussed issues, a view of the present state of the area is first outlined.

!The chapter describes work partially supported by the Swedish National Board for Technical
Development (NUTEK), under grants 84-3680 and 87-01573. Parts of Sections 3.4 and 3.5, and
most of Section 3.6, have previously appeared in the paper [53] in the International Journal of
Control, published by Taylor and Francis Ltd.



3.1.1 The state of the art

Design of regulators for linear time—invariant discrete—time systems is an area
where it is natural to use the polynomial approach, This was, historically, the
domain where polynomial methods were first developed. Polynomial methods are
now included in many standard textbooks on sampled data control. See e.g. [4].

Consider a simple scalar system with input u(¢), output y(t) and output distur-
bance n(t). It is expressed by polynomials in the backward shift operator ¢~

B(q™)

y(t) = A(q_l)u(t —k)+n(t) ; k>1 . (3.1.1)
Control by a feedback regulator
R(g"u(t) = =S(qg)y(t) +r(t) (3.1.2)

results in the closed loop system

P(g ")y(t) = Blg )r(t — k) + A(g ")R(g ")n(t) (3.1.3)

where
P(g ) 2 A(g HR( ) +¢* B¢ )S(@ ) (3.1.4)

When a desired closed-loop system denominator P(g~!) is given, equation (3.1.4)
constitutes a linear polynomial equation, a Diophantine equation. This is one of
the three basic types of equations which occur when regulators and filters are
designed 2. It is easily solved in the unknowns R(¢™') and S(¢~'). Two nice
features of the polynomial approach are evident in the feedback system above.

1. By manipulating numerator and denominator polynomials separately, the
design equation (3.1.4) becomes linear in the unknowns, in spite of the fact
that the regulator enters the closed—loop system in a nonlinear way. (This
feature arises whenever a controlled object can be described in fractional
form. See [31].)

2. The resulting system (3.1.3) is in input-output form. This is helpful for
gaining immediate insight into some properties of the solution.

When A(q~') and B(¢~!) have no common factors, the closed-loop denominator
P(g™') can, in principle, be chosen in an arbitrary way. For example, the choice
P(g7') = 1 results in state deadbeat control, while P(¢~!) = B(g™!) results in
output deatbeat control, if the system is minimum phase. If the disturbance is
described by the ARMA model

2Polynomial spectral factorisations and the coprime factorisation of polynomial matrices in
multivariable problems are the two other types.



where e(t) is white noise, then the choice P(¢7') = B(¢7")C(g™") results in mini-
mum variance control for minimum phase systems. See e.g. [4].

With respect to polynomial methods, the level of knowledge around 1970 roughly
corresponded to what has been outlined above, including significant multivariable
generalisations [45], [57]. Since then, several workers have extended and generalised
the polynomial approach to linear controller design, beginning with the minimum
variance regulator for non-minimum phase systems of Peterka [42]. Central to this
development was, of course, the work by Kucera [27], [28], [29].

During the last decade, considerable interest has been focused on linear quadratic
methods, inspired by the solution presented by Kuéera in [27] and, more recently,
in [32]. In the scalar case above, this LQG solution implies pole placement in

P(g') =B ")C(¢™) (3.1.5)

where (3(¢™') is a stable polynomial, obtained from a criterion-—related spectral
factorisation. For details, see Section 3.4 below.

Compared to the other pole placement rules mentioned above, LQG optimisation
is superior as a framework for regulator design. It provides a direct tradeoff be-
tween input energy and disturbance rejection. Non—minimum phase dynamics will
not cause instability because 3(z71), as opposed to B(z7!), is stable, under mild
conditions. Extensions of this solution include feedforward links and the use of dy-
namic cost weighting. See e.g. [18], [20], [22], [23], [24] [33], [41], [47], [50], [52] and
[53]. A recent result is the derivation of polynomial equations for solving the stan-
dard Hs control problem. That framework contains, in principle, all the previously
studied LQ problem formulations as special cases. See [11], [25] and Chapter 2 of
this volume. Polynomial methods have also found use for H.,—optimisation (cf.
Chapters 4 and 6), although that field is dominated by the state—space approach
of Doyle and co—workers.

3.1.2 So where do we go from here?

Is the theory of polynomial methods for linear controller design complete? No,
far from it. It is our strong belief that, in spite of the past progress, some of the
most relevant questions for controller design have hardly been posed, and much
less answered.

Work on the polynomial approach has so far mainly focused on problems of systems
theory: deriving design equations, investigating conditions for problem solvability
in an idealised sense, and (to some extent) developing numerical algorithms. What
is needed is a complementary development, which rather belongs to the field of
control: we now have some tools, but how should we use them? Are they even the
right tools for solving the problems we are really interested in?

Take the pole placement equation (3.1.4) as an example. Algebraically, arbitrary

pole placement might be allowed. In reality, a belief that arbitrary pole placement
is possible can be outright dangerous. Just consider the extremely high controller
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gain and sensitivity to model errors which can result from a state deadbeat design.
Or think of minimum variance design, which, in addition to the above problems,
frequently results in output oscillations between the sampling instants. (The use
of LQG is better, but does not guarantee a good control behaviour.) If our goal
is to convert the polynomial approach into a sensible design philosophy, much
remains to be done. Some important design issues, which should be taken into
account, have been discussed in an excellent way by Boyd and Barratt [10] and by
Maciejowski [38]. A sample of challenging issues:

e Guidlines are needed on what kind of specifications it is futile to even ask for in a
controller design. Today, many limitations on achievable performance are known,
but we have no good ways of building them into the polynomial approach. For
example, it is well known that non-minimum phase zeros impose upper bounds
on the achievable performance of a closed—loop system. These bounds are of en-
gineering nature, rather than algebraic; the roll-off rate could always be chosen
so as not to obtain instability, but at the expense of disturbance amplification.
The consideration of practical design constraints will often lead to rather different
answers than consideration of purely algebraic constraints®.

e Design involves tradeoffs; we often move in a Pareto—optimal subspace of the de-
sign parameter space. Control structures which introduce new degrees of freedom
simplify the task for the designer. The study of their properties is of high practi-
cal relevance. One such control structure is the use of disturbance measurement
feedforward; it is one of the main themes of this chapter.

e An LQG approach, in particular with frequency dependent weightings, might
be a fruitful starting point in a quest for a sensible design philosophy. However,
the role of design choices, such as dynamic weightings and observer poles, is still
insufficiently understood. (A difficulty is that it is rather hard to “see through”
Diophantine equations. The task does not exactly become easier when the solution
involves a long list of coprime factorisations.) Some guidlines on these issues for
SISO systems, based on our experience, are discussed in Section 3.6.

e Furthermore, the models on which control or filtering is based, must be obtained
in some way. Here, the connection to system identification [36], [49], recursive
identification [37] and adaptive methods is of importance. Such issues are dis-
cussed in Section 3.5.

e The question of robustness against modelling errors is the perhaps most difficult
challenge. It should be noted that this problem does not dissappear just because
adaptive algorithms are used, cf. Section 3.6. An LQG design can be arbitrarily

3An example is the question if one single of two coupled Diophantine equations are required
for each degree of freedom in LQG control. For the case of feedback in an adaptive setting, the
use of two coupled equations should be preferred. Stable common factors will often appear in
identified models, and the use of two equations avoids numerical problems for that reason. See
Section 3.4. In feedforward control problems, on the other hand, no realistic problem formulation
will include strictly unstable models of exogenous signals, which could cause solvability problems.
There, the use of one single equation is sufficient. See Section 3.3 and 3.4.
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sensitive, but the conditions when this actually occurs are not well understood®.
A focus on performance robustness, as opposed to just stability robustness, would
be desirable. Robust design has largely been ignored in the polynomial literature,
with the exception of a recent paper by Grimble [21].

One of our convictions is that, to gain insight and design intuition, one needs to
continue to study different special explicit model formulations. They often have
much simpler and more transparent solutions that the most general problems. (See
e.g. the filtering problems discussed in Chapter 5.) For this reason, one of our
interests has been in simple derivation methods for obtaining solutions. The result
of that work is presented in Section 3.2.

3.1.3 Remarks on the notation

1 1

The backward shift operator ¢~ corresponds to 2z~ in the frequency domain.
Trace and transpose of matrices M will be denoted trM and M’, respectively.
& will denote expectation. For any polynomial matrix P(z '), P, = P(z)". The
arguments will often be omitted, unless there is risk for confusion. A square
polynomial matrix, of full normal rank, is called stable (or strictly Schur), if its
determinant has all zeros in |z| < 1. Rational matrices R(z71) are called stable if
all their elements are transfer functions with poles in |z| < 1. If P(¢™!) is a square
polynomial matrix, all elements of the rational matrix P(q_l)_1 are causal if and
only if the leading coefficient matrix of P(¢™!), denoted P(0), is nonsingular. The
degree of P(q™!') is the highest degree of any of its polynomial elements.

3.2 Outline of a variational procedure for deriv-
ing LQG control laws in polynomial form

A new way of deriving LQG controller design equations, which requires signifi-
cantly fewer algebraic steps, compared to the traditional “completing the squares—
method” [27], is presented here. Essentially, an old variational argument is utilised
in a novel way. Orthogonality between signals and variations is evaluated in the
frequency domain, to obtain polynomial equations which define the control law.
The resulting equations are, of course, the same as obtained by a “completing
the squares”-reasoning. Subsequent discussion of solvability of the equations and
stability of the solution remains unaltered.

The method has been presented, and demonstrated on MIMO feedback design, in
[54]. Application on control problems with marginally stable (and non—stabilizable)
blocks is demonstrated here. That generalisation leaves the reasoning unchanged.
It requires mainly a separate verification of finite cost. Examples of such verifica-
tions are found in Appendix A and B. The method is applied on a multivariable

“Much attention has instead been focused on the LQG/LTR modification. The properties,
and the drawbacks, of this technique can be analysed by using a polynomial approach. See [9].



feedforward problem, and a restricted version of the general s problem, in Sec-
tion 3.3. A scalar feedback and feedforward regulator is derived in Section 3.4.
Application to filtering problems can be found in [1] and in Chapter 5 of this
volume [2]. Please refer to that chapter for a comparative evaluation of different
derivation techniques.

Consider the control of a linear discrete—time system, which is stochastic and time—
invariant. Its inputs u(t) € R™ are to be calculated, based on linear combinations
of measurable outputs z(t) € R", so that the signals y(t) € RP are controlled.
Denote the regulator

u(t) = —R(q¢71)z(1) (3.2.1)

where R(z7!) is a causal and rational m|n—matrix. It is to be designed so that
the controlled system is stable and the infinite-horizon quadratic criterion

J = E{trVy(t)(Vy(t)) + trWul(t)(Wu(t))'} (3.2.2)

is minimised. Above, V(¢!) and W (g™!) represent polynomial weighting matrices,
of dimensions p|p and m|m, respectively. (The use of rational weighting matrices is
straightforward, but requires additional coprime factorisations in the solution for
multivariable problems.) Variational arguments will be used in order to minimize
(3.2.2). For that purpose, introduce the alternative regulator

u(t) = —R(¢7)z(t) + v(t) (3.2.3)

where v(t) € R™ is a linear function of available data up to time ¢. The use of
(3.2.3) results in the modified signals

y(t) = wo(t) +dy(?)
(3.2.4)
u(t) = uo(t) + ou(t)

where 1,(t) and u,(t) result from control by (3.2.1), while dy(¢) and du(t) are
caused by the variation v(t). The criterion can then be expressed as

J - Jo + 2]1 + J2 (325)

where

Jo = Er(Vy,) (Vo) + tr(Wu,)(Wu,)')
Ji = Etr(Vy,)(Voy) + tr(Wu,)(Wu)') (3.2.6)

Jo = E(tr(Voy)(Voy) + tr(Wou)(Wou)') .

The goal is now to select R so that J; vanishes. Then, the regulator (3.2.1) is
optimal; no perturbation v(t) could improve the performance, since .J, does not
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depend on v(t) and since J; > 0.

So far, this reasoning is well known, see e.g. [56]. We now outline our novel
contributions. Assume Vy,(t), Viy(t), Wu,(t) and Wdu(t) to be stationary. (This
has to be verified, in each particular problem.) Let ¢ be the dimension of the noise
vector disturbing the system. By using Parsevals formula, J; = 0 can be expressed

as
1

h=of tr./\/t(z,zl)ci—z —0 (3.2.7)
where M(z,271) is a rational ¢|¢ matrix. The relation (3.2.7) is fulfilled if each
element of M(z,2z7 ")z is made analytic in |z| < 1. Then, the scalar integrand
trM(z,271)z7! is also analytic in |z| < 1, so the integral vanishes. These ¢ ele-
mentwise conditions determine R. ° By using right matrix fraction descriptions
(MFD’s), they can be satisfied collectively, as will be exemplified in the next sec-

tion. This results in the polynomial matrix equations to be used in the design.

The choice of variational term v(t) is arbitrary, except that the modified control
law must remain causal, and the variational term must not destabilise the sys-
tem. Representations of stationary signals can be written in innovations form,5
where a stationary innovations signal, €(t), represents the most recent information
at time ¢. Whatever could possibly be achieved by a variation of the regulator
(3.2.1), could just as well be accomplished by adding a feedforward from the inno-
vations, v(t) = T (¢~ ')e(t), to it. Such a control variation preserves stability, since
feedback loops are unaffected. With 7T, of dimension m|¢, being stable and causal
and €(t) being stationary, such a variation will always be admissible.

When there are several separate measurable signal sources, for example reference
generators and disturbances, a control structure with several degrees of freedom
can be optimised. The trick is to add several variational terms in (3.2.3), one for
each signal source. The result is a criterion with several cross terms. These should
be set to zero separately. This technique will be exemplified in Section 3.4.

Note that the condition J; = 0 can be expressed as

E((VSy) (Wen)') < v‘% ) —0 .

The vector ((Vy,)'(Wu,)")’ contains signals appearing in the criterion when the
regulator (3.2.1) is used. It is required to be orthogonal to the vector of perturba-
tions ((Vdy)'(Wdu)'), caused by admissible variations of the control law.

The outlined procedure is a constructive derivation technique. Its initial steps
are related to a proof by contradiction, first presented in [4]. In that approach,
the optimality of a filter or regulator, obtained by other means, is verified; it is
demonstrated that (3.2.7) is fulfilled, because the integrand is analytic in |z| < 1.

5This is a crucial insight. It would be hard to determine R from the scalar condition (3.2.7)
directly.
61f signals are generated by unstable systems, we call it a generalised innovations form.
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3.3 Feedforward and disturbance decoupling

Assume a stable system to be represented by a model in right MFD form

y(t) = BA 'u(t) + DE 'w(t) (3.3.1)

where w(t) € R’ is a vector of measurable disturbances. It is described by a
model in right MFD form, with poles inside or on the unit circle (describing e.g.
a sequence of step disturbances)

w(t) =GH () . (3.3.2)

Here, v(t) € R’ is stationary white noise, with zero means and covariance ma-
trix ¢» > 0. 7 The polynomial matrices B(¢ '), A(¢g '), D(¢ '), E(¢ ), G(g 1)
and H(q ') have dimensions p|m, m|m, p|¢, £|¢, £|¢ and (|, respectively. Delays
are included in the corresponding polynomials of B(q') and D(g¢!). The pairs
(B, A), (D, E) and (G, H) need not necessarily be right coprime. We assume w(t),
but not y(t), to be measurable. Thus, z(t) = w(t). The criterion (3.2.2) is to be
minimised by using feedforward control. Assume the following:

A1. The polynomial matrices A, F and G are all stable and have nonsingular
leading coefficient matrices. Thus, they have stable and causal inverses.

A2. There exists a stable m|m right polynomial spectral factor 5(¢™"), defined by
B,3 = B,V.VB + A,W,W A (3.3.3)
with 3(0) nonsingular.®

Stability of the system is a natural requirement in an open—loop problem. Stable
invertibility of the disturbance description implies that it must have full rank; there
should really exist £ independent noise sources. The conditions for the existence of
a stable spectral factor § are mild, see the footnote below. To assure a finite cri-
terion in the presence of nonstationary disturbances, two additional assumptions
are introduced. Let {z; = ™} denote all zeros of H on the unit circle. They are
the frequencies where the rank of H(e™i) drops below full rank.

A3. The criterion polynomial W in (3.2.2) is chosen such that W(z; ') = 0.

"The formulation can also be interpreted as a reference feedforward (servo) problem, or a
combination of reference and disturbance feedforward. In a reference feedforward problem, w(t)
is the command signal and —DE~!w(t) is an ideal response model.

8Two conditions are, together, sufficient for A2 to be fullfilled.

1) The matrix [B, V. A,W,] has full (normal) row rank m. This is a condition for the existence
of a spectral factor, see [27]. It is fulfilled, for example, if all m inputs are penalized.

2) The greatest common left divisor of B,V and A,W, has nonzero determinant on |z| = 1.
This assures det 3(z71) # 0 on |z| = 1. The factor 3 is unique, up to a left orthogonal factor.
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A4. There exist right inverses Bf(27") to B(z7") at all z = {2;}.

Note that for m > 1, condition A3 is stronger than just requiring W to have a
zero at {z;}. Assu tions A3 and A have interesting h sical inter retations,
discussed in A endix A. n order to ini ize (3. . ), the ertur ed feedfor ard

regulator
()= OENG! (3.3.)

ith  of di ension m , is introduced. ince is assu ed sta 1 inverti le,
() in (3.3. ) re resents the innovations sequence in this ro le . All ad issi le

variations can then e ex ressed as () = (). The rational atrix ( ')
ust e causal and sta le, ut is other ise ar itrar .

hen the s ste is controlled  (3.3. ), out uts and in uts are given (3. . ),
here

()= "1 B 1)) (=B " ()

(3.3.)
() = () O= 0
The signals are stationar for an sta le ,since ~!, ~!and , are assu ed
sta le. The use of (3.3. ) in (3. . ) gives the cross ter
1
L= — tr | -1 g -1 ) -1 -1 _Z
1 z
1 1 z
— tr W W — (3.3.)
1 z
using tr =tr ,(ith = ~'B  and W, res ectivel ), the atrices
in oth ter s get equal di ension . The use of the s ectral factorisation
(3.3.3) tosi lif the integrand then gives
1
=— & "B -1 1oy 1 2 (3.3.)

hen (3.3. ) is set to zero, it corres onds to (3. . ). Note that ! ~!tand !

have ele ents ith olesonl in z 1land1 zcontri utesa oleat z= . oles
at z = can e caused , since the contain ol no ialsin z7'. The
ust e eli inated. or that ur ose, introduce a right co ri e factorisation

= ! (3.3.)

ith and oth of di ension . ince ~!issta le and causal, sois .

The osition of in (3.3. ) ena les direct cancellation of ' if ' is a left

factor of . ith ~' ! asaright factor of , isalsoeli inated, hile !

has to e factored out to the right, to e cancelled later. The regulator eco es





















































































