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In this thesis several aspects of space-time processing and equalization for wire-
less communications are treated. We discuss several different methods of improv-
ing estimates of space-time channels, such as temporal parametrization, spatial
parametrization, reduced rank channel estimation, bootstrap channel estimation,
and joint estimation of an FIR channel and an AR noise model. In wireless commu-
nication the signal is often subject to intersymbol interference as well as interfer-
ence from other users. We here discuss space-time decision feedback equalizers and
space-time maximum likelihood sequence estimators, which can alleviate the impact
of these factors. In case the wireless channel does not experience a large amount
of coupled delay and angle spread, sufficient performance may be obtained by an
equalizer with a less complex structure. We therefore discuss various reduced com-
plexity equalizers and symbol sequence estimators. We also discuss re-estimating
the channel and/or re-tuning the equalizer with a bootstrap method using esti-
mated symbols. With this method we can improve the performance of the channel
estimation, the equalization, and the interferer suppression. This method can also
be used to suppress asynchronous interferers. When equalizers and symbol detec-
tion algorithms are designed based on estimated channels we need to consider how
errors in the estimated channels, or errors due to time variations, affect the perfor-
mance of the equalizer or symbol detector. We show that equalizers tuned based on
ordinary least squares estimated channels exhibit a degree of self-robustification,
which automatically compensates for potential errors in the channel estimates.
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Preface
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Chapter 1

Space-Time Processing in
Wireless Communication

1.1 Introduction

With multiple antennas, received and transmitted signals can be separated
not only with temporal processing but also with spatial processing. We call
the combination of spatial and temporal processing space-time processing.
Space-time processing is a tool for improving the overall economy and ef-
ficiency of a digital cellular radio system by exploiting the use of multiple
antennas. Most current cellular radio modems do not, however, efficiently
exploit the spatial dimension offered by multiple antennas. As outlined in
this chapter, the spatial domain can be used to reduce co-channel interfer-
ence, increase diversity gain, improve array gain, and reduce intersymbol
interference '. These improvements can have significant impact on the over-
all performance of a wireless network. The aim of this thesis is to develop,
explore and investigate signal processing algorithms that combine spatial
and temporal processing, to attain results which cannot be obtained by
either spatial or temporal processing individually.

'Diversity gain is the gain obtained by using multiple signals, or components of a
signal, that fade independently. Array gain can be defined as the gain in signal to noise
ratio that can be achieved with spatial beamforming. Intersymbol interference is the
interference caused by delayed versions of the desired signal.
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Space-time processing in a receiver improves the signal to interference ra-
tio through co-channel interference cancellation, mitigates fading through
improved receive diversity, offers higher signal to noise ratio through ar-
ray gain and reduces intersymbol interference through spatial equalization.
Likewise, space-time processing in the transmitter reduces co-channel in-
terference generation, improves transmit diversity and in some cases also
minimizes intersymbol interference generation.

In this thesis we will consider space-time processing algorithms for channel
estimation, equalization and interferer suppression. The use of multiple an-
tennas in a receiver has many advantages but it also has some disadvantages.
From a signal processing point of view, the use of multiple antennas has two
main disadvantages:

e Increased computational complexity.

e Increased difficulty to accurately tune the receiver algorithms based
on short sequences of training data.

We will in this thesis discuss methods that can contribute to alleviate these
problems. As an application we are mainly concerned with wireless TDMA
communication systems although many of the ideas and algorithms can
transfer to other types of systems and channels.

The algorithms, problems and solutions studied in the present thesis are
summarized and introduced in the introductions of each of the chapters
below.

In Chapter 2 we study algorithms for estimation of space-time channels. We
explore the use of a priori information and known structure of the space-time
channel, in order to improve estimates of the channel and of the spectrum
of the noise plus interference. We also discuss joint estimation of an FIR
channel and autoregressive (AR) noise model. Finally we also discuss re-
estimating the channel iteratively utilizing detected symbols as an artificially
created training sequence.

In Chapter 3 we present and derive different optimal space-time decision
feedback equalizers and discuss some tuning options for the same equalizers.
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In Chapter 4 we treat the space-time maximum likelihood sequence estima-
tor. Several approaches to space-time maximum likelihood sequence esti-
mation, which are basically equivalent, as presented. There exists two main
approaches, the log-likelihood approach and the matched filter approach.
We show how one approach can be derived from the other. We also discuss
tuning options for the maximum likelihood sequence estimator.

In Chapter 5 we present and discuss different ways of performing reduced
complexity space-time equalization. The main idea is that we can often,
to some extent, decouple the spatial and the temporal processing. We gen-
eralize this concept into reduced rank equalization where we show how the
the space-time structure of the channel can be exploited in order to design
equalizers with a simplified space-time structure.

In Chapter 6 we present a method of improving on the equalization and the
interferer suppression by re-tuning the equalizer iteratively, using detected
symbols. We call this bootstrap equalization. Bootstrapping can signifi-
cantly improve the suppression of co-channel interferers. We also present
a method that improves on the suppression of co-channel interferers that
appear outside the training sequence, by utilizing information from adjacent
frames. This method is also combined with bootstrap equalization and the
two methods are found to complement each other.

In Chapter 7 we present a method for designing equalizers that are robust
to errors in the channel estimates and/or time variations in the channel. We
show that an equalizer can be made robust with respect to decision errors,
resulting in shorter error bursts, and that it can be made robust against some
time variations in the channel. Finally we show that an indirectly tuned
space-time decision feedback equalizer, utilizing a sample matrix estimate of
the spatial spectrum of the noise plus interference, is automatically spatially
robustified against channel estimation errors caused by strong co-channel
interferers.

1.2 Outline of Space-Time Processing Schemes

To place the work of the thesis in a wider context, this introductory chap-
ter will outline and classify how space-time processing enters in and affect
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different aspects of a wireless communication system. One classification can
be based on the system architecture, and covers different design choices for
the physical layer of the wireless network (Section 1.3). Another classifica-
tion can be based on algorithms and refers to choices of signal processing
algorithms and optimization criteria (Section 1.4). Underlying and affecting
both these classifications are the characteristics of the propagation channel
that include angle, delay and Doppler spreads (Section 1.5). See Figure 1.1.

ST Processing

@

Figure 1.1: Space-time processing classifications according to architecture
and algorithms, both affected by the channel properties.

1.3 Architecture Based Classification

An architecture oriented classification can be based on different choices of
the physical layer design of the wireless system that is directly affected by
space-time processing. We can perform architectural classification along the
three directions shown in Figure 1.2. First, in the Link Structure we can
make choices about where and how space-time processing is to be applied to
the network elements. Next, in Channel Reuse we make choices for reusing
the frequency spectrum. Finally, Multiple Access is an important aspect of
the physical layer that affects space-time processing.

1.3.1 Link Structure

The link structure refers to all aspects of space-time processing related to the
radio links between the base station and the subscriber. The link structure,
in turn, can be classified based on the number of antennas at the base and
the subscriber unit, and on the use of space-time processing at the receiver
and at the transmitter. We discuss these issues below.
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Architecture

Multiple Access
Scheme

Channel Reuse

Figure 1.2: Architecture classification.

Space-Time Processing at the Base Station and the Subscriber
unit

Space-time processing using multiple antennas can be applied at the base
station, the subscriber unit or at both locations. The differences in propaga-
tion environment, physical limitations and cost constraints result in different
choices of type and number of antennas at the base and the subscriber unit.
Base stations can employ multiple antenna elements more easily because
the size and cost constraints are less restrictive. The use of multiple an-
tennas is an important source of diversity when the correlation between the
antenna elements is not too high. At the subscriber unit, the presence of
local scatterers provides adequate decorrelation with a spacing of 0.3 to 0.5
wavelengths between the antennas. At the base stations, were scatterers
normally are more distant, a spacing of 5 to 10 wavelengths may be needed
to obtain similar decorrelation [51]. For these reasons, the number of an-
tennas, element design, spacing and topology have different drivers at the
base and the subscriber unit. Space-time processing at the base station is
the primary focus today although space-time processing at the subscriber
unit is becoming more feasible. One example of the latter is the use of dual
antennas in the handset in the North American PACS standard and in the
Japanese standard PDC.
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Receive and Transmit Space-Time Processing

Space-time processing can be used either in receive alone, in transmit alone
or on both links. The factors that influence these choices are discussed here.
The key difference between the two links is the difficulty in determining the
transmit channel needed for transmit space-time processing.

Space-time processing performance in receive and transmit can be very dif-
ferent due to the differences in the knowledge of the associated channels.
In receive, the channel can be estimated (by non-blind or blind methods)
since the signal has traveled through the channel before being observed at
the receiver. Also, the interference is present at the receiver input and can
therefore be characterized and canceled, see Chapter 2. On the other hand,
in transmit, the channel is encountered after the signal leaves the antenna
array. The use of space-time processing in transmit therefore requires prior
knowledge of the channel. Moreover, interference reduction in transmit re-
quires knowledge of the channels to the co-channel subscribers. Again, these
are difficult to estimate. Both these factors makes transmit space-time pro-
cessing challenging. See [28].

Figure 1.3 shows different link structures obtained when varying the number
of antennas used in receive and in transmit. These options can be associated
with the downlink (base to subscriber) or the uplink (subscriber to base).
Depending on the number of antennas, we can classify the channel as Single
Input (SI) or Multiple Input (MI) for transmit and Single Output (SO)
or Multiple Output (MO) for receive. In the following chapters of this
thesis we shall focus on algorithms for the SIMO channel case, that is, a
single transmit antenna and multiple receive antennas, see Figure 1.3. Some
aspects of the methods discussed may however be applicable to other types
of channels.

1.3.2 Channel Reuse

Channel Reuse Between Cells

The wireless channel can be shared among users in different ways. The dif-
ferent schemes for sharing of the channel are called multiple access schemes.
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Figure 1.3: Link structures obtained for different numbers of antennas at
the transmitter (Tx) and the receiver (Rx).

We can either assign each user a specific frequence band. This method is
called frequence division multiple access (FDMA). Another alternative is to
divide the channel into time slots and assign one time slot to each user. This
method is called time division multiple access (TDMA). A third method is
to separate the users by the use of codes. Each user then modulates his
message with a specific code. The codes are deigned to be approximately
orthogonal such that the users can be separated. This method is called code
division multiple access (CDMA). Many practical systems are a combination
of two, or even all three, of these methods.

Current TDMA systems employ channel reuse between cells. We expect to
see only one desired signal at the base station or the subscriber unit, and
interfering co-channel signals from other cells.

TDMA systems typically have a reuse factor?, K, ranging from three to
twelve. Smaller reuse factors offer higher spectral efficiency. The lower limit
of the reuse factor depends on the tolerance to co-channel interference. Fur-
thermore, one can use sectorization wherein a cell is divided into a number
of equal sectors and the frequencies within the cell are divided among the
sectors. The sectors in a cluster then all use different frequencies. Sector-
ization further reduces the effect of co-channel interference. It is typical to
describe a cellular layout as K/L where K refer to the number of cells per

2The reuse factor is the number of cells in a cluster, where the channel allocation is
repeated for each cluster of cells. Cells within a cluster do not use the same frequency.
The reuse factor therefore determines how close a co-channel cell can be located.
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cluster and L refer to the number of sectors per cluster.

CDMA systems generally have a reuse factor of one, i.e. the whole spectrum
is reused in every cell. The cells can also here be divided into sectors where
each sector in general will reuse the whole spectrum.

The wireless link from a subscriber to a base station is called the uplink, while
the wireless link from a base station to a subscriber is called the downlink.
Space-time processing can be used in both the uplink and the downlink to
reduce co-channel interference. This can allow a decreased reuse factor in
TDMA. In the uplink, the base station can use space-time processing to
suppress strong co-channel interferers. In the downlink, the base station
can have directive transmission to minimize interference to other co-channel
users. Space-time processing can also be employed at the subscriber unit to
reduce co-channel interference on both links.

Channel Reuse Within Cells

Considering TDMA, it may be possible to use space-time processing to sup-
port two or more links on the same channel within a cell. We can approach
channel reuse from two view-points, reuse at the base station and reuse at
the subscriber unit, see Figure 1.4. These are discussed below.

Single Subscriber
Multiple Subscribers

Single Base
Subscriber
Multiple Base

Figure 1.4: Channel reuse classification.

Channel Reuse
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Base Centered: Single vs Multi Subscriber Operation

The case when only one subscriber per channel is supported within a cell
is here referred to as the Single Subscriber case (SS). On the other hand,
as mentioned above, it is possible to support reuse within a cell wherein we
support multiple subscribers within the same cell (or sector) on the same
channel. We call this the Multiple Subscriber case (MS). When supporting
multiple subscribers per cell and channel in TDMA systems the signals typ-
ically have to be separated using space-time processing. This can either be
performed with single user detector algorithms as the equalizers and sym-
bol sequence estimators described in this thesis or it can be performed with
multi-user detectors, see for example [127][25][107] and [105].

CDMA systems support multiple subscribers on the same frequency channel.
The subscribers use different spreading codes and can therefore be separated
with time processing alone. However, space-time processing can improve the
performance.

The uplink and downlink in a communication system can have different
channel reuse factors. We can, for instance, support aggressive reuse in
the uplink, since receive space-time processing is easier to implement, and
use less aggressive reuse in the downlink where channel estimation problems
may limit co-channel interference cancellation. In order to balance the total
number of subscribers in both links, asymmetric bandwidth assignment on
the two links is then required.

Subscriber Centered: Single Base Source vs Multiple Base Source

Subscriber units normally receive the downlink signals from one base sta-
tion. However, for subscriber units with multiple antennas it is possible to
receive multiple co-channel signals, carrying different information signals,
from different antennas at the same base station. Typically a high data
rate signal would be split into multiple signals with lower data rates which
are transmitted simultaneously from different antennas on the same chan-
nel. Space-time processing can be used to separate the co-channel signals
and then combine these after demodulation resulting in higher spectral ef-
ficiency. The subscriber unit can do the same thing if it is equipped with
multiple antennas, possibly using polarization diversity. Assuming the sig-
nals are received by the multiple antennas at the base station, they can then
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be separated using space-time processing. See e.g. [78, 131, 31, 27].

1.3.3 Multiple Access

The choice of multiple access (MA), i.e. how the available spectrum is
shared among users, plays a major role in the design of space-time processing
methods due to its effect on the characteristics of the co-channel interference.

In TDMA, since the signal is not spread, one or two strong sources of co-
channel interference may be present in the reuse between cell configura-
tion [34]. Space-time processing can be used to suppress these few, but
strong, interferers. This can be performed in many different ways and sev-
eral such methods will be discussed in the following chapters of this thesis.

In CDMA, all users share the same channel and are separated by different
spreading codes, allowing time domain processing to reduce co-channel in-
terference. Therefore, in CDMA, the space-time processing has to deal with
a large number of weak interferers. This difference affects the strategies for
co-channel interference suppression.

We can combine link, channel reuse and multiple access approaches to yield
a variety of different architectures that employ space-time processing. Ex-
ample configurations where multiple antennas are used at the base station
together with reuse within cells in a TDMA system are shown in Figure 1.5.

1.4 Algorithm Based Classification

Algorithms for space-time processing can be divided into those used for
channel estimation and those used for receive and transmit processing, see
Figure 1.6. We will discuss algorithms in these groups separately below.
The receive algorithms for TDMA and CDMA are treated separately. We
will discuss algorithms for channel estimation and for TDMA reception in
more detail since these are main applications of this thesis.
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Figure 1.5: Example TDMA configurations with either a single subscriber
(SS) or multiple subscribers (MS) transmitting with a single (SI) or multiple
antennas (MI) and receiving with a single antenna (SO) or multiple antennas
(MO).

1.4.1 Channel Estimation Algorithms

Receive Channel Estimation

In receive channel estimation algorithms we can use non-blind or blind meth-
ods. In blind methods, no training signals are available and the underlying
structure of the channel and/or the signal modulation format can be used
to estimate the channel. Blind methods for channel estimation have been an
active area of research. See [81] for a review of these methods. In non-blind
methods, training signals are transmitted along with the information signal
so as to enable channel estimation by the receiver. In this thesis we will
concentrate on non-blind methods using a short training sequence of known
symbols, as in a TDMA system3.

3Blind methods have the disadvantage that they typically require long data sequences
and have difficulties in adapting to rapidly time-varying channels. Furthermore, training
sequences exists in present and future proposed wireless TDMA and CDMA standards.
They occupy at the most about 15 percent of the symbols. Therefore there is at the most
a gain of 15 percent to be achieved by using blind methods.
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Transmit algorithms

Channel estimation
Receive algorithms

Figure 1.6: Algorithm classification.

In a TDMA system there is typically a short training sequence available
that can be used for channel estimation. Most wireless radio channels can
be well modeled with a discrete time FIR filter. The most straightforward
way of channel estimation is to estimate the taps in the FIR filter with a
least squares method. The spectrum of the noise and interference can then,
for example, be estimated as sample matrix estimate for different time lags.
We can, however, identify at least five different in which these estimates of
the channel and noise properties can be improved:

1. Structural constraints and a priori information can be utilized
to reduce the number of parameters that need to be estimated.

2. The data can be pre-filtered or projected onto a subspace to
improve the signal to noise ratio.

3. The number of training data can be increased by utilizing de-
tected symbols during time intervals where the symbol sequence
is initially unknown.

4. Simplified parametric models can be estimated for the the noise
and interference.

5. Joint estimation of the channel and a spatio-temporal noise model.

Different methods that utilize these ways to improve the estimates are pre-
sented in Chapter 2.
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In Section 2.3, the known temporal filtering in the transmitter and the
receiver is utilized to reduce the number of parameters that need to be
identified. This can improve the estimate of the channel, especially if the
training sequence is short and the pulse shaping performed in the transmitter
(and the receiver) has a long time span. This is, for example, the case in
the North American standard IS-136.

In Section 2.5, the channel is modeled with signal paths which are parametrized
with their directions of arrival and and respective gains. These parameters
are then identified and used to form an improved channel estimate. Here it
is noted that the channel estimate can indeed be improved. However, the
bit-error-rate (BER) of the equalizer is not improved to the same degree.
This has to do with the fact that not all aspects of a channel estimate are
be important, see the discussion at the end of this sub-section.

In Section 2.6, the spatial properties of the channel are exploited in a non-
parametric fashion. The received signal or an initial estimate of the channel
is here projected onto the signal subspace of the received signal. In this way
the impact of noise on the channel estimate is reduced. When the received
signal is projected onto the signal subspace the dimension of the problem
is reduced, which results in lower computational complexity and improved
estimates of the spectrum for the noise plus interference.

In Section 2.7, the number of training symbols is artificially increased by
utilizing decided data to re-estimate the channel and the noise plus interferer
spectrum after an initial equalization. The increase in the amount of training
data improves the estimates of both the channel and the spectrum of the
noise plus interference. This improves the equalization and the suppression
of co-channel interferers.

In Section 2.8 we discuss estimating the spatio-temporal spectrum using
the residuals from the channel estimation. We there note, that it may be
difficult to form an accurate estimate of the spatio-temporal spectrum of
the noise plus interference, when we have many antennas and only a short
training sequence. By restricting us to model only the spatial spectrum of
the interference, it is however often possible to get a useful estimate. The
use of only the spatial spectrum of the noise plus interference in a space-
time equalizer will however result in an algorithm that only performs spatial
interferer suppression.
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In Section 2.9, we discuss joint estimation of FIR channel and a spatio-
temporal AR model for the noise plus interference. From the discussion
in Section 2.9.2, we can understand why an AR model, even a low order
AR model, for the noise plus interference can be useful in the design of
an equalizer or maximum likelihood sequence estimator. The important
observation to make is that the the AR noise model denominator does not
have to model the noise particularly well, it only has to be able to suppress
the noise plus interference as a part of a noise whitening filter. Such a
method was proposed in [7] where it was used in conjunction with a space-
time MLSE.

An observation with regard to channel estimation is that not all aspects
of a channel estimate are important for equalization. For example, the
estimate of the channel in a spatial dimension that is occupied by a strong
co-channel interferer may be of little importance. The reason for this is
that the dimensions of signal space occupied by the interferer may anyway
be canceled out by the equalizer. In that case, the quality of the channel
estimate in this dimension is of little importance. This effect can for example
be seen in the simulations of Chapter 2 in Sections 2.5 and 2.6. It is discussed
further in Section 7.4 of Chapter 7.

Transmit Channel Estimation

In estimation of the transmit channel, the two main methods are the use of
reciprocity and feedback. In the reciprocity method, we use that fact that
the transmit and receive channels at the same frequency and at the same
time are identical according to the principle of reciprocity [123]. Since the
receive channel can be estimated as described earlier, the transmit channel
can therefore sometimes be approximated using this principle.

In frequency division duplexed (FDD) systems, the transmit and receive
frequencies are separated by perhaps 4 to 5% of the carrier frequency. The
channels are then no longer reciprocal, however, if the angular spread of
the signal is small, then the spatial signature of the channel will still be
approximately reciprocal [84]. If the transmit channel cannot be viewed as
reciprocal we may attempt to parametrize the taps in the FIR channel in
terms of signal paths with directions of arrival and gains. This estimate of
the receive channel can then be converted to an estimate of the transmit
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channel. A method that can be used to achieve such channel estimates is
discussed in Section 2.5 of Chapter 2.5. In practice this may be difficult
utilize though. One problem is that we need accurately calibrated antenna
arrays.

In time division duplexed (TDD) systems, receive and transmit are separated
in time but not in frequence. In principle we can then rely on the reciprocity
and use the estimates of the receive channel as estimates of the transmit
channel. Note however that for time-varying channels the reciprocity will
only be valid if the duplexing time is much shorter than the coherence time.
The accuracy of the transmit channel estimation thus depends upon the
duplexing technique and the channel characteristics.

Another approach for transmit channel estimation uses feedback. The signal
received at the receiver is fed back to the transmitter, allowing the transmit-
ter to estimate the channel, see for example [29]. Alternatively, parameters
of the transmit channel identified at the receiver can be fed back to the trans-
mitter. Once again, the performance of the feedback techniques depends on
the channel characteristics and the nature of the feedback algorithm. Trans-
mit space-time channel estimation offers special challenges and remains an
active area of research. See [81] for more details.

1.4.2 TDMA Receive Algorithms

In TDMA, the main tasks to be performed by a space-time receiver are
diversity reception, intersymbol interference equalization, and co-channel
interference suppression. We can classify TDMA algorithms into space-time
processing that is decoupled or joint in the spatial and temporal domains.
Figure 1.7 illustrates this.

Single User Decoupled Space-Time Approach

In space-time processing, we can decouple the space and time processing.
This will lead to a spatial beamformer front end followed by a temporal
processor (equalizer). The pure spatial processor can be used to reduce
co-channel interference while maximizing spatial diversity. The output of
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Figure 1.7: TDMA receiver algorithm classification for single-user and mul-
tiple user space-time processing.

the spatial processor is fed to a temporal processor for intersymbol interfer-
ence reduction and recovery of temporal diversity. The spatial processor can
range from a fully adaptive beamformer to a simpler switched beam system.
The main options for the temporal processor are a linear equalizer (LE), a
decision feedback equalizer (DFE), or a maximum likelihood sequence esti-
mator (MLSE). These receivers, and their MISO space-time generalizations
are introduced in Chapters 3 and 4. A class of robust temporal equalizers,
which include linear equalizers and decision feedback equalizers as special
cases, will furthermore be derived and discussed in Section 7.1 of Chapter 7.

The spatial beamformer and the temporal equalizer can either be tuned
separately, the beamformer first and then the equalizer, or they can be tuned
jointly. In Chapter 5, examples of both these approaches are investigated.

In Section 5.2 the problem of tuning a spatial beamformer independently
from a subsequent temporal equalizer is discussed. Since the proper training
sequence for the tuning of the spatial beamformer is typically not known,
a method of introducing some degrees of freedom in the reference signal is
introduced. It is shown that this can improve the performance when there is
an uncertainty in the synchronization of the system. However, this method
of beamforming will likely improve the performance in other more general
situations as well. It will likely be useful in scenarios involving intersymbol



1.4. Algorithm Based Classification 17

interference due to delay spread in the propagation channel.

In Section 5.3 the problem of jointly tuning a beamformer and a following
temporal equalizer is addressed. By performing a singular value decompo-
sition of a noise whitened channel, beamformers and temporal equalizers
can be jointly tuned. The method is applied both to decision feedback
equalizers and maximum likelihood sequence estimators. This method can
also be applied to the case when the noise plus interference is modeled by
a space-time AR model. In this case the “beamformer” actually becomes
a space-time MISO filter which performs spatio-temporal whitening of the
noise plus interference.

Single User Joint Space-Time Approach

In the presence of coupled angle and delay spreads for the desired signal,
i.e. when the spatial and the temporal spreading cannot be decoupled, a
joint space-time processing approach has performance advantages. Joint
space-time processing is also superior, as compared to decoupled space-time
methods, when dealing with delay spread in the co-channel interference.
A number of receiver structures have been proposed, broadly divided into
space-time linear equalizers, space-time decision feedback equalizers, and
space-time maximum likelihood sequence estimators. Several such algo-
rithms are discussed in the following chapters of this thesis.

A problem encountered when tuning the space-time equalizers using a short
training sequence is that if we have many antenna elements, then it may be
difficult to fully utilize the spatio-temporal spectrum of the noise plus inter-
ference. The tuning of the equalizers can then easily become ill-conditioned
or singular. One solution to this problem is to concentrate on estimat-
ing and utilizing the spatial spectrum of the noise plus interference. This
will result in an equalizer that only suppresses interference in the spatial
domain. When using many antenna elements this may however be good
enough. Another solution can be to estimate a low order AR model for the
spatio-temporal spectrum of the noise plus interference. This is advanta-
geous for two reasons. First, an AR model for the noise plus interference is
more easily estimated than an moving average (MA) model (which in effect
is what is done when estimating the spectrum with sample matrix estimates
of different lags) and second, the low order AR model shows up as a low



18 Chapter 1. Space-Time Processing in Wireless Communication

order FIR filter factor in the filters of the optimal equalizers. When the
channel is modeled by an FIR filter, and the noise plus interference is mod-
eled by an AR model, then the MMSE optimal DFE will have a structure
with only FIR filters. This is a good feature since when the filters of the
equalizer contains IIR filters we have to worry the location of their poles?.
See also [81, 130, 8, 61, 59, 121, 71].

For purely temporal processing with a single antenna receiver the decision
feedback equalizer will typically be considerably better than the linear equal-
izer and the MLSE will typically be better then the decision feedback equal-
izer. When employing space-time processing and using a relatively large
number of receive antennas the difference in performance between the three
equalizers will however be less pronounced [18]. The reason for this is that
by adding the spatial dimension the channel can more easily be inverted
by the linear equalizer. The feedback filter of the space-time DFE and the
and the sequence estimation of the MLSE will then not add as much to the
performance as in the single antenna, purely temporal, case.

Multi-User Detection

With multiple antennas, joint multi-user detection in TDMA becomes more
robust than with one antenna ®. The spatial dimension helps to separate
multi-user signals. The two main choices are a multi-user decision feedback
equalizer [23, 25, 107, 110, 108, 106] or a multi-user maximum likelihood
sequence estimator, see e.g. [134]. The multi-user decision feedback equalizer
has a computational advantage over the MLSE since its complexity grows
linearly with the number of users, whereas it increases exponentially in the
number of users for the MLSE. An important problem to solve in multi-
user detection is the estimation of the channels to the users. If the signals
are correlated then there can be an advantage of estimating the channels
jointly. However, in this case the number of channel coefficients can easily
become too many to handle with a short training sequence. In Section 2.4

4For example, a feedback filter of a decision feedback equalizer with poles close to the
stability boundary can cause long error propagation events.

SIf there is multipath propagation in the channel resulting in a delay spread of at least
of the order of one symbol interval, then it is, although difficult, possible to do some
multi-user detection with only one antenna. If the signalling is binary we can also utilize
the fact that we can create two different signals from one antenna by treating the real and
the imaginary part separately, see Section 1.5.4
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of Chapter 2 temporal parametrization, utilizing the knowledge of the pulse
shaping in the transmitter (and possibly also in the receiver), is used to
reduce the number of parameters to be estimated. It is shown that this can
be valuable in joint multi-user channel estimation.

1.4.3 CDMA Receive Algorithms

We here restrict the discussion to DS-CDMA. In DS-CDMA the main tasks
of the receiver are MA interference suppression and detection. A tree dia-
gram of algorithm choices is shown in Figure 1.8.

SU approach
MU approach

Figure 1.8: CDMA receiver algorithms, for single-user and joint multi-user
space-time processing.

There are two main classes of detection schemes for CDMA: the single-user
detection approach and the multi-user detection approach. In the single-
user approach, only one users signal at a time is recognized and the other
signals are treated as noise. In the multi-user detection approach, all users
are detected jointly.

Single-user Detection

The space-time processing can here be decoupled into a spatial beamformer
followed by a simple decorrelating detector using the spreading code. This is
the space-time counterpart of the simple decorrelating receiver. It exploits
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a single received path (finger) and is useful in environments with no delay
spread caused by multipath propagation. See for example [102].

If several paths (fingers) are present, the filtering can be done done jointly
in time and space. The natural generalization of the RAKE-detector would
be the Space-Time RAKE (ST-RAKE) receiver which is a combination of
one beamformer per path followed by a RAKE combiner. This algorithm
can also be viewed as a matched filter in both the spatial and the temporal
domain. See for example [73].

Multi-user Detection

Although one can conceive spatially and temporally decoupled multi-user
detection schemes, we will here only consider joint space-time multi-user
MLSE detectors and linear detectors. The space-time multi-user MLSE
generalizes from the time-only multi-user MLSE. See [118] and [70]. The
MLSE will be optimal if the channels for all users are known. However, as
in TDMA, it is computationally complex.

The linear detectors are much less computationally complex. Examples of
linear detectors are the space-time decorrelating detector (ST-Decorr) and
the space-time MMSE detector (ST-MMSE), see [70] and [72].

1.4.4 Transmit Algorithms

Space-time transmit algorithms use a variety of techniques to maximize
diversity, minimize generated co-channel interference and also in some sit-
uations pre-equalize the channel for intersymbol interference [81][28]. In
general, since intersymbol interference equalization can be implemented at
the receiver, transmit space-time processing focuses on diversity gain maxi-
mization and co-channel interference reduction. In cases when the transmit
channels for the signal and co-channel users are known, the transmit algo-
rithms can implement optimum space-time weighting to maximize diversity
gain while minimizing generated co-channel interference. Here, again, both
decoupled and joint space-time approaches can be considered, with the lat-
ter offering improved performance. In a more likely scenario, the channels of
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co-channel users are unknown and the signal channel is known only approx-
imately. Transmit algorithms may then use simple beamforming with the
beam steered towards the dominant mobiles direction with low side lobes
to reduce co-channel interference generation. In the extreme case when no
channel knowledge is available, the transmit algorithms reduces to pure di-
versity maximization schemes. These schemes convert the space diversity
of the transmit antennas into other forms of diversity that can be exploited
by the receiver. Some examples include phase rolling, delay diversity and
space-time coding [114, 113, 112].

1.5 Influence of the Channel on Space-Time Pro-
cessing

Space-time processing algorithms are profoundly influenced by the channel
characteristics®. A description of the effects of the channel characteristics
and the corresponding mitigation techniques are given in Figure 5.6.

Effect Mitigation
- Time varying channel - Channel tracking
Doppler Spread || - Reduces reciprocity in TDD | . Reduce TDD turn around
- Time selective fading time
- Time diversity
- 1Sl . o - Equalization/RAKE
Delay Spread || - %ﬁdaﬂfg reciprocity Intime | _ A ngle selectivity

- Frequency selectivefading | - Frequency diversity

- Space selective fading - Space diversity
Angle Spread || - Reduces reciprocity in - Reduce frequency spread in
space channel FDD

Figure 1.9: Channel characteristics influencing space-time processing.

51n space-time processing, the channel is broadly defined to include also the interference
channels.
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1.5.1 Doppler Spread

Doppler spread, induced by the motion of subscribers or scatterers, has
a strong influence on space-time processing algorithms in different dimen-
sions. The Doppler spread is large in macro-cells which serve high mobility
subscribers. Also it increases with higher operating frequencies. Doppler
spread is also present in low mobility (microcell) or fixed wireless networks
due to mobility of scatterers (e.g. traffic). A discussion of Doppler and delay
spreads of mobile radio channels can be found in [51].

In a TDMA system, if the time period of a frame is small compared to the
coherence time of the channel (as in GSM), the channel will be reasonably
constant during the frame, and we do not need to track the channel during
the frame. On the other hand if the frame duration is comparable to, or
longer, than the coherence time of the channel (as in IS-136), the channel
changes significantly and we need to track the channel during the frame.
Although the channel typically does not vary very much during a frame in
GSM it can vary a non-negligible amount if the speed is very high, say on
a high speed train, and the carrier frequence is high, say 1800 MHz. In this
case some improvements can be achieved by designing an equalizer which
will be robust against the anticipated time variations during the frame. How
to design such equalizers is discussed in Section 7.3 of Chapter 7.

Fading can sometimes be combatted in the time domain by interleaving and
coding. This is however only effective if the coherence time is shorter than
the interleaver depth. For slowly time varying channels, other forms of di-
versity may be necessary to ensure acceptable link quality, e.g. frequency
hopping. Also, as mentioned in Section 1.4.1, in time division duplex sys-
tems, the reciprocity of the channel is valid only if the channel coherence
time is much larger than the duplexing time.

1.5.2 Delay Spread

Delay spread arises from multipath propagation and can be large in macro-
cell systems with antennas located above the roof tops. It is most pro-
nounced in hilly terrain areas and least pronounced in flat rural terrain
installations. Microcells using antennas mounted below the roof tops, tend
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to have small delay spreads.

Delay spread affects space-time processing algorithms in several ways. In
TDMA systems, if the symbol period is much shorter than the delay spread
of the channel, we can avoid equalizers (as in PACS and PHP). In contrast,
in GSM, the delay spread can be much larger than the symbol period, man-
dating the use of equalizers. In general, combined space and time processing
is more effective for delay spread mitigation than time processing alone.

Likewise, in CDMA, if the delay spread is larger than the chip period, we
have inter-chip interference which, however, is usually less insidious than
the intersymbol interference in TDMA. Typically, the diversity in paths is
exploited by a RAKE receiver.

Delay spread in the channel will increase the number of uncorrelated signals
impinging on an antenna array. If there is no delay spread in the channel,
then the number of uncorrelated signals will be equal to the number of users,
desired and undesired, transmitting to the antenna array. Note however
the transmitted signals are assumed to be temporally white. Thus, if the
channels from the different users to the antenna array has a delay spread,
then the number of uncorrelated signals will be increased. Roughly we can
say that each delay spread of a symbol interval adds one uncorrelated signal
per user.

1.5.3 Angle Spread

Angle spread arises from multipath arrivals from different directions. It
is largest at the subscriber unit, where local scatterers may result in 360
degrees angle spread. At the base station, the angle spread is large in mi-
crocells with below roof top antennas. Base stations in macro-cells witness
less angle spread, it is the lowest in rural regions and becomes significant in
urban and hilly regions.

Angle spread influences a number of space-time processing issues. First,
high angle spread increases spatial diversity which should be exploited by
space-time processing. Next, the reciprocity of the spatial signature of the
channel is reduced if the angle spread is large [84]. The angle spread also
reduces the effectiveness of methods parametrizing the signal in directions
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of arrival since these will be less distinct.

The angle spread and the delay spread will affect the spatio-temporal struc-
ture of the channel. The spatio-temporal structure of the channel can be
either coupled or can decouple. If we only have angular spread and no delay
spread in the propagation channel then the overall channel will have a de-
coupled spatio-temporal structure. The channel can then be described by a
temporal filter, representing the temporal pulse shaping in the transmitter
and the receiver followed by a purely spatial SIMO filter representing the
spatial spreading of the propagation channel. The spatio-temporal structure
of the channel affects the structure and complexity of appropriate space-time
equalizer. This is discussed more in detail in Section 5.3 of Chapter 5.

1.5.4 Different Realizations of a Multi-Channel Receiver

A multi-channel receiver can be realized by using multiple antenna elements
that are spatially separated. There is however many other ways of realizing
a multi-channel receiver.

Polarization diversity is an obvious way to realize multiple channels. Al-
though the two polarizations of the signal may be collected from the same
spatial location, they typically have encountered independently fading chan-
nels. In most of the methods we use here we can simply view the signals as
coming from two independent antenna elements.

Fractionally spaced sampling can be of interest if the symbol sampling fre-
quence is lower than twice the maximum frequence content of the signal.
Fractionally spaced sampling can be handled as a multi-channel receive prob-
lem. The multiple samples during a symbol interval can be treated as if they
were coming from different sensors. The channels will be correlated, but not
identical and can thus aid the equalization or the symbol detection. This
can be viewed as an analogy to the multiple antenna receiver and many
of the techniques applied to spatio-temporal processing can be utilized in
together with fractionally spaced sampling.

Partitioning into real and imaginary part: When the modulation format only
utilizes one of the dimensions in the complex plane, for example if we have
binary phase shift keying modulation, then the real and the imaginary part
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of the signal can be treated as two different signals. Since the transmitted
signal is real (or imaginary) the real and imaginary part of the received signal
will effectively be a two-dimensional signal (one real and one imaginary
component). Each antenna element thus provides two signals. In Rayleigh
fading environments, the real and imaginary parts of the received signal will
fade independently.In the simulations presented in this thesis we have in
general not exploited these two dimensions of the signal when dealing with
modulation formats that only occupy one dimension in the complex plane
(the GMSK modulation used in GSM effectively being one such modulation
format). It is however easy to incorporate this - simply replace the complex
signals with twice as many real-valued signals. For example, an eight sensor
receiver can then be realized with only four physical antennas. An example
where we have performed separate real and imaginary processing can be
found in Section 3.4.

Multiple spatially separated antenna elements can be arranged in different
ways. We can identify two main configurations. Either the antennas can be
closely spaced, say equally spaced, A\/2 apart, in a linear or circular array.
This configuration allows us to identify directions of arrival for the incoming
signals and we can transmit in well defined directions. However, if the
signal environment does not contain scatterers located close to the receiving
antenna, it may be the case that the received signals at all antenna elements
fade simultaneously. The close spacing of the antenna elements will then not
be optimal from a diversity point of view. Instead the antenna elements can
be placed far apart such that they experience independently fading channels.
This ensures that we obtain maximum diversity gain. It will, however, then
be very difficult or impossible to identify from which directions the signals
are arriving. It will likewise be very difficult or impossible to transmit in any
well defined direction. From a reception point of view this configuration is
most beneficial, unless we want to exploit the path structure of the received
signal.

1.6 Some Notes on Special Notation

In this thesis we primarily assume time-invariant channels, unless explicitly
stated otherwise. Furthermore, the transmitted symbol sequence, d(t), is in
general assumed to be temporally white. The discrete time index is denoted
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with ¢.

1

We will use the delay operator, ¢~ *, and the advance operator, ¢, defined

by
¢ 'z(t) =zt —1) qz(t) =zt +1). (1.1)

An FIR filter can thus be expressed with a polynomial a(¢~!) with complex
valued coefficients, as

y(t) = alg™)xz(t) = (a0 +a1q™" + ... + anag” ")z (t)
=qoz(t) + a1z(t — 1) + ... + apgz(t — na). (1.2)

The above filter contains only powers of ¢! and is thus causal. In some

cases a filter will have terms involving both powers of ¢ as well as powers of
g~ !. Such a filter will be referred to as double-sided or non-causal. If the
filter contains powers of g only, it will be referred to as anti-causal.

Multiple input - single output (MISO) and single input - multiple output
(SIMO) filters can be represented with polynomial row and column vectors,
respectively, which are denoted by boldface lowercase letters. MIMO filters
can be represented by polynomial matrices, denoted by uppercase boldface
letters.

A polynomial matrix A(g~1) is said to be stably invertible if det (A(z~1))
has all its poles strictly inside the unit circle. Then the transfer function
A~1(¢7") will be stable.

A polynomial matrix A(g ') is causally invertible if its leading matrix co-
efficient, Ao, is non-singular. Then the transfer function, A(g~!), will be
causal.

The complex conjugate transpose of a filter (SISO,MISO,SIMO or MIMO)
Al =Ag+ Arg . 4 Apag™™ (1.3)

is defined as
(Al = A%(g) = AT + Aflg+... + Al g™ (1.4)

This is also generalized to non-causal polynomial matrices.
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The notation Ry, (k) stands for the lagged covariance
Ryn(k) = E[n(t)nf(t — k)] (1.5)
and the notation R, normally means

Run = Ran(0) = Eln(H)n" (1)) (L6)

Given an Hermitian and positive semi-definite matrix, R, we define the
square root, RY 2 as the positive semi-definite matrix such that

R = R'?(R'/?)H. (1.7)
For simplicity we define the notation

RH2 2 (RY/2)H (1.8)
such that we can write

R = R'?RH/? (1.9)

We will often discuss relative errors with respect to matrices and vectors.
As a measure of the relative error in the approximation A of the matrix A
we will typically use

~

Relative error in A

| A— Al
AT,

1>

(1.10)

where the notation || e ||2 represents the Frobenius norm, i.e. the square
root of the sum of the square of the components.
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Chapter 2

Channel Estimation

2.1 Introduction

We will here consider the estimation of wireless communication channels
from the transmitted symbols to received sampled signals. These channels
include the modulation process, the propagation channel as well as trans-
mitter and receiver filters. We also discuss the modeling of the noise and
interference that affect the received signal.

A general baseband model of a wireless communication channel is depicted
in Figure 2.1. The symbols, d(¢), representing source and channel coded
information (in discrete time), are first modulated onto a signal (pulse shap-
ing) and are then transmitted over the propagation channel to the receiver.

n(te)

l .

Modulation Propagation Receiver ~
d(t) (pulse shaping channel @ filters y(t)

Figure 2.1: Model of a scalar wireless communication channel.

29
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Additive thermal noise and interference is represented by the term n(t.)!,
where t. denotes continuous time. The received combination of desired sig-
nal and noise plus interference is filtered in the receiver prior to sampling.
This will in general cause the noise component in the sampled signal to be
temporally colored.

The propagation channel includes multipath propagation which causes spa-
tial and temporal spreading of the signal, i.e. the signal arrives from differ-
ent directions and with different time delays. If the source, the receiver or
the environment is moving or changing then the channel will also be time-
varying. We will here however mostly be considering time-invariant channel
models. This can be justified when considering a TDMA scheme if the frame
lengths are short.

The baseband channel consisting of the modulation, a time-invariant prop-
agation channel and the receiver filters, can typically be modeled by a time-
invariant discrete-time FIR filter as

y(t) = blg~")d(t) + n(t) (2.1)

where t is an integer representing the discrete time, y(¢) is the sampled re-
ceived signal, b(¢g™!) = bg+b1g ' +. ..+ b,q” ™ is the FIR filter representing
the channel for the desired signal, d(t) is the transmitted discrete symbol se-
quence and n(t) is the noise plus interference at the sampling instants. The
received signal y(¢) is typically a complex valued signal with an in-phase
(real) and a quadrature (imaginary) component. Likewise the coefficients
in the FIR filter, b(¢~!), are typically complex valued. Depending on what
type of modulation is used, the transmitted symbols, d(t), will either be real
or complex valued.

In order to model the communication channel with an FIR filter as in (2.1)
we need to be able to describe the modulation process with a linear FIR
model. The modulation applied in the GSM standard is an example of a
modulation that is non-linear. However, as demonstrated in Appendix 2.A.1,
it can be approximated with a linear model after some processing.

If we have multiple antennas at the receiver we can collect the received
signals in a column vector, y(t) = [y1(¢) y2(t) ... yu(t)]T, where M is the

!The thermal noise is added in several stages of the receiver but we have here chosen
to represent all noise effects by a term added prior to any filtering in the receiver.
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number of antennas. The received signal can now be modeled as

y(t) = b(g~")d(t) +n(t) (2.2)

where b(¢g™!) is a polynomial column vector containing the polynomial chan-
nels b;(g~!), of degree nb, to the individual antennas

blg") =[bi(g7") balg™h) ... bl D] (2.3)

The noise plus interference to the different antennas, n;(t), is represented
by the vector n(t)

n(t) = [n1(t) no(t) ... na(t))F. (2.4)

The noise plus interference will in some of the considered cases be modeled
as as a sum of interfering co-channel users plus thermal noise. For the case
with multiple antennas this can be expressed as

K
n(t) = 3 byla™)dy(t) + (1) (2.5)
k=1

where K is the number of interfering co-channel users, by(¢~') represent
their respective vector FIR channels, di(t) are the corresponding symbol
sequences and v(t) is the thermal noise.

Estimation of the wireless channel is of interest for many reasons. A main
reason is that knowledge of the channel can be a step in the design and tuning
of the detectors. The detector can for example be an equalizer or a maximum
likelihood sequence estimator. Another reason for estimating the uplink
channel from the mobile to the base-station is that this estimate can be used
for estimating the downlink channel to optimize downlink transmission.

If the frequencies for the uplink and the downlink transmissions are the
same, as in a time division duplexing system, then the downlink channel is
basically the same as the uplink channel. If the frequencies in the up- and
downlink are different, as in a frequency division duplexing system, it may
be necessary to parametrize the channel estimate in terms of directions of
arrival and their associated path gains. An example of such an approach is
presented in Section 2.5.

When using multiple receive antennas, the quality of the channel estimates
will be especially important. With many antenna elements the potential
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improvements in the BER of a model based equalizer by using better channel
estimates is larger than when only one antenna is used. The reason for this is
that with multiple antennas it is possible to form very deep nulls suppressing
interferers as well as high gains amplifying the desired signal. However, in
order to achieve the maximum improvement, the coefficients of the space-
time equalizer have to be accurately tuned.

The most straightforward approach for estimating a wireless channel, as the
one in (2.1), is to directly estimate the coefficients of the FIR model of the
channel. The coefficients of this FIR filter can be estimated using a least
squares approach as shown in Section 2.2.

The residuals from this channel estimation can be used to estimate the
space-time covariance matrix for the noise plus interference, n(t), in (2.2)
by forming sample-matrix estimates of the covariance for different time lags,
as described in Section 2.8.

Since channel models in general, and spatio-temporal noise models in par-
ticular, will have low accuracy when their parameters are estimated using
few data, ways to improve upon the basic least squares estimate of the FIR
parameters will be explored in this chapter. The estimates of the channel
and noise properties can be improved in at least five different ways:

1. Structural constraints and a priori information can be utilized
to reduce the number of parameters that need to be estimated.

2. The data can be pre-filtered or projected onto a subspace to
improve the signal to noise ratio.

3. The number of training data can be increased by utilizing de-
tected symbols during time intervals where the symbol sequence
is initially unknown.

4. Simplified parametric models can be estimated for the the noise
and interference.

5. Joint estimation of the channel and a spatio-temporal noise model.

We will in this chapter utilize all five principles, alone or in combination.
The following main methods will be explored and suggested.
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Utilizing known factors in the channel impulse response: When
we model the total channel from the transmitted symbols to the received
samples as an FIR channel, we have not used of the fact that the pulse shap-
ing performed in the modulation is known. The only part of the channel
we really need to estimate is the propagation channel and the part of the
transmitter and receiver filters that are unknown. Such an approach has
been presented in [75] and for the special case of a GSM channel in [89]. We
will in Sections 2.3 and 2.4 consider an approach that is slightly different.
In its simplest form, it concatenates an unknown discrete time FIR filter
modeling the propagation channel with a known discrete time FIR filter
modeling the pulse shaping in the modulation and known parts of the re-
ceiver filter. However, discrete-time FIR models of the pulse shaping, etc.,
cannot be determined completely from their known continuous-time shapes.
Instead, the total channel can be approximated as a sum of several unknown
discrete-time FIR filters representing the propagation channel, each multi-
plied by known FIR filters. The known FIR filters are sampled versions
of the pulse shaping function, sampled with different specific sampling off-
sets. By increasing the number of branches, the model can be arbitrarily
refined. Fractionally spaced sampling can also be introduced. We now only
need to estimate the coefficients of the unknown FIR filter representing the
propagation channel.

In Section 2.4 the method of utilizing pulse shaping information presented
in Section 2.3 is generalized and applied to multi-user channel estimation.
When we want to estimate channels to multiple user jointly it is of great im-
portance to keep the number of parameters small. The temporal parametriza-
tion helps in doing this and we can see in the simulations that it pays off.
By utilizing the pulse shaping information we can estimate the channels to
more users jointly.

Parametrizing the spatial structure of the channel: If the signals
arrive to an antenna array from a few directions only, then we may model the
channel in terms of a few signal paths parametrized in angles of arrival and
gains. Such an approach using a method called CDEML [15] is investigated
in Section 2.5. In the scenario studied in Section 2.5.3 we can see that the
performance measured in terms of equalizer BER is improved. The largest
improvement is however achieved when the correct number of signal paths
is assumed. This is of course a potential weakness with the method.
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In Section 2.6, a different use of the spatial channel structure is presented.
This is a non-parametric method, based on the fact that a model of a typ-
ical space-time channel will not utilize all its available degrees of freedom.
The channel, as well as the desired signal, lies in a subspace defined by the
dominant eigenvectors of the spatial signal covariance matrix. By projecting
either the taps of the channel [74] or the received signal samples onto this
subspace, the performance of the channel estimation and the subsequent
equalization can be improved. Projecting the received signal onto this sub-
space turns out to be particularly effective. By only retaining the significant
components in the subspace, a reduction of the dimension of the problem is
furthermore achieved. This results in a better estimated spectrum for the
noise plus interference as well as in reduced complexity for all subsequent
processing.

It should be noted that a projection of the taps of the channel estimate or
of the received signal samples onto the signal subspace will not suppress
co-channel interferers, since the interference will be contained in the signal
space. The attained improvements are partly due to a removal of noise
components, and thus constitutes a form of noise-reducing pre-processing.
The performance improvement is also due to the reduced dimension, which
will facilitate the estimation of the covariance matrix for the noise plus
interference.

Utilizing decided data in the channel and noise estimation: Most
of the channel estimation schemes in this chapter are based on short se-
quences of training data. After an initial equalization and estimation of the
transmitted data symbols in a TDMA frame, the channel can however be
re-estimated utilizing all, or a part of, the symbols in the frame. Unless
there are too many errors in the initial estimates of the data symbols, this
new channel estimate will be improved. The procedure can be repeated
by, re-estimating the symbols and re-estimating the channel. In Section 2.7
this method, here called bootstrapping, is presented. Channel estimation via
bootstrapping is a good way to handle co-channel interferers. The artificially
created long training sequence reduces the channel estimation errors intro-
duced by the strong co-channel interferers. The estimate of the noise plus
interference covariance matrix is also improved, which is important when
suppressing co-channel interferers.
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Estimation of the spatial covariance structure only: In many cases,
it may not be feasible to utilize the full space-time spectra, or the covariance
matrices involving many time lags, since their estimates will have poor accu-
racy when based on few data. One solution to this problem is to only utilize
the spatial spectrum of the noise plus interference, i.e. the noise covariance
matrix for lag zero. This will result in space-time equalizers that suppress
the noise plus interference spatially, see Chapters 3 and 4.

Estimation of a space-time AR model for the noise plus interfer-
ence: A good way of catching some of the spatio-temporal features the
noise and interference spectrum is to model it as a space-time AR process
and estimate this noise model jointly with the channel for the desired sig-
nal. These estimates can then be used in a space-time equalizer in order to
realize space-time supression of the interferers. This was proposed in [7] in
conjunction to an MLSE. This method can be very useful when the number
of strong interfering signals are more than can be handeled with spatial-only
interference suppression. From the discussion in Section 2.9.2, we can un-
derstand why an AR model, even a low order AR model, for the noise plus
interference can be useful in an equalizer or maximum likelihood sequence
estimator. The important observation to make is that the the AR noise
model denominator does not have to model the noise particularly well, it
only has to be able to suppress the noise plus interference as a part of a
noise whitening filter. Furthermore, the AR-model for the noise plus inter-
ference is easy to utilize in the design of either a space-time DFE as described
in Section 3.2.2 of Chapter 3 or with a space-time MLSE as described in
Chapter 4. An example AR modeling of the noise plus interference combined
with a space-time DFE can be seen in one of the simulations in Section 3.4.
With a large number of antennas antennas or a high order of the AR noise
model, the number of parameters can however become large compared to
the number of available equations. This can make them potentially difficult
to estimate accurately, especially if the SNR is not high enough. It should
also be noted that this method may be combined with the Bootstrap chan-
nel estimation in Section 2.7. The extra artificial training symbols achieved
with the Bootstrap method can potentially help the estimation AR models
when using a large number of antennas.
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2.2 Directly Parametrized FIR Channel Estima-
tion

If we assume that a known sequence of training symbols, {d(t)}Y,, is avail-
able, then a straightforward way to estimate the channel between the trans-
mitted symbols and the received samples at one antenna is to model it as
a scalar FIR channel as in (2.1) and estimate the coefficients with a least
squares method. The received signal, y(t), is thus modeled as

y(t) = blg™")d(t) + n(t) (2.6)

where y(t) is the received signal, d(t) is the transmitted symbols, n(t) is
additive thermal noise and interference and

b(g™h) =bo+big + ..+ bypg™ (2.7)

is a FIR filter model of the total scalar channel.

Alternatively, in vector notation we can write
y(t) = bd(t) + n(t) (2.8)
where d(t) is a column vector containing delayed transmitted symbols
d(t) = [d(t) d(t —1) ... d(t —nb)]T (2.9)
and b is a row vector containing the FIR filter taps

b=[by b ... by (2.10)

The error between the true received signal and the model of the received
signal, measuring over the training sequence data {d(t),y(t)}, t=1,2,...,N)
is given by

N

J= Y |y(t) —bd(t)|*. (2.11)

t=nb+1

The parameter row vector, b, that minimizes this norm is given by the
standard least squares solution [87]

. L H .1
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where
1 N
T _ H
Ray=5—— D dtly" () (2.13)
t=nb+1
and
1 N
T _ H
Rag= > dt)d" (). (2.14)
t=nb+1

If we have multiple antennas at the receiver we can collect the received
signals in a column vector, y(t) = [y1(¢) y2(t) ... yu(t)]T, where M is the
number of antennas. The received signal can now, as in (2.2), be modeled
as

y(t) = b(g 1)d(t) + n(t) (2.15)

where b(g ') is a polynomial column vector containing the polynomial chan-
nels b;(¢~!), of degree nb, to the individual antennas

blg™") =[bi(g™") balg™") ... bar(g D] (2.16)

The noise plus interference to the different antennas, n;(t), is represented
by the vector n(t)

n(t) = [n1(t) no(t) ... na())F. (2.17)

Switching from polynomial notation to matrices and vectors the received
signal channel can alternatively be modeled as

y(t) = Bd(t) + n(t) (2.18)

where B is the M x (nb+ 1) channel matriz

B=[" bl ... v%]" (2.19)
with the coefficients of the polynomials b;(¢~!) in the vectors
bz' = [bz() bil ... bmb] (2.20)

and d(t) is the vector with delayed symbols in (2.9).
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Each row, b;, in the channel matrix thus contains the channel coefficients for
the channel to a specific antenna element. The FIR least squares estimate
for each row in (2.19) is given by (2.12). By combining these estimates we
can se that the FIR least square estimate of the channel matrix B can be
written as

where
1 N
I H
= 2.22
Ray =y 2 ") (222)

and where Rgq is given by (2.14).

2.3 Temporal Parametrization

By modeling the total channel between the transmitted symbols and the
received samples as a directly parametrized FIR channel one does not utilize
the fact that this channel includes the known effects of pulse shaping due
to modulation at the transmitter and filtering in the receiver. By utilizing
this knowledge, the channel estimate can be improved since the number of
parameters to be estimated is reduced.

A commonly used channel estimation method for GSM channels that utilizes
pulse shaping information can be found in [89]. Here the received training
part of the signal is correlated with the modulated training sequence. The
training sequence is constructed so that the correlation approximately will
give the unknown part of the channel, i.e. excluding the pulse shaping.

In [75] a method for channel estimation is presented that discretizes the
convolution between the continuous-time pulse shaping function and the
“unknown” continuous-time channel impulse response. This results in a
parametrization of the total channel in terms of parameters for the unknown
part of the channel. This parametrization is then used in order to estimate
the total channel.

The channel estimation method presented here also derives a parametriza-
tion of the total channel in terms of parameters for the unknown part of
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the channel. The approach to the modeling is however different from that
in [75]. The method considered here is based on an approximation which
uses a set of pulse shaping functions sampled at different time instants. This
can approximately be viewed as an interpolation? between sampled versions
of the pulse shaping function with different offsets in the sampling instants,
similar to the method used in [56] to introduce some degrees of freedom in
the reference signal for a sample matrix inversion beamforming algorithm.

The method in [75] is formulated as a method for multiple antennas. A
closer study however reveals that the channel estimation to the different
antennas decouples and it is thus a purely temporal method. The method
considered here is only presented as a purely temporal method. In the
simulation example presented in Section 2.3.3, multiple antennas are used,
but the channel estimation is applied to each of the antennas independently.

Since the method presented here and the method in [75] are based on similar
principles it is believed that they are equivalent in their performance. The
method presented here can however adds useful insight into the modeling of
the channel.

Other approaches where pulse shaping information is used for channel esti-
mation can also be found, for example, in [43], [49] and [50]. A blind method
using pulse shaping information is presented in [20)].

2.3.1 Channel Modeling

In continuous-time, a linear communication channel with linear modula-
tion can be modeled by a linear pulse shaping filter, p(¢.), concatenated
with a linear filter, h(t.), representing the propagation channel. In the
pulse shaping filter we can include all known linear filtering which is per-
formed both at the receiver and at the transmitter. Any unknown filtering
in the transmitter and the receiver can be included in the model of the
unknown propagation channel. This continuous-time model is depicted in

%Since the approximation can be scaled in absolute magnitude, and more than two
sampled pulse shaping functions can be involved, it will however not be interpolation in
the true sense but rather a linear combination of the sampled pulse shaping functions.
The word “interpolation” will however be used here in this wider sense. This modeling is
illustrated below for two different pulse shaping functions used in GSM [24] and IS-136.
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n(tc)

Pulse shaping Propagation channel
T

Figure 2.2: Continuous-time channel model where p(t.) represents all known
pulse shaping and filtering at the transmitter and the receiver.

d(t)— blg) —Grg—y(t)

Figure 2.3: Discrete-time FIR channel model describing the symbol-spaced
received signal y(%).

Figure 2.2. The resulting discrete-time channel can be modeled with an
FIR filter, b(¢g~!) = by + b1g~ ! + ... + byg™ ", as in Figure 2.3. By using
a known training sequence the taps in b(¢~!) can be estimated with a least
squares method. However, by estimating b(¢~!) directly we do not utilize
the a priori knowledge of the pulse shaping filter p(t.).

A first step towards incorporating the a priori knowledge of the pulse shaping
filter into the discrete-time channel model is to sample the impulse response,
p(t.), T-spaced (symbol spaced) and form an FIR filter p(¢ ') from these
samples. The discrete-time model then becomes p(g~!) followed by a T-
spaced discretization, h(¢g™!), of the propagation channel h(t.). This model
is depicted in Figure 2.4.

The channel estimation is now restricted to estimating the coeflicients of the

n(t)

z(t)

d(t)— plg™) h(g™") y(t)

Figure 2.4: Discrete-time channel model with a pulse shaping filter.



2.3. Temporal Parametrization 41

FIR filter h(g '), using the “modulated” signal z(t) as the input signal. A
potential problem with this method is that the model may be too coarse.
When designing p(¢~!) we have to choose where to sample the pulse shaping
function p(t). For a pulse resulting from the modulation of a single symbol
passing through the system and being sampled at these instants, this will

be a perfect model. Such a pulse will be represented by a single tap in the
channel h(g71).

However, for a pulse passing through the channel and being sampled at time
instants in between the chosen sampling points of p(t), the model will not
be perfect. The approximation of such a sampled pulse will essentially be a
combination of two shifted versions of the sampled pulse shaping function,
p(g~!). Apart from a possible scaling factor this can be viewed as an inter-
polation between the two shifted pulse shaping filters. This will result in a
representation with essentially two adjacent taps in the channel h(g™!).

If improved accuracy is desired in the model, more than one sampled ver-
sion of the pulse shaping function p(t) (similarly to [56]) can be used as in
Figure 2.5. The modeling of the channel is here divided into two branches
with two different sampled versions of the pulse shaping filter, pg.o(¢~!) and
po.s(q 1), with their sampling instants offset by half a symbol interval. The
subscript refers to the offset of the filters center tap from the center or peak
of the pulse shaping function p(t). See the examples depicted in Figures 2.9
and 2.10, respectively.

Each discrete-time pulse shaping filter is followed by a discrete-time chan-
nel filter, h1(¢g™!) and ho(g~!) respectively. Each pulse passing through the
system will now be represented as a single tap in h1(¢™!) or ha(¢™ ') or a com-
bination of two or more adjacent taps. Again this can be viewed as an inter-
polation among adjacent (possibly more than one) sampled and shifted pulse
shaping functions. Note that the interpolation is now performed among T'/2-
spaced sampled and shifted pulse shaping functions poo(¢ ') and po5(g1)-
This interpolation is thus improved compared to the T-spaced interpolation
in Figure 2.4. If an even finer approximation is desired, a larger number of
pulse shaping filters, with less spacing between the sampling instants, can
be used.

Fractionally spaced sampling, with an oversampling factor of 2, can be rep-
resented in the continuous-time model by introducing a positive time shift
of -T/2 before an extra sampler, as showed in Figure 2.6. By using more
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I (t)

hi(g™") n(t)

2(t) ha(g™)) J

poolg™)

pos(gt)

Figure 2.5: An improved discrete-time channel model utilizing multiple pulse
shaping filters.

d(t)—  p(tc)

Figure 2.6: Continuous-time channel model with fractionally spaced sam-
pling, where the block —% represents a positive time shift of half a symbol.

such branches finer fractionally spaced sampling can be introduced in the
model.

The discrete-time model obtained by introducing fractionally spaced sam-
pling in the scheme of Figure 2.5 is displayed in Figure 2.7. The sampled
pulse shaping functions p_g5(¢~!) and pgo(g~!) for the “T/2-branch” will
have their sampling instants offset by -T/2 from pg o(¢~!) and pg 5 in the “T-
branch”. It is important to note though that the same channel filters hy(q™!)
and h2(g~!) can be used in the two branches. The reason for this is that
what is a good interpolation in both the “T-branch” between pg (g ') and
po.5(¢ 1) will also be a good interpolation between p_¢.5(¢1) and pgo(g~1)
in the “T/2-branch”. An important consequence of this is that the num-
ber of parameters to be estimated in the fractionally spaced channel model
does not increase while the number of equations does due to the extra data
points. The estimates of the channel filters h;(¢~!) and ha(g™!) can thus
be improved with fractionally spaced sampling.

An alternative way of presenting the model in Figure 2.7 is to exchange
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N0 _
—1 po.olg™") = hi(g™") j n(t)
d(t) — y(t)
- posta ) 2 g
1| 712(2) _
—{p-0s(g”) hi(g™) j n(t+7)
y(t+ %)
— poolg™") z22(t) ha(g™t)

Figure 2.7: Discrete-time channel model with fractionally spaced sampling
and multiple pulse shaping filters per sampling branch.

places between the pulse shaping and channel filters as seen in Figure 2.8.
In this description it is clear that the same channel filters can be used in
the “T-branch” and the “T/2-branch”. One can also interpret the taps in
the channel filters, h1(g ') and ho(g '), as every second tap (even and odd
respectively) in a T/2-spaced channel model.

2.3.2 Channel Estimation

For clarity of the presentation the equations below are presented for the
case with T/2-spaced fractional sampling and two pulse shaping filters per
branch as in Figure 2.7. The equations can however easily be extended to
any amount of oversampling and any number of pulse shaping filters per
branch.

Let us arrange the fractional samples of the received signal in a row vector

y(t) = [y®) y(t+ ) (2.23)
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hi(gt) poolgt) j‘ n(t)
d(t) j@—é} y(t)
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poolg™t)
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Figure 2.8: Re-ordered structural channel model with fractionally spaced
sampling.
This signal vector can now be expressed as

y(t) = blg™")d(t) + n(t) = h(g™")P(g~")d(t) + n(t) (2.24)

where b(g~!) is a polynomial row vector containing the channel polynomials
corresponding to the fractionally spaced samples. Furthermore, the pulse
shaping matrix, P(¢~1!), is given by

1y [ poola™) posla™)
Pg™) = pos(g™")  poolg™) (2.25)

and the channel vector h(g ') is given by
h(g™") = [hi(g™") ha(g ). (2.26)

The vector n(t) = [n(t) n(t+ %)] represents the fractionally spaced sampled
additive noise.

By using the “modulated” signal, ¢f Figure 2.7
X(t) = P(g™)d(t) (2.27)
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the received signal can now be written as

y(t) = k(¢ X (1) +n(t). (2.28)

We see that we have a multiple-input multiple-output identification problem
for estimating the channel k(g !). This can, as shown below, be solved as
a least squares problem.

In order to form a system of equations we vectorize equation (2.28) giving

y(t) = hX (t) + n(t) (2.29)
where
h=[hio hi1 -.. high hoo ho1 -.. hown] (2.30)
and
0= 200 2] 23)
with

Zij(1) = [0y (1) @it —1) .. ay(t—nh)]". (2.32)

The unknown channel parameter vector h can now be estimated with the
least squares method as

N ~ A1

where
1 t=tmaz
Ryx = X H (¢ 2.34
ot 2 YO (2:34)
and
. 1 t=tmaz
Ryx = > o x@pat. (2.35)
tma:c - tmz’n + t=tmin

An estimate of the total channel b(¢g~!) is then obtained as

bg™") = h(g")P(q). (2.36)
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The time instants t,,;, and t,,,, represent the minimum and maximum time
samples of the used training data. Due to the pulse shaping, the taps at the
beginning and the end of the channel b(¢~!) will be small. Extending the
training sequence with a couple of zero elements will improve the channel
estimate if the SNR is low since more equations are then being used. At
high SNR it could however worsen the channel estimate since an incorrect
assumption is made when extending the training sequence with zeros. In
the simulations presented below, the training sequence was extended with
two zero elements on either side.

In order to simplify the presentation, it has here been assumed that all prop-
agation channel polynomials h;(¢~!) have the same number of coefficients.
This is however not necessary. For example, if the time delays in the propa-
gation channels only span one symbol interval, [0,T], then the ¢! term, kg,
in hy(g™!) is not necessary since it extends the possible time delays to the
interval [T,1.5T]. Ounly the zero order coefficient, hgg, is required and con-
sequently coefficients associated with larger delays should not be included
in the polynomial hy(q !). The parameter vector h and the regressor X (t)
should be reduced accordingly. The removal of superfluous parameters will
lead to a better estimation of the remaining parameters since unnecessary
degrees of freedom have been removed.

By changing the number of pulse shaping filters per branch and their spacing
and removing unnecessary coefficients in the channel filters h;(¢~!), an ar-
bitrary refined model, spanning an arbitrary delay spread, can be obtained.

2.3.3 Example

To illustrate the use of pulse shaping information in channel estimation we
have here applied it to two different pulse shapes: a derotated linearization
of the GMSK modulation with BT=0.3 as in GSM, see Appendix 2.A.1, and
a raised cosine pulse with a roll-off factor of 0.35 as in the North American
standard IS-136. In both cases binary signaling is assumed. For the GSM
signal, a receiver filter modeled as a fourth order Butterworth filter with a
bandwidth of 90 kHz, has also been included.

A channel with independently Rayleigh fading taps, of the same average
power, with the delays 0, 0.25, 0.5, 0.75 and 1.0 symbol periods has been
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used as a test channel. The channels were constant during each frame but
independently fading between frames. The receiver had two antenna ele-
ments.

Five different channel estimation algorithms were used. Three utilizing the
pulse shaping information and two using a directly parametrized FIR chan-
nel model. The three algorithms utilizing the pulse shaping information
used T-,T/2- and T/3-spaced interpolation respectively, spanning delays in
the interval [0,T]. The two FIR channel models used 6 and 4 taps with a
delay of 1 and 2 taps respectively. The FIR channel taps were estimated
with a standard least squares method. All methods used the same num-
ber of training data for the channel estimation in the GSM and the IS-136
examples respectively. For the GSM pulse 26 symbols and for the IS-136
pulse, 14 symbols were used in the training sequence?. The equalization was
performed with an MLSE operating on a channel truncated to a pure delay
of one tap followed by 5 taps. This truncation did not affect the result-
ing BER significantly except possibly for high SNR. The MLSE used was a
multi-channel MLSE assuming white Gaussian noise, see for example [59].

In Figures 2.9 and 2.10, the taps of the selected pulse shaping polynomials
can be seen for the linearized GSM pulse and IS-136 pulse respectively. For
the GSM pulse, the fourth order lowpass Butterworth receiver filter with
bandwidth 90 KHz has been included in the pulse shaping function. The
dotted line represents T-spaced interpolation between time shifted versions
of poo(g!) and p_gs5(¢ !) in the “T-branch” and “T/2-branch” respec-
tively. We can see that due to the smoother GSM pulse, the T-spaced
interpolation in Figure 2.9 will be much better for this pulse as compared
to the IS-136 pulse in Figure 2.10.

In Figures 2.11 and 2.12, the relative channel estimation errors* for the T,
T/2 and T/3 spaced interpolation can be seen for the GSM and the IS-136
pulses respectively. Note that the channel error is relatively small for the
GSM pulse with T-spaced interpolation. This agrees with the dotted inter-
polation lines drawn in Figure 2.9. The major part of the improvement in
the modeling comes when going from T-spaced interpolation to T /2-spaced
interpolation. The improvement between T /2-spaced and T/3-spaced inter-

3This corresponds to the number of training symbols in the respective systems.
4The relative channel errors are defined as the Frobenious norm of the error in the
channel matrix divided by the Frobenious norm of the true channel matrix.
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Figure 2.9: Real part of a derotated linearized GSM pulse (including the
receiver filter causing the asymmetry), p(t), and real parts of the taps of
the derotated pulse shaping filters, ppo(g~') (o) and pos(g~t) () for the
“T-branch” and p_g5(¢~!) (o) and po.o(g~?) (x) for the “T/2-branch”. The
imaginary parts are approximately zero.
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Figure 2.10: IS-136 pulse, p(t), and the taps of the pulse shaping filters,
poo(gt) (o) and pos(gt) () for the “T-branch” and p_o5(g ') (o) and
po.o(g™t) (x) for the “T/2-branch”.

Relative channel identification error

0.08

Percent error

0.06

0.04

0.02

0 | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Delay [T]
Figure 2.11: Relative approximation error for a single GSM pulse with a

delay between 0 and T. T-spaced modeling (solid), T/2-spaced modeling
(dashed) and T/3-spaced modeling (dash-dotted).
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Figure 2.12: Relative approximation error for a single IS-136 pulse with a
delay between 0 and T. T-spaced modeling (solid), T/2-spaced modeling
(dashed) and T/3-spaced modeling (dash-dotted).

polation is smaller, at least measured in absolute terms. We can conclude
that the T-spaced interpolation seems sufficient in GSM and that the T/2-
spaced interpolation should suffice for both pulses except when very accurate
modeling is required.

An example of how the interpolation is performed can be seen in Figure 2.13
for the IS-136 pulse, without noise. We can see how the coefficients vary as
a single pulse with delay varying from 0 to T is being modeled. Although
mainly two taps at a time model the pulse, a third tap in the T/2- and
T/3-spaced interpolation has a non-negligible amplitude. The sum of the
taps is also different from one. Thus, as mentioned earlier, the method is not
a true interpolation between pulse shaping filters but rather an optimized
linear combination of shifted pulse shaping filters.

In Figures 2.14 and 2.15 the resulting BER of the MLSE and the relative
channel errors can be seen for the GSM and IS-136 pulse respectively. In
both cases, utilization of the pulse shaping function provides better perfor-
mance. For the GSM pulse using 26 training symbols, the improvement is
however not so large. This can possibly be explained by the longer train-
ing sequence. Utilizing the pulse shaping function reduces the number of
complex parameters to estimate to 2, 3 and 4 for T-, T/2- and T/3-spaced
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Figure 2.13: Coefficients in the parameter vector h for T, T/2 and T/3
spaced interpolation as the delay of a single pulse varies from 0 to T. Where
applicable: coefficient number one (solid), coefficient number two (dashed),
coefficient number three (dash-dotted) and coefficient number four (dotted).
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Figure 2.14: BER and relative channel error for the GSM pulse and the
chosen test channel. FIR channel estimation with 6 (upper solid) and 4
taps (lower solid), T-spaced interpolation (dashed), T/2-spaced interpola-
tion (dash-dotted) and T/3-spaced interpolation (dotted).
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Figure 2.15: BER and relative channel error for the IS-136 pulse and the
chosen test channel. FIR channel estimation with 6 (upper solid) and 4
taps (lower solid), T-spaced interpolation (dashed), T/2-spaced interpola-
tion (dash-dotted) and T/3-spaced interpolation (dotted).
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interpolation as compared to 12 and 8 complex coefficients for the FIR chan-
nel estimation (7'/2 fractionally spaced). This reduction of the number of
parameters will have the largest impact on the accuracy when using shorter
training sequences, as for example in the IS-136 case with only 14 training
symbols.

Even though the BER is insignificantly improved in the GSM case, there
is a non-negligible improvement in the channel estimation error, especially
for low SNR. Depending on how sensitive the used equalizer is to channel
estimation errors, this may pay off also for the GSM case. For example,
an equalizer using many antennas is often more dependent on good channel
estimates than an equalizer using only a few antenna elements.

For the GSM case, the T-spaced interpolation appears to be reasonably
good. Only at the higher SNR is the T/2-spaced interpolation better. The
T/3-spaced interpolation is a worse choice, at least for low SNR. This is
most likely because the identification becomes ill-conditioned as adjacent
pulse shaping filters become more correlated.

A different way of performing channel estimation using information about
the pulse shaping function using correlation between the received signal
and the modulated transmitted training sequence can be found in [89]. No
comparison has however been done with that method.

For the IS-136 pulse, the T-spaced interpolation is too coarse. The true
channel can thus not be accurately modeled. This is particularly appar-
ent at high SNR. The T/2-spaced interpolation has the best performance.
Again the T/3-spaced interpolation has a worse performance than the T/2-
spaced interpolation, suggesting that the model then is ill-conditioned. The
improvements in both channel estimation error and detector BER is higher
for this case. This is most likely due to the shorter training sequence.

2.3.4 Summary

We can conclude that by utilizing the pulse shaping information we can
model the channel well with a reduced number of parameters and, not un-
expectedly, the channel estimate improves compared to estimating the taps
of the FIR channel model directly.
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For the simulations with the GSM pulse, T-spaced interpolation appears to
suffice when the performance is measured in BER. The T/2-spaced interpo-
lation has better channel estimates though which could possibly be of value
in a different scenario.

For the example simulations with the IS-136 pulse, the T-spaced interpola-
tion is insufficient. The T/2-spaced interpolation performed notably better
in both BER and relative channel error.

For both pulse shapes the performance decreased when using the T /3-spaced
interpolation. This is suspected to be due to the identification becoming ill-
conditioned as the correlation between the pulse shaping filters increase.

2.4 'Temporal Parametrization of Multi-User
Channels

A wireless communication system were capacity is an issue is often inter-
ference limited, i.e. the signal quality is limited because of co-channel in-
terference rather than noise. If the channels to the interfering signals can
be estimated jointly with the desired signal, the channel estimates of the
desired signal as well as of the interferers can be improved. This can be
utilized in the equalization of the signal.

Since in joint multi-user channel estimation, the number of parameters to
be estimated grows linearly with the number of users while the number of
equations remains constant, it is important to use as few parameters as
possible per user. The number of equations is limited since the length of the
training sequence is limited.

One way to economize on the number of parameters to estimate, is to uti-
lize knowledge of the pulse shaping in the transmitter and the receiver as
described in Section 2.3. Since this method economizes on the number of pa-
rameters to be estimated for each user, it will improve the channel estimates
in line with the Parsimony principle. In some cases it will also make other-
wise impossible joint multi-user channel estimation possible. We illustrate
this by studying a multi-user channel estimation example.
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2.4.1 Channel Estimation

The temporal parametrization in Section 2.3.2 can be generalized to multiple
users. A model for two users with one antenna element, using fractionally
spaced sampling (two samples per symbol) is depicted in Figure 2.16. The
model of the sampled output from one antenna can be expressed in equations
as

y(t) = h(g ) X(t) +n() (2.37)

where n(t) = [n(t) n(t+ Z)] is a vector containing the noise samples and
the unknown propagation channels for the users, h(g~!), is given by

h(g~") =[hi(g™") ha(g ") (2.38)
where

hi(g™") = [hi(g™") hia(g™)] (2.39)
and

z111(t)  @112(t) .

| wi2a(t) zio2(t) | | P(gT)di(t)
X0 = zo11(t) war2(t) | [ P(q7")da(t) ] (240)
x201(t) w222(t)

The pulse shaping matrix is the same as for the single user case, i.e.

“1y _ [ poole™) p-oslg™)
Plg™) = [p0.5(q_1) poolg™) ] (241

Compared with the model in (2.23) — (2.28), we now, with two users, have
twice as many parameters to estimate but the same number of equations
(sampled outputs).

In order to form a system of equations we vectorize equation (2.37) and
obtain

y(t) = hX(t) (2.42)
where

h=[hy hy] (2.43)
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Figure 2.16: Example multi-user channel model for two users sending the
messages di(t) and dq(t) respectively to one antenna element, where the

received signal is sampled twice per symbol time.
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with
hi = [hi1 hio] (2.44)
hij = [Rijo hiji ... hijnn] (2.45)
and
T111(t) ZT112(t)
| Tia1(t) Zioa(?)
X = T211(t)  Zo212(t) (2.46)
Too1(t) Zo22(t)
where
"ilijk(t) = [xijk(t) a:z'jk(t — 1) - iL‘Z'jk(t — ’th)]T (2.47)

The unknown channel h can now be estimated with the least squares method
as

~

h = Ryx Ry, (2.48)

where

> ymat (2.49)

and

1 t=tmaz

Y x@at() (2.50)

t=tmin

RXX =
tmaz — tmin + 1

The total channel b;(¢ ') to each of the two users can then be estimated
with

~

bi(g™') = hi(gTHP(q7). (2.51)

The time instants %,,;, and t,,,, represents the minimum and maximum
time samples of the training data used. In multi-antenna systems, a channel
estimate (2.51) can be computed separately for each antenna output. Similar
considerations as in Section 2.3.2 apply, such as the choice of the coarseness
of the modeling.



2.4. Temporal Parametrization of Multi-User Channels 59

Relative Channel Error

Nr of users

Figure 2.17: Relative channel error and the BER for one user for the multi-
user channel estimation example. Single user LS estimation (solid *), Joint
muli-user LS (dashed x), Joint multi-user estimation utilizing pulse shaping
information (dash-dotted o).

2.4.2 Examples

Since it would be advantageous to use multiple antennas for multi-user de-
tection, we here use a receiver with 4 antennas. The number of users is
ranging from one to 4. Each mobile had a channel with equal average power
Rayleigh fading taps at delays 0.00, 0.33, 0.67 and 1.00 symbol intervals.
The taps for each mobile and antenna element were independently fading.
The channels were constant during each frame but independently fading be-
tween frames. A raised cosine pulse with roll-off 0.35 was used for the pulse
shaping. Other parameters were: 18 training symbols, fractionally spaced
sampling (two samples per symbol), T/2-spaced modeling. The SNR was
3dB and all mobiles had equal average relative strength.

After the channels from the mobiles to all antennas had been estimated, a
single user multi-channel MLSE with spatial interference cancellation, see
Chapter 4, was applied to the received signal, to detect one user. In Fig-
ure 2.17 the relative channel estimation errors and the BER for the detected
user can be seen for different number of mobiles present.

First we note that the joint LS channel estimation performs better than the
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single user LS channel estimation for the cases with two and three users.
The reason for this is likely the improved modeling that is accomplished
by modeling all users instead of treating some of them as noise. For four
or more users the joint LS method is however worse. Then the parameters
in the joint model are simply too many. For the number of users studied
here, the method utilizing the pulse shaping information performs better
than both the single and joint LS channel estimation. This is because this
method has fewer parameters to estimate per user. For the joint multi-
user channel estimation, this becomes especially important as the number
of users increases.

With pulse shaping included, the channel spans about 4-6 symbol intervals
depending on where we choose to truncate. In the LS methods we chose to
use 4 taps and in the pulse shaping method we used 2 taps in each branch
of H(g™!). The joint LS method will thus have 8 parameters per user to
estimate with 36 equations (2 X 4 and 2 X 18 because of the fractionally
spaced sampling). The pulse shaping method will have 4 parameters (2 per
branch) per user to estimate with 36 equations. As the number of users
increases this difference becomes more important. We can understand this
by considering a limiting case when the number of users is so large that the
joint LS method has more parameters than equations while this is not the
case for the pulse shaping method. In this case the joint LS method will
not work, while the pulse shaping method will. This is why we see that the
joint LS method degrades in performance faster than the method utilizing
the pulse shaping when the number of users increases, cf Figure 2.17.

2.4.3 Summary

When estimating the channels to multiple users jointly with a short training
sequence it is important to reduce the number of parameters per user. This
is because the number of parameters increases linearly with the number
of users while the number of equations, determined by the length of the
effective length of the training sequence®, remains constant.

SWith the effective length of the training sequence we mean the number of training
relations that can be formed with the method we are using. This number is usually smaller
than the length of the training sequence since we cannot fully exploit the training symbols
in the beginning and in the end of the training sequence.
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We have demonstrated one way of doing this by means of a method which
utilize the pulse shaping information in the transmitter and in the receiver
in order to economize on the number of parameters to be estimated. In the
multi-user channel estimation example shown we can see that the method
improves the channel estimate considerably, especially as the number of
users increases.

For the pulse shaping method it is also interesting to note that when per-
forming fractionally spaced sampling the number of channel parameters to
estimate does not increase. The number of equations do however, and this
improves the channel estimates as long as the fractionally spaced noise sam-
ples are not too much correlated.

From the model errors, in Section 2.3 one can see that T/2-spaced modeling
suffices for the GSM and IS-136 pulses studied. For the GSM pulse it seems
to suffice with T-spaced modeling (or some spacing between T and T/2, e.g.
2T/3 for example).

It is possible to reduce the number of parameters to be estimated even
further. The number of taps that are non-zero in a channel will vary with
time. In order to accommodate paths with long delay times one will have
to use a channel with many taps if a fixed set of taps is being used.

Instead of using a long channel with many taps, one can try to determine
which specific taps should be non-zero at the time of the channel estimation.
Since the majority of the channels will only contain a few non-zero taps,
this will typically reduce the number of taps considerably. Again this will
be valuable for multi-user channel estimation.

2.5 Spatial Parametrization

When using an antenna array it may be possible to utilize the spatial struc-
ture of the channel to obtain a model with fewer parameters. For example if
the signal arrives from distinct directions this can be utilized in the channel
estimation.

Here estimation of the channels to an antenna array using a parametrization
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in directions of arrival and gains of signal paths is investigated. This chan-
nel estimate is compared to the temporal only least squares FIR channel
estimation.

When we estimate the FIR channel coefficients to each of the antenna ele-
ments independently using, for example, the least squares method in (2.21),
we do not utilized the spatial structure of the incoming signal. If the signal
arrives from a small number of directions, we may obtain improved chan-
nel estimates if we parametrize the joint channel to all antenna elements in
terms of directions of arrival (DOA’s) and path gains. This can be realized
by using the CDEML algorithm (Coherent DEcoupled Maximum Likelihood
Estimation) [15]. A version of the CDEML algorithm is briefly presented and
discussed below. The algorithm is also tested on a scenario with multipath
propagation and intersymbol interference and compared with the traditional
least squares channel FIR channel estimation. The performance of the al-
gorithm is also measured in terms of the bit error rate (BER) of a DFE,
designed from the estimated channels.

2.5.1 Least Squares Channel Estimation

The estimation of the channel by identifying the parameters of a vector
FIR model, as described in Section 2.2, is a purely temporal method. The
estimate of the channel matrix B in (2.21)

. H o1
Bis = RgyRyq (2.52)

is just a compact notation for the separate temporal only FIR least squares
channel estimates to the individual antennas.

This channel estimate, as mentioned above, makes no assumption about
the number of incoming signal paths. This makes it robust with respect to
such assumptions, but if the number of incoming signals per symbol delay is
small relative to the number of antennas, an improvement may be possible.
A method utilizing this fact is presented next.
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2.5.2 Coherent Decoupled Maximum Likelihood Channel
Estimation

The method described below is a version of the CDEML algorithm presented
in [15]. Let the overall channel model be represented by the vector FIR
model in (2.18)

y(t) = Bd(t) +n(t) (2.53)

where d(t) = [d(t) d(t — 1) ... d(t — nb)]T and B is the channel matrix
(2.19) (2.20) of size M x (nb+ 1). The signal d(t) is the transmitted discrete
symbol sequence. The noise plus interference, n(t), is here assumed to be
circularly symmetric®, zero-mean and Gaussian with second order moments
given by

En(t)nf(s)] = Qds E[n(t)n”(s)] =0. (2.54)
Consider the DOA’s for the incoming signals”
0=1[001 - Oy - Onpi--- Onpgy]” (2.55)
and the corresponding gains
Y=[Y01 -+ Vokr--- Vnbyl--- bk - (2.56)

The indices in the expressions above for @ and « denote tap number (delay)
and path number within each tap, in that order. Each tap is assumed to be
affected by k. signal paths arriving from significantly different directions 6.1
to Ock,. The matrix B can now be parametrized in terms of these DOA’s
and gains

B(6,v) = A(0)T'(v) (2.57)
where

A(0) = [a(GOl) e a(GO’kl) e a(0nb,1) e a(an,knb)] (258)

5A complex random variable is said to be circularly symmetric if its probability density
function is circularly symmetric around its zero mean. This will be the case if its real and
imaginary parts are uncorrelated, equally scaled and have zero mean.

"The first number in the subscript of the DOA 6;; refers to the tap number and the
second number refers to the number of the DOA within the tap.
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and
(Y1 0 - 0]
Yok,
0 7
T'(y) = : . (2.59)
VYiko
0
Ynbl
| 0 Yrbkns |

The vectors, a(f;;)), in (2.58) constitute the array response vectors for a
signals arriving from the angles 6;;.

The parameter vectors 6 and =, as seen above, are partitioned according to
which delay in B they correspond to:

y=[Mg 1 --- vie] where .= [y ... Yer]" (2.60)
0=1[6] 67 ... 67,), where 0.=1[0 ... O] . (2.61)

It can be shown (see [15]) that a large sample maximum likelihood estimate
of @ and « can be obtained by minimizing

A1

F(0,7) = tr[Rqa(B(0,7) — B1s)"Q " (B(6,7) — Byg)] (2.62)
where
R li 1 3 H
dd = lim ——0: > dt)df (). (2.63)
t=nb+1

Above, Bpg is the least squares channel matrix estimate (2.52) and

1

Y (¥(t) - Brsd(®)(y(t) - Brsd(t)” (2.64)

t=nb+1

Q=
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is an estimate of the noise plus interference covariance matrix.

In digital communications the symbol sequence d(t) is assumed to be white.

The covariance matrix, Rgq, will then be diagonal. In this case, the maxi-

mum likelihood estimates of the angles, 8, and the gains, -+, can be found by

considering the following minimization for each column, b, in B separately:
A1

{éca Ye} = arg ;?gl [A(0:)y. — EC]HQ [A(Oc)y. — BC] (2.65)

where b, is the relevant column in B which corresponds to a vector tap in
the FIR channel b(qg~!).

The fact that the minimization can be decoupled greatly reduces the com-
putational complexity. From (2.65) we can see that we are looking for 8.’s
and y.’s that minimize the weighted squared norm of the difference between
the least squares estimated column b, of BLS and the parametrized estimate

A(0c)v..

Returning to (2.62), we see that when Rgq4 is diagonal, the overall criterion
we want to minimize, is simply the weighted squared Frobenius norm of the
difference between the parametrized channel matrix, B(8,-) and the least
squares estimated channel matrix Byg, i.e. | B(#,7) — Brg ||22_1.

For a given set of angles 0., the minimizing gain 4, in (2.65) is given by the
weighted least squares solution

a”— a”oa—1

4.(0.) = {A"(6.)Q 7 A(B.)} A" (8.)Q .. (2.66)

By substituting (2.66) into (2.65) we obtain an expression for the estimated
directions of arrival [15]

A

b. = argmin{b, Q" —Q  A(0.) x

(A7(0)Q "A(0.) AT (0)Q b} (2.67)

In order to assure convergence to the global minimum, a good initial value
is required for 6.. In [15], it is proposed to initialize 8. with the k. lowest
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local minima, of the function
A1 A1
H|~-1 Q a(®)a?(0)Q -
po) =5l |o -2 2000 1y (2.68)
a”(0)Q a(f)

This is exactly the cost function to be minimized if there was only one
signal arriving per symbol delay. As the first term is independent of 8, we
can instead look for local mazimas to the function

a(0)Q 'bb, QO 'a(0)

(0) =
PO 0a a0

(2.69)

In the simulations performed in this study, this initialization procedure has
been found to have some problems. It could, for example, have difficulties in
estimating DOA’s of signals that were close to a strong co-channel interferer.
The presence of a strong co-channel interferer in the noise plus interference
covariance matrix, @, can cause a dip in the function fy .(0).

In an attempt to alleviate this problem, Q! can be removed from fo,c(6).
The result is a simple “beamformer” DOA estimator. The initial values of
the components of . can thus be chosen as the local maximas of the function

al ()b AHa
f1,e(0) = Cffl)(?; ;( 0)(0) . (2.70)

However, both of these methods have been found to have considerable dif-
ficulties in estimating initial values for the DOA’s when coherent sources
are present. The peaks for the two functions in (2.69) and (2.70) can then
have peaks in directions not corresponding to a DOA. This is because side
lobes of the “beamformers” involved may pick up the signals and combine
them constructively depending on the particular relative phases of the sig-
nals involved. These combined signals can have a stronger amplitude then
the signals caught by the main lobes of the “beamformers”. A DOA will
then be indicated at the wrong direction. A solution to this problem is to
constrain the antenna array to a uniform linear array. In this case the non-
linear minimization of (2.67) can be replaced with a polynomial root-finding
technique similar to the one proposed in [94] and [95].

Once the directions of arrival in 8. have been estimated the gains in 7y, can
be computed using (2.66). The estimated @ and 4 are used to form the
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improved parametrized channel matrix estimate

BcprvL = A(O)T (). (2.71)

2.5.3 Simulation Study

A simulation study has been conducted to evaluate the performance of the
algorithm in a scenario with multipath propagation and intersymbol inter-
ference.

Scenarios

The algorithms were tested using a circular array, see Figure 2.18. The
desired signal arrives from the directions 0, 60, -120 and 120 degrees respec-
tively. The respective temporal channels are 1 + 0.5¢~ %, 0.5¢~ " + 0.8¢2,
0.5¢72 + 0.2¢72 and 0.2¢72 + 0.3¢~*. Two-tap channels are chosen in or-
der to simulate imperfect sampling timing or partial response modulation.
When co-channel interferers are included they impinge on the antenna array
through single tap channels from the directions 90, -60 and -90 degrees, with
a total average SIR of 0 dB. The SNR was varied from -3 dB to 6 dB. The
scenario is illustrated in Figure 2.19. The number of training symbols used
here were 26.

An FIR channel model with 5 taps was used for the channel matrix. Based
on this model, a DFE with a feedforward filter of length 4, feedback filters of
length 3 and a smoothing lag, ¢, of 3 was designed and used for estimation
of the transmitted symbols.

Initial Values for the DOA’s

Both the initialization suggested in [15] and the modified initialization sug-
gested in (2.70) have problems with achieving good initial values for the
DOA’s. In Figure 2.20, examples of the two functions can be seen. By com-
paring the plots for the functions fo.(0) given by (2.69) and fi .(6) given
by (2.70), one can see the result of including @ ! in f; .(8). It can be seen
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Figure 2.18: Antenna array configuration.
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Figure 2.19: Signal configuration. The solid lines represent the incoming
directions of the desired signal and the dashed lines represent co-channel
interferers. The left figure depicts the case without co-channel interferers
and the right figure depicts the case with co-channel interferers.
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that fo,.(0) has dips or reduced amplitude at or close to the locations of the
co-channel interferers.

Both initializations find the DOA for the signal with delay zero.

In the case with a delay of one symbol interval neither of the initialization
algorithms provided a good initial estimate of the DOA’s.

For the cases with delays of two and three symbol intervals, the function fj
has the peak corresponding to the signal arriving from -120 degrees reduced
as a result of the presence of the co-channel interferer at the same angle.
Note that the co-channel interferer previously at -90 degrees has been moved
to -60 degrees in order to illustrate the masking effect. As a result the
algorithm using fo misses this DOA.

When the signal strength becomes low, as for the delay of four symbol
intervals, the peaks corresponding to the true DOA’s becomes less distinct
and they are therefore more difficult to detect. Both of the algorithms suffer
from this effect.

In conclusion it can be said that neither of the functions are ideal for finding
initial values for the DOA’s. In the experiments performed in conjunction
with this study, the DOA estimator which uses the initialization f; .(6)
defined in (2.70), have been slightly better for estimating the DOA’s. This
estimator has therefore been used in the simulations of this study.

If a uniform linear array is used, the k.-dimensional search in (2.67) can
be reduced to a polynomial root-finding operation by using a technique
similar to that developed in [94] and [95]. Considering the problems of
finding good initial values for the DOA’s it may be a good idea to restrict
the array geometry to the ULA case, and use the root-finding approach. It
should be noted, however, that it is not always practical to restrict the array
design to the ULA case. One such case of practical interest is when the two
polarizations of the signal is measured at each element location.
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Figure 2.20: Functions, fo.(0) in (2.69) and fi .(#) (2.70) used for finding
initial values for the DOA’s. The functions are plotted for the delays of
0,2 and 3 symbol intervals in the channel for the ULA case. The minimas
chosen as initial values are marked with dotted vertical lines. The true
DOA’s are marked with crosses. The directions of the co-channel interferers
are marked with lines of circles. SIR=0dB and SNR=3dB. Note that the
co-channel interferer at -45 degrees has been moved to -60 degrees in order
to illustrate the masking effect as discussed in the text.
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Performance in Terms of Channel Estimation and DFE Bit Error
Rate.

The CDEML algorithm was evaluated assuming a different number of DOA’s,
initializing them either with the true DOA’s, or estimating initial DOA’s us-
ing the expression in (2.70). For the simulation case using “true” DOA’s
as initial values, if the number of DOA’s assumed where greater than the
actual number of DOA’s, then the extra DOA’s were randomized.

The total mean square error in the estimated channel for different signal-to-
noise ratios is illustrated in Figures 2.21 and 2.22. As can be seen, the best
performance is achieved by using the CDEML algorithm with the correct
number of DOA’s, and the true DOA’s as initial values. It can also be seen
that both overestimating the number of signal paths and using estimated
DOA’s as initial values, deteriorates the performance of the algorithm. In
the scenarios studied, however, all the CDEML versions had better or equal
performance, than the direct least squares estimation without any DOA
parametrization.

It should be kept in mind though, that the scenario investigated is very well
suited for a DOA parametrized channel estimation method such as CDEML.
This is because many antenna elements are used, and only a few signal paths
per delay impinge on the antenna array. The number of degrees of freedom
is thus considerably reduced by parametrizing the channel in DOA’s, rather
than using the full channel matrix representation.

The estimated channel, and the residuals, were used in the tuning of a DFE
with only spatial interference suppression as described in Section 3.3.3. The
improved channel estimates result in improved bit error rates as seen in the
lower diagrams of Figures 2.21 and 2.22. In these figures, the BER for a
DFE where the channel taps are tuned with a direct method, as described
in Section 3.3.1 using 1000 training symbols, is also presented. Note also
the improvement of the channel estimates for the case with a SIR of 0 dB.
It appears that, at least in this simulation, the CDEML algorithm handles
the presence of co-channel interferers better than the least squares method.
The improvement of the channel estimate is however not reflected to the
same degree in the BER. This suggests that the CDEML algorithm im-
proves the channel estimate in dimensions that are not so important for the
equalization.
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Figure 2.21: Total mean square error in the channel matrix, B_err, and BER
for the equalizer without co-channel interferers. Least squares method (solid
line), CDEML with true number of DOA’s and true DOA’s as initial values
(dashed), CDEML with one extra DOA per delay and true DOA’s as initial
values (dash-dotted), CDEML with true number of DOA’s and estimated
DOA’s as initial values (+), CDEML with one extra DOA per delay and
estimated DOA’s as initial values (x), CDEML with four DOA’s for each
delay and estimated DOA’s as initial values (0). BER of the equalizer tuned
with a direct method using a very long training sequence (dotted).
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Figure 2.22: Total mean square error in the channel matrix, B_err, and BER
for the equalizer when SIR=0. Least squares method (solid line), CDEML
with true number of DOA’s and true DOA’s as initial values (dashed),
CDEML with one extra DOA per delay and true DOA’s as initial values
(dash-dotted), CDEML with true number of DOA’s and estimated DOA’s
as initial values (+), CDEML with one extra DOA per delay and estimated
DOA’s as initial values (x), CDEML with four DOA’s for each delay and
estimated DOA’s as initial values (0). BER of the equalizer tuned with a

direct method using a very long training sequence (dotted).
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2.5.4 Conclusions

It has been shown that when using an antenna array it is possible to improve
the channel estimation by parametrizing the channel into directions of arrival
of the signal paths, and their gains. The CDEML algorithm performs this
in a computationally efficient way since the problem is decoupled into one
minimization problem per tap in the channel. In the simulations performed
in this study, it was also found that the CDEML algorithm handles the
presence of co-channel interferers better than the least squares algorithm.

As seen from the simulations, some improvements can be achieved with
the CDEML algorithm by using the correct or almost correct number of
paths per delay. When the assumed number of paths is larger then the
true number the performance gain is however reduced. It would therefore
be of importance to use algorithms that can estimate the number of DOA’s
present. It has also been shown that it is of importance to have good initial
estimates of the DOA’s.

Unfortunately, neither the method suggested in [15] nor the simplified ver-
sion presented in (2.70), does a good job in forming initial estimates of the
DOA’s. Unless better algorithms are used for finding initial estimates of
the DOA’s, the best strategy is probably to constrain the array geometry
to a uniform linear array, and replace the nonlinear minimization with a
polynomial root-finding technique similar to the one proposed in [94] and
[95].

Although the CDEML algorithm had better performance than the algorithm
based on the directly parametrized least squares FIR channel estimation, it
should be noted that there is a non-negligible increase in the complexity
and the CDEML algorithm will be less robust against mismodeling of the
scenario.

Although there are improvements in the quality of the channel estimates,
this improvement is not significantly reflected in the BER of the equalizer.
This suggests that the CDEML algorithm improves the channel estimates
in dimensions that are not so important for the equalization.

This method can be generalized to be used with other initial channel esti-
mates than the least squares estimate of the coefficients in the FIR channel
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model. In [101] the method has been generalized to be used in combination
with the temporal parametrization of Section 2.3. Is is important to note
that the field of estimating directions of arrival is very big and many other
methods exists for doing this. An overview of the field can be found in [46].

2.6 Reduced Rank Channel Estimation

Instead of attempting to utilize the spatial structure of a wireless space-
time channel by parametrizing it in terms of directions of arrival and gains
of signal paths as in Section 2.5 we will here take a directly parametrized
approach. This will result in a much simpler method which also shows better
performance improvements.

To describe the space-time channel from a transmitter to a multi-antenna
receiver, several parameters are required. However, in many cases the tem-
poral channels to different antenna elements will be correlated. One such
case when this occurs is when a partial response signal is sent through a
channel with very little delay spread. Since all intersymbol interference is
caused by the modulation, the time dispersion experienced at the different
antenna elements will be highly correlated. When this situation occurs, a
reduced rank representation of the channel may be used.

The reduced rank property of a channel can be exploited in the channel
estimation. One way is to estimate the space-time channel with a maximum
likelihood method under the constraint that the resulting channel should be
low rank [96]. Another method is to exploit the fact that the vector taps
of the channel will lie in the subspace spanned by the signal eigenvectors
to the spatial data covariance matrix [74]. We will call this subspace the
spatial signal subspace or just the signal subspace. The channel estimate is
here first formed as a straightforward least squares channel estimate. The
vector taps in this channel estimate are then projected onto the spatial signal
subspace. If co-channel interferers are present, the spatial signal subspace
will be spanned by all signal components, desired as well as undesired.

We here propose a third method where the received signal samples are pro-
jected directly onto the spatial signal subspace defined above. As well as
removing components in the noise subspace, this has the advantage that the
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dimension of the received signal vector is reduced. This turns out to give
better performance as well as lower complexity, compared to the other two
methods.

2.6.1 Channel Model

Using vector notation in analogy with (2.18), which modeled a single user,
we can model the received desired signal from user ¢ as

8i(t) = B;d;(t) (2.72)

where B; is the M X nb; channel matrix for user ¢ and d; contains delayed
versions of the symbols transmitted by user %

di(t) =[d;(t) d;(t — 1) ... di(t —nb;)]". (2.73)

Including co-channel interferers in the channel model, the vector signal y(t)
measured at the antenna can thus be described as

Neo
y(1) = so(t) + Y si(t) +n(t) = s(t) + n(t) (2.74)
k=1
Neo
= B()d()(t) + Z Bkdk(t) + ’I’l(t) . (2.75)
k=1

We are interested in the signal from user 0, whereas the signals from users
1 to Ng, constitute co-channel interference. Furthermore, the term n(t)
constitutes noise, which here is assumed to be spatially and temporally
white.

In general, the channel matrix for user i, B;, has rank max(M,nb; + 1).
However, in some cases the channel matrices loose rank. When a channel
is represented by a rank N < max(M,nb; + 1) channel matrix, we call it a
reduced or low rank channel. We will now outline in what scenarios such
channels may occur.

Counsider a multipath propagation model with K “paths” for one of the
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channel matrices B; in (2.75), here simply called B

B=Y a(@)p" (). (2.76)
k=1

Here a(6y) is the array response for the desired signal traveling along path &
and arriving from direction ;. The column vector p(7) contains a sampled
version of the transmitter pulse shaping function p(¢) with the sampling
offset determined by the relative path delay 7

p(r) 2 [p(m) p(r—T) ... plrx—nbeT)]". (2.77)

If there is no delay spread in the channel, i.e. all 7, = 7, Vk, then all p(7y)
will be equal, say p(7x) = py, Vk, and the channel matrix can be written as

K
B= (Z a(9k)> P, = ap; (2.78)
k=1
where the column vector a is given by
K
a=)_a(b). (2.79)
k=1
The channel matrix thus has rank one. If there is some delay spread but it
is small, so that

p(Tk‘) ~ Po» Vk

then the channel matrix will have a rank which is approximately one. To
obtain a channel matrix with an approximate rank larger than one we thus
need a “significant” delay spread.

Let us now assume that the paths can be grouped such that the paths
within each group have similar propagation delays. Furthermore, assume
that the spatial signatures for the paths in different groups are different.
The approximate rank of the channel model would then be determined by
the number of such groups with significant energy. If the number of such
groups is small, then the channel matrix can be approximated by a low rank
matrix.

In the following two sections we present and compare three methods for
exploiting, the low rank property of the channel matrices in the channel
estimation.
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2.6.2 Maximum-Likelihood Reduced-Rank Channel
Estimation

Assume that the channel matrix B can be decomposed as
B=AP (2.80)

where A is an M X r matrix and P is an r X (nb+ 1) matrix. The channel
matrix then has a maximum rank of r.

If the noise vector n(t) is temporally white and Gaussian distributed, then
the maximum likelihood rank r estimate of B can be found by generalizing
the result in [96] to complex-valued signals and models, as

N A A —1/2 8 nH A —1/2
BML - Ryded/ SS Rdd/ (281)
where
1 tmam
Ryq= t)d (¢ 2.82
= T, 2 V) (2.82)
N 1 tmam

Rgq =
tmaz - tmin +1

> dt)d" (1) (2.83)

t=tmin

and i, and 4, are the indices of the first and last sample utilized. Fur-
thermore, the matrix S is defined as
PRRVAN

5= [v1 ... v (2.84)
where v1,... ,?, are the r dominant eigenvectors of the matrix
- W _1/2 A H a—la A —1/2
V - Rdd RydRnyyded (285)
where Ryd and Rdd are given above and
1 tmaz
Ry, = y(t)y(t). 2.86
W T, 2 YOO (2:86)

This estimate will have a rank no larger than r. An advantage with this
estimation algorithm is that it does not require the noise to be spatially
white since no assumption about the color of the noise is made. Strong
spatial color of the noise term induced by strong co-channel interferers can
thus be handled. The temporal noise color is however not accounted for
since the noise is assumed to be temporally white.
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2.6.3 Signal Subspace Projection

The maximum likelihood reduced rank channel estimation makes no as-
sumption about the spatial color of the noise n(¢) and thus does not use
this information in the channel estimation. If the noise n(t) is spatially
white it may however be possible to utilize this fact to improve the perfor-
mance.

We will now use (2.74) to divide the received signal into a signal part and a
noise part. Since the signals d;(t) are assumed to be uncorrelated with the
noise n(t), we can decompose the covariance matrix of the received signal
as

Ely(t)y" (t)] = Ryy = Rss + Run (2.87)
where

R,s = E[s(t)s"(t)] Run=E[nt)n")]. (2.88)

We now make the critical assumption that the noise vector n(t) consists
only of white noise with variance o2:

R, = 07211.

The M-dimensional space containing the received signal vectors can now be
divided into two subspaces: the signal subspace and the noise subspace. The
signal subspace is the subspace spanned by the eigenvectors of the signal
covariance matrix Rgg

Signal subspace = span(vi,... ,v;) (2.89)

where vi,... ,v; are the r dominant eigenvectors of the signal covariance
matrix. The noise subspace is the orthogonal complement of the signal
subspace

Noise subspace = Signal subspace™. (2.90)

We note that an eigenvector v; of the signal covariance matrix Rgs with
eigenvalue )} is also an eigenvector to the received signal covariance matrix
Ry, but with eigenvalue \{ + o2 since

Ry, vi = (Rgs +02I) vi = \vf + 0205 = (A + 02)vs. (2.91)
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Furthermore, since the vectors in the noise subspace are orthogonal to the
vectors in the signal subspace, they are orthogonal to all columns in the
signal covariance matrix. Every vector in the noise subspace is then an
eigenvector to Ry, with eigenvalue equal to o2, since for any vector v™ in
the noise subspace

R, v" = (Rgs + 02I)v" = g2v". (2.92)

The noise subspace will thus be spanned by the eigenvectors of Ry, with
eigenvalues equal to o2 and the signal subspace will be spanned by the
eigenvectors of Ry, with eigenvalues strictly greater than o2. A base of
vectors spanning the signal subspace can thus be constructed by selecting
the eigenvectors of Ry, with eigenvalues above the noise level o2.

Using (2.74) and (2.75), the signal part of the spatial covariance matrix can
now be expressed as

NCO
R, = BoB{ +) BB} . (2.93)
i=1

given that all users transmit uncorrelated signal sequences.

When any of the channel matrices has full rank, or when many co-channel
interferers are present, the rank of Rgs will be full. However, when the
channel of the desired user has low rank, and when only a few dominant
co-channel interferers with low rank channels are present, Rss may loose
rank.

Channel Signal-Subspace Projection

As noted in [74], the standard least squares channel estimate Brg (2.21)
can be improved by exploiting that all columns of the true channel matrix
B lie in the signal subspace (2.89). To utilize this property, we will project
the least squares estimate Bs onto an estimate of the signal subspace:

v, 2 [ ... #7], (2.94)
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where 05, i = 1,...,r are the r largest eigenvectors to the sample covariance
matrix

A A 1 (e

Ryy = > vy . (2.95)

tmaz — tmin + 1 t=tmin
Note that a known training sequence of transmitted symbols is not needed to
estimate Ryy. The estimate of the signal subspace can thus (in a TDMA
system) be estimated based on the whole frame of received samples.

The resulting estimate of the channel will then be given by
« ~ A H ~
B, =V,V, Bps. (2.96)

This projection will remove components outside the (estimated) signal sub-
space. If the signal subspace is reasonably well estimated this will improve
the channel estimate as some noise-induced estimation errors will be re-
moved. This method, which was suggested in [74], will here be called channel
signal-subspace projection.

It may be difficult to determine where the noise level is, i.e. to choose at
which eigenvalue level to consider an eigenvector to be a signal eigenvector
or a noise eigenvector. In practice one will have to adopt a suitable criterion
for determining this level.

It should be pointed out that we are not restricted to using a directly
parametrized FIR channel estimate as the initial channel estimate. We can
in fact choose from many different channel estimation methods. The fact
that the columns of the channel vector lies in the spatial signal subspace is
an inherent property of the channel model (2.75) and not of the estimation
method.

Data Signal-Subspace Projection

We can also project the received signal onto the estimated signal sub-
space (2.94) before any other processing is performed. We thus form the
new data vectors of dimension (r|1)

Ys(t) = V5 y(t) (2.97)
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and estimate the channel and noise plus interference covariance matrix of
this new data set. The channel estimate will be exactly the same as for
the channel signal subspace projection method (after re-transformation to
the full space) but the quality of the estimate of the noise-plus-interference
spatial covariance matrix is improved.

Another very important feature of this method is that since the dimension
of the projected signal vector, y,,(t) (r|1), is lower than the dimension of
the original signal vector y(t) (M|1), all processing including the equalizer
tuning and execution is reduced in complexity.

A requirement for both of these methods is of course that the number of
antennas, M, is strictly greater than the rank, r, of the channel. The larger
the difference between the number of antennas and the rank of the channel,
the better. A larger difference means a larger noise subspace. More compo-
nents of the estimated channel or the received signal created by noise only
are then removed by the projection.

It may not be necessary to re-estimate the signal subspace for each time
instant the channel is estimated. If we have a fading multipath channel
where the gains of the paths vary rapidly while the directions of arrival of
the paths vary slowly. Then, as pointed out in [30], the subspace to which
the channel belongs, and thus the signal, will only vary slowly. By estimating
this subspace we can potentially reuse it when estimating new channels, for
instance in following frames in a TDMA system.

A disadvantage with these methods compared to the maximum likelihood
reduced rank channel estimation of Section 2.6.2 is that signal subspace
projection cannot remove estimation errors due to the co-channel interfer-
ence. Without using the training sequence we cannot distinguish between
the desired signal and the co-channel interferers. The signal subspace will be
spanned by the combined set of eigenvectors from the desired signal spatial
covariance matrix and the co-channel interferer spatial covariance matrices.
However it is not always important to remove the errors in the channel esti-
mate caused by the co-channel interferers. In fact these errors are sometimes
automatically compensated for by the equalizer as is discussed in Chapter 7.
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2.6.4 Estimation of the Spatial Noise-plus-Interference Co-
variance Matrix

Another important quantity of the channel for space-time equalization is the
spatial noise plus interferer covariance matrix,

Rpn = E[(Z Bid;i(t) + n(t))(z B;d;(t) +n(t))"], (2.98)

where the expectation is taken with respect to d;(t) and n(¢). In all the three
methods described above, this matrix is estimated from the residuals of the
channel estimation. An improved channel estimate will thus indirectly also
result in an improved noise plus interference covariance matrix estimate.
Note however, that for the here proposed data signal-subspace projection
method, the dimension of the covariance matrix is r, whereas it for the
other two methods has dimension M.

2.6.5 Simulations

For the simulations we used a circular array with radius 1.25 A and ten
antenna elements. We simulated a scenario where the desired signal arrives
along two paths at angles 0 and 45 degrees. The channels (i.e. pulse shaping)
in the two paths were 0.44 4+ ¢~ + 0.44¢=2 and 0.44¢~! + ¢=2 + 0.44¢73
respectively. Two different co-channel interferers impinged on the array
from directions -45 and 90 degrees, each having the temporal channel 0.44 +
g~ ! + 0.44¢g~2. Spatially and temporally white noise was added giving a
signal to noise ratio of 3dB. The transmitted signal was BPSK modulated.
A multi-channel MLSE, see Chapter 4, was used for the equalization.

We applied the three methods discussed in Sections 2.6.2 and 2.6.3 this to
this scenario. For the maximum likelihood reduced rank estimation, a rank
two channel was estimated, whereas for the two projection algorithms, the
respective quantities were projected onto a rank four estimate of the signal

subspace 8.

8We only used the data received during the training sequence to estimate the signal
subspace to obtain a fair comparison with the maximum likelihood reduced rank channel
estimation method.
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Figure 2.23: Relative channel error, relative error in the spatial covariance
matrix for the noise plus interference and BER as a function of SIR with
a SNR of 3dB using the FIR least squares (solid), maximum likelihood
reduced rank method (dashed), channel signal subspace projection method
(dash-dotted) and data signal subspace projection method (dotted). Only
the relative covariance matrix error and the BER is shown for the data signal
subspace projection method. The relative channel error for this method is
the same as for the channel signal subspace projection method.
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In Figure 2.23 the relative channel estimation error and relative covariance
matrix errors as well as the resulting BER for the equalizer can be seen. Note
that the maximum likelihood reduced rank estimation method (MLRR) has
the smallest relative channel error. However, the BER. of the detector based
on the model estimated with MLRR is not the lowest. On the other hand,
both the channel signal subspace projection method (CSSP) and the data
signal subspace projection method (DSSP) have significant improvements in
terms of equalizer BER even though their relative channel estimation errors
are larger than for the MLRR method. Note that the DSSP method has the
best noise plus interferer spatial covariance matrix estimate and the best
BER performance.

2.6.6 Summary

We have here considered different methods of exploiting the reduced rank
property of a space-time channel in wireless communications. Three meth-
ods have been studied, a maximum likelihood reduced rank channel estima-
tion method which finds the channel of a given rank in a maximum likelihood
sense [96], and two signal subspace projection methods which projects either
the channel estimate [74] or, as for the here proposed method, the received
signal samples onto an estimate of the spatial signal subspace.

Even though the model estimated using the maximum likelihood reduced
rank method provides the best accuracy, a detector based on this model does
not achieve the lowest BER. The BER from detectors based on the signal
subspace projection methods are lower, despite the fact that the accuracy
of the estimated channel models is worse. Apparently, the signal subspace
projection methods find channel estimates that are better suited for the
purpose of space-time equalization.

The here proposed method of projecting the received signal samples di-
rectly on the signal subspace gives the best equalizer performance. This
improvement is contributed to a better estimated spatial noise plus interfer-
ence covariance matriz. Since this method also has lower complexity than
the channel signal subspace projection method, it is clearly preferable.
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2.7 Bootstrap Channel Estimation

Consider a TDMA system with the data transmitted in frames containing a
short training sequence. When performing space-time equalization we bene-
fit from good estimates of the channel to the desired user and good estimate
of the spatial spectrum of the interferers. With a short training sequence
it may be difficult to achieve good estimates. However, as will be seen in
Figure 3.8, the performance of an equalizer can sometimes be considerably
improved by using a longer training sequence. For the indirectly tuned DFE
this is due to improved channel and interferer spectrum estimates. It is how-
ever generally not desirable to increase the length of the training sequence
since this will reduce the efficiency of the information transmission. Also,
new equalizers and multi-antenna receivers may be desirable in present stan-
dards, where the length of training sequence cannot be altered. The channel
estimates and thus the equalizer performance can however be improved by
using a bootstrap approach.

The bootstrap approach can briefly be explained as follows:

First an initial estimate of the channel and the interferer spectrum is formed
using the training data. Using this channel information an equalizer is com-
puted. This equalizer is then used to obtain estimates of all symbols in
the frame. Using all the so obtained symbol estimates, a new (hopefully
improved) channel estimate is computed. Based on this channel estimate
a new equalizer is computed which in turn can be used to form yet new
symbol estimates. This procedure can now be repeated as many times as
desired.

The bootstrap channel estimating procedure creates an artificial long train-
ing sequence. This sequence will, of course, have errors in it which will
degrade the performance of the channel estimates. However, if the number
of erroneous symbols are not too many the improvement of the longer train-
ing sequence will hopefully outweigh the degradation caused by the incorrect
artificial training symbols.

Bootstrap channel estimation will of course require the channel to be ap-
proximately stationary in order to make use of the longer artificial training
sequence.
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We here presents simulations illustrating the bootstrap principle. We here
use a receiver with 8 antennas. We here used a receiver with 8 antennas.
The antennas were considered to be spaced far enough apart such that the
channels could be considered uncorrelated. The channel to each antenna
consisted of 5 fading taps of equal average power with time delays 0, 0.25,
0.5, 0.75 and 1.00 symbol intervals, respectively. The total channel was
created by applying GMSK modulation with a BT product of 0.3, as used
in the GSM standard, to each of the taps. A co-channel interferer with
the same channel characteristics as the desired signal was added along with
Gaussian noise.

The channel was estimated without bootstrapping using 26 training symbols
and with bootstrapping with one, two and 5 iterations. The number of extra
symbols used in the bootstrapping was 122, giving a total of 148 symbols in
the re-estimation of the channel in the bootstrap algorithm. A genie aided
version of the channel estimation was also performed. Here it was assumed
that all 148 symbols where known and used in the channel estimation.

The relative errors in the estimation of the channel and the noise plus in-
terferer covariance estimates were computed using the Frobenius norm, i.e.

B-B
Relative channel error = IB-Bl. (2.99)
I B |2
and
Relative covariance error = | Bovn = R |I2 (2.100)
| Rnn |2

where B and B are the estimated and true channel matrices and Rnn and
R, are the estimated and true spatial noise plus interference co-variance
matrices, respectively. The notation || e || represents the Frobenius norm.

In Figures 2.24 and 2.25 we can see how the relative errors of the channel
estimate and the estimated covariance matrix of the noise plus interference
is reduced by the bootstrapping. In this simulation it is apparent that the
major part of the improvement is achieved after the first re-estimation and
re-tuning of the equalizer using the initially estimated symbols.

These improvements in estimation of the channel improves the BER, of the
equalizer, as can be seen in Figure 2.26. In this simulation the bootstrapped
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Figure 2.24: Relative channel estimation error as a function of SNR.
SIR=0dB. No bootstrapping (solid), bootstrapping with one iteration
(dashed), two iterations (dash-dotted), 5 iterations (dotted) and genie aided
(*) (using 148 correct symbols).
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Figure 2.25: Relative error in the spatial covariance matrix as a function of
SNR. SIR=0dB. No bootstrapping (solid), bootstrapping with one iteration
(dashed), two iterations (dash-dotted), 5 iterations (dotted) and genie aided
(*) (using 148 correct symbols).
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Figure 2.26: BER as a function of SNR. SIR=0dB. No bootstrapping (solid),
bootstrapping with one iteration (dashed), two iterations (dash-dotted), 5
iterations (dotted) and genie aided (*) (using 148 correct symbols).

equalizer achieves almost the same performance as the genie-aided equalizer
trained using all 148 symbols. This will however not always be the case.
We have noted that if the initial equalization results in a too high BER (say
larger than about 10-20 percent), then bootstrapping may not be able to
improve the performance of the equalizer.

2.8 Estimation of Noise plus Interference MA
Spectrum

When tuning an equalizer indirectly we need an estimate of the spectrum
of the noise plus interference. Let us consider the model of the noise plus
interference term, n(t), in (2.5)

K
n(t) =Y brlg ")dx(t) + v(2). (2.101)
k=1
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If we assume that the thermal noise component, v(t), is temporally white
then we can model the noise and interference with an MA process as

n(t) = M(qg )v'(t) (2.102)

where M (¢~!) is an M x M polynomial matrix of order nm

miu(g™") ... mim(gh)
M(q ") = 5 : (2.103)
ma(g™t) ... maum(gT?)
with
mij(q~") = mijo + mijiq " 4+ Mijnmg " (2.104)

and v'(t) is the temporally and spatially white innovations vector for the
noise process, i.e.

E[v' (t1)v" ()] = 61,0, 1. (2.105)

The spectrum for the interference plus noise term, m(t), can now be ex-
pressed as

Run(z,27Y)) = M(z"H )M (2). (2.106)

This spectrum is a complex conjugate symmetric double sided polynomial
in z and 271, ie.

Ron(z,27Y) = RE (nm)2"™ + ...+ Run(0) + ... + Rpn(nm)z~ ™™ (2.107)

where Ry, (k) is the autocovariance for the noise plus interferer spectrum
with lag k

R, (k) = E[n(t)n" (t — k). (2.108)

Using the residuals from the estimation of the channel for the desired signal

A(t) = y(t) —blg ")d(t) (2.109)

we can form sample matrix estimates of the autocovariance for the noise
plus interference for different lags as

tmaz
Ry (k) = ! S a@al— k) (2.110)

t=tmin

tmam - tmz’n +1
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where the summation borders %,,,, and %,,;, are determined by how many
residuals can be formed from the training data.

A problem with estimating the spectrum of the noise plus interference spec-
trum is that usually only a short training sequence is available and thus
the number of residuals is small. If the receiver has many antenna elements
or many diversity branches of other sorts, then the number of coefficients
in the spatio-temporal spectrum of the noise plus interference may become
prohibitingly high. In this case we can choose to only estimate and use the
spatial spectrum of the noise plus interference, i.e. we can estimate Ry, (0)
as

1 tmaz

> AR (). (2.111)

t=tmin

Rpn(0) =
nn( ) tmaac _tmin +1

When using many antenna elements, the tuning of an equalizer using only
the spatial spectrum of the noise plus interference is often more well behaved
than what is obtained by using also the temporal spectrum of the interfer-
ence. The price we pay for this restriction is that our resulting equalizer will
only suppress the interference spatially.

With a sufficiently long training sequence it is, of course, possible to take
some aspects of the temporal spectrum of the interference into consideration.
We can, for example, choose to model the spectrum with only a few non-zero
time lags of the autocovariance for the noise plus interference. When we do
this it is important that the equalizer has a proper structure for space-time
suppression of interference, see Section 3.2.3 in Chapter 3 and see Chapter 4.

2.9 Joint FIR Channel and AR Noise Model
Estimation

2.9.1 Joint FIR Channel and AR Noise Model Estimation

As mentioned in Section 2.8, estimating the spatial spectrum using the sam-
ple matrix estimates as in (3.90), will often prove difficult unless the training
sequence is long. Instead of modeling the noise plus interference with an MA
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model as described in Section 2.8 we can choose to model the noise plus inter-
ference with an AR model [7]. The model for the received vector of signals,
y(t), then becomes

y(t) = blg ")d(t) + N~' (¢~ ) Mov(t) (2.112)

where, as in (2.15), b(g™!) is a polynomial column vector containing the
polynomial channels b;(g~!), of degree nb, to the individual antennas:

b(g™") =[bi(g") balg™") ... bar(g ). (2.113)
The matrix M is a non-singular constant M x M matrix

mi1  --- MM
Mo=| : .. (2.114)

mmp1 --- MMM

and N (¢ ') is a stably invertible ® M x M polynomial matrix

ni(gh) .. mam(g?)
N(g") = : : (2.115)
nai(g™") oo num(g)
with the components
N5 (qil) =njj0 + n,’j,qul +...+ nij,nannn_ (2.116)

We assume that its leading matrix coefficient of N(g~!) is equal to the
identity matrix, i.e. Ng = 1I.

The M x 1 vector v(t) is a temporally and spatially white innovations se-
quence with covariance matrix equal to unity, i.e.

Elv(t)v (t2)] = 64,6, 1. (2.117)

Multiplying both sides of (2.112) from the left with N (¢~!) gives

N(qg™)y(t) = N(g~)blg~")d(t) + Mov(t). (2.118)

9The determinant of N(¢™") has all zeros strictly inside the unit circle.
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Let us now introduce the polynomial vector
bn(a™") = N(g Hblg™) (2.119)
and the polynomial matrix
NY ¢ ) =N;+...4 Nyg ™, (2.120)
We can now rewrite (2.118) as
y(t) =bn (g ")d(t) = N' (g y(t — 1) + Mov(t). (2.121)

Equation (2.121) can be handled as an ordinary regression problem where
d(t) and y(t — 1), and their lagged values, are the regression variables. Note
that the error term, Mow(t), is temporally white and uncorrelated with the
regression variables. A standard least squares method can now be applied
to compute estimates, Nl(qfl) and by (g 1), N' (g !) and by(g 1), re-
spectively [87]. The equations for this least squares estimation is outlined
in Appendix 2.B. The estimate of the noise model denominator, N (g !),
can now be formed as

N ) =T+q'N'(g™" (2.122)

The constant matrix M can be estimated as the square root of the sample
matrix estimate R;; formed as

R;i = > )Pt () (2.123)

tmaa: - tmin +1

where 7(t) are the residuals

A~ A~

#(t) = N(g~)y(t) — b (g 1)d(?)- (2.124)
The estimate of the matrix M can thus be expressed as

- ~1/2
Mo = R

(2.125)
Note however, that often we don’t need to actually compute this estimate as
we often will be using the product MoM{ which can be estimated directly
with R;j.
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A necessary condition to be able to compute the estimates of N(¢g~!) and
bn (g~!) is that the number of parameters to estimate is less than the number
of equations, i.e. we must require

M?nn+ M(nb+nn+1) < MN,s; (2.126)

where N, is the effective length of the training sequence, i.e. the number of
training relations we can form by taking the temporal length of the channels
into consideration.

However, to obtain a reasonable estimate of the matrix M, or the matrix
MM 51 , we need some extra equations. Since we typically will need M
or MyME to be invertible, it will be required to have full rank. If we only
have the minimum number of equations required to be able to compute the
estimates of N'(¢™!) and by (g™!) as stated in (2.126), then the residuals,
7(t), will be identical to zero. For each training symbol added (adding M
equations) over the minimum required, we add one degree of freedom in the
residuals. Each degree of freedom in the residuals add one to the rank of
the matrix Ry7. With M extra training symbols, the estimate of the matrix
MoME, ie. R;p, will in general be full rank. As a result the estimates
of MyM 51 and M will be invertible. We can thus say that we need the
effective length of the training sequence to be at least Mnn+nb+nn+1+M.
With Ngjs = Niseq — nb — nn we require that the length of the training
sequence fulfill

Niseq > M(nn+1) + 2 (nb+nn) + 1. (2.127)

2.9.2 Motivation for Joint FIR Channel and AR Noise Model
Estimation

One may argue that the use of an AR model for the noise plus interference
is not appropriate, as the true model for the noise plus interference more re-
sembles either an MA or possibly an ARMA model. A high order AR model
may be able to model an MA noise plus interferer spectrum appropriately
but not a low order AR model. However, we will here show that a low order
AR model, in fact, can be appropriate when used in an equalizer or symbol
detection algorithm.

When we perform joint estimation of an FIR channel and an AR noise
model, we can from (2.118) see that we are adjusting N (¢~!) and by (g™ 1)
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to minimize the variance in the signal,
r(t) = Mov(t) = N(¢~)y(t) — N(¢~")b(g™)d(1), (2.128)

under the constraint that the leading coefficient of N(g~!) is equal to the
identity matrix.

Let us now assume that our received signal, y(t), is described by the general
FIR channel model,

y(t) = b(g~H)d(t) + n(t), (2.129)

where the noise plus interference term, n(t), is not well modeled by an AR
process, as assumed in (2.112). We can for example assume that the noise
is well modeled by an moving average process.

Using (2.129) in (2.128) gives,

r(t) = N(g™") (y(t) — blg~)d(t)) = N(¢~")n(). (2.130)

We can thus see that we, in effect, are adjusting N(¢~!) to minimize the
variance in the signal r(t) = N(q¢ !)n(t), under the constraint that the
leading coefficient of N (g~!) is equal to the identity matrix.

A closer examination of the space-time equalizers and space-time maximum
likelihood sequence estimators, that will be presented in Chapters 3 and 4,
show that they all contain a noise whitening filter as a first processing step.
Ideally the noise whitening filter should whiten the noise. However, if the
noise whitening filter cannot whiten the noise, it should at least be designed
to suppress the noise as much as possible. With the AR model of the noise
plus interference in (2.112), the noise whitening filter becomes,

M,'N(@q ). (2.131)

Thus, apart from the constant matrix factor, M, !, the polynomial MIMO
filter, N (¢~ 1), is the noise whitening filter'©.

From (2.130), we see that IN(¢~') really is adjusted to suppress the noise
as much as possible. The resulting estimate, N (¢~!), will thus likely serve
well as a front end processing in a space-time DFE or a space-time MLSE.

OWithout the factor, My, the filter N(g~!) will perform space-time noise whitening
up to a remaining spatial color, which is handled by M !
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An important observation to make, is that the resulting polynomial filter,
N(q_l), does not have to model the noise well, it only has to suppress it.
Suppressing the noise is easier than modeling it, and therefore a low order
AR model for the noise, although crude, can be useful.

2.9.3 Reduced Complexity AR Noise Modeling

If we are using a large number of antennas the number of parameters may
be large compared to the number of available training symbols. To alleviate
this problem we may consider reducing the number of parameters in the
model. This can be done in many different ways. The obvious solution is,
of course, to decrease the model order of the AR filter. If we reduce it to
zero we get a pure spatial model of the noise with no temporal color. We
can however consider some other options.

One option is to restrict the denominator polynomial matrix N (g~!) in the
model (2.112) to be diagonal, i.e. let

ni(g~") 0
N(g")=Np(g ") = (2.132)
0 nuv(g ")
with the diagonal elements
nilg™") =1+nuq " +... 4 Nipng ™. (2.133)

The noise plus interference term at each antenna element then has its own
autoregressive filter n;(g!). This noise model will, of course, not be as gen-
eral as when we allow N (g ') to be a full matrix, but it will be able to catch
some of the spatio-temporal properties of the noise plus interferer spectrum.
The number of unknowns is here considerably reduced as N p(¢~!) only has
Mnn number of unknowns as compared to M?nn for the full polynomial
matrix N (¢g~!). The minimum effective length of the training sequence is
thus here given by nn+nb+nn+1+ M.

The next step in reducing the number of parameters in the model (2.112)
while keeping some of the temporal modeling is to require all diagonal ele-
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ments of N p(g ') to be equal, i.e. we require

n(g~") 0
N(g ') = (2.134)

0 n(g")

where n(g~!) is the common denominator polynomial for all antenna ele-
ments

ng™) =1+n1q "+ ...+ npag ™" (2.135)

The estimation of this model is however more complicated as it will in-
volve constrained optimization, constraining the denominators for the noise
models at the different antenna elements to be equal. In this model of the
noise the spatial color and the temporal color decouple completely, i.e. we
have the same spatial color for each time tap in the model and we have the
same temporal color for each antenna element. An equalizer designed us-
ing this type of noise model would perform decoupled spatial and temporal
suppression of the noise plus interference.
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2.A Appendix

2.A.1 Linearization of the Modulation in GSM

The propagation in the wireless channel is typically well modeled by an FIR
filter. However, all modulation schemes are not linear. In order to model
the whole communication channel with an FIR filter as in (2.1) we need to
describe the modulation process with a linear FIR model. The modulation
applied in the GSM standard is an example of a modulation that is non-
linear. However, as we will see here, it can be approximated with a linear
model after some processing.

2.A.2 Modulation in GSM

The modulation used in the GSM system is Gaussian minimum shift keying
(GMSK) with a bandwidth-time product (BT product) of 0.3 [24]. The
modulated baseband signal can in continuous time, ., be expressed as as

s(te) = exp(inh Y _ a(n)g(t, — nT)) (2.136)

with
a(n) =d(n)d(n — 1) (2.137)

where d(-) = £1 are the transmitted binary symbols and h = 1/2 is the
modulation index used. The function ¢(t.) is defined as

te

st & [ a(ryar (2138)

—00

where
o(r) = £(r) % %rect(T/T) (2.139)
with

rect(z) =1 for |z| < 1/2 and zero otherwise (2.140)
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and
ft) = \/%GTexp(—tCQ/@JZTQ)) (2.141)
where
;= V@ (2.142)
2 BT

where BT = 0.3 is the bandwidth time product.

2.A.3 Linearization without Receiver Filter

As shown in [12], using the techniques in [48], a signal modulated as in the
GSM standard, shown in (2.136), using BT = 0.3 can be well approximated
by a linear filtering operation through a pulse-shaping filter p(-):

s(te) m 3(te) = i"d(n)p(t. — nT) (2.143)
where
p(te) =1} sm(2z/)(t +1T)) (2.144)
and
Pst(te) t< LT
Wp(te) :{ 1i¢st(tc—LT) ST (2.145)

The function ¢ (t.) is the phase shift function ¢(¢.) in (2.138) shifted and
truncated such that it is zero for ¢, < 0 and constant for t. > LT.

—t./T

By multiplying the received signal with 3 we can form the rotated re-

ceived signal
se(te) = i/ Ts(t,). (2.146)
The rotated received signal, s,(t.), can be approximated as

se(te) Zd )i~ e D/Tp(t, — nT). (2.147)
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The GMSK modulated signal can thus be approximated as pulse amplitude
modulation with the pulse

pr(te) = iitc/Tp(tc)- (2.148)

Using this approximation one should be able to achieve a good description of
the channel between the transmitted symbols d(t) and the received rotated
signal, s,(t.), as seen in Figure 2.27, with an FIR filter.

In a sampled system we can thus express the sampled modulated signal as
sp(t) = pr(q )d(?) (2.149)

where
pr(g™") = pr(0) + pr(T)g " +p,2T)g 2 + ... +p(LT)g ", (2.150)

In order to simplify the notation we will however at this point drop the r
subscripts and just write

s(t) = p(g~H)d(t) (2.151)

and simply assume that the rotation has been performed on s(¢) and the
coefficients of p(¢g~!). The coefficients of p(¢~!) = po +p1g~' +... +prgt
will thus be

pi=p(iT) ,i=0,1,... L. (2.152)

In Table 2.1, FIR filters approximating the channel p(g~!) have been tab-
ulated for different offsets in the sampling instant. These channels have
been computed by creating a signal modulated as in the GSM standard
(with BT=0.3) and fitting filters!! to the channels between the transmitted
binary signal and the rotated received signal.

2.A.4 Linearization with a Receiver Filter

With a receiver filter, the channel between the transmitted symbols and the
received samples will have a somewhat longer impulse response. To show

1 The FIR filters are computed by estimating the channel with a least squares algorithm
using many data points.



2.A. Appendix

101

d(t) — d(t)d(t — 1)

GMSK
modulation
BT =0.3

Delay
toff

_t/T
it

— sr(t)

Figure 2.27: Model of the channel between the transmitted symbols and the
rotated received GMSK modulated samples.

Ptoss (¢ 1) coefficients

lofy

Do

b1

D2

-0.5

0.04/1.59

0.710.00

0.71/-1.57

-0.4

0.05/1.65

0.7820.00

0.62/-1.58

-0.3

0.09/1.55

0.8420.00

0.52/-1.57

-0.2

0.13/1.64

0.8820.00

0.43/-1.59

-0.1

0.19/1.53

0.92/0.00

0.34/-1.55

-0.0

0.26/1.60

0.9320.00

0.26/-1.60

0.1

0.34/1.60

0.90£0.00

0.19/-1.63

0.2

0.43/1.57

0.8920.00

0.13/-1.59

0.3

0.52/1.57

0.8320.00

0.09/-1.59

0.4

0.62/1.55

0.7820.00

0.05/-1.44

0.5

0.71/1.57

0.71£0.00

0.04/-1.55

Table 2.1: Discrete-time channel approximation of sampled GSM modula-
tion. The sampling offset relative to the center of the symbol, ¢,s¢, is in

units of a symbol interval. The channels are p(q~') = pg + p1g~" + p2q2,

2

(¢~'d(t) = d(t — 1)). The phase of the channel taps has been rotated such

that the middle tap has zero phase.
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GMSK Delay
d(t)— d(t)d(t — 1) || lation|— LP\  [— N /T s (8
(t) (t)d(t — 1) ng)%uza‘(n)l%n toss ek sp(t)

Figure 2.28: Model of the channel between the transmitted symbols and the

received samples.

P, (@~ ") coefficients
tors [T] Po P1 P2 p3 P4
—-0.5 | 0.01/-1.97 | 0.15/+41.53 | 0.81/—-0.01 | 0.84/—1.57 | 0.07/-3.05
—0.4 | 0.01£—-2.24 | 0.20£+1.53 | 0.87£—-0.01 | 0.77/—1.57 | 0.02/—2.88
—0.3 | 0.01£-2.62 | 0.25/+1.54 | 0.92/-0.01 | 0.69/—1.57 | 0.02£—-0.26
—0.2 | 0.01/-2.92 | 0.31/+41.54 | 0.96/4+0.00 | 0.61/—1.57 | 0.05/—0.08
—0.1 | 0.02£-3.08 | 0.37£+41.55 | 0.99/40.00 | 0.52/—1.56 | 0.08£—0.05
0.0 | 0.032+3.12 | 0.44/+41.55 | 1.00£+0.00 | 0.44/—1.56 | 0.10£—-0.03
0.1 | 0.04/43.09 | 0.52/+1.55 | 1.00/+40.00 | 0.35/—1.56 | 0.11/—-0.01
0.2 | 0.06£+3.09 | 0.59/+1.56 | 0.982+0.00 | 0.284—1.55 | 0.11/+0.00
0.3 | 0.082+3.09 | 0.67/+1.56 | 0.95/+0.00 | 0.20£—1.54 | 0.11/40.01
04 | 0.11/+43.09 | 0.74/41.56 | 0.90/+0.01 | 0.13/—1.53 | 0.10/+0.03
0.5 | 0.154+43.10 | 0.81/+4+1.56 | 0.842+0.01 | 0.07£—1.50 | 0.092+0.04

Table 2.2: Discrete-time channels approximating the channel between the
transmitted symbols and the received samples portrayed in Figure 2.28.
The sampling offset relative to the center of the symbol, ¢,;, is in units of a
symbol interval. The channels are py, (') = po+p1g t +pag 2 +p3g 3+

pag *, (¢ 1d(t) = d(t —1)).

this effect a fourth order Butterworth lowpass filter with a bandwidth of 90
kHz has here been used to model a receiver filter. The symbol rate used
was 270833 kbit/s (T = 3.69us) as in GSM. An illustration of the channel
between the transmitted symbols d(t) and the received rotated samples can
be seen in Figure 2.28.

In Table 2.2 the resulting approximating channels are displayed. We can
observe that the effective impulse response length has become slightly in-
creased.
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2.B Least Squares for FIR Channel and AR Noise
Estimation

We here outline the equations for the least squares method applied to
(2.121).

The coefficients of the estimate,
N(g")=I+Niyg ' +...Npyg™™ (2.153)
and the estimate

bn(g ") =bno+.- b mbinng ™" (2.154)

can be computed as

- ~ ~ A —1
[N' Bn| =Rk, (2.155)
where
1 Ntseq
Ry = H 2.1
Ry:z: Ntseq —nb—nn t—nb—%;l—f——f—l y(t)m(t) ( 56)
1 Ntseq
Row = H 2.1
Ree = N b t_nggm x(t)z" (t) (2.157)
with
a(t) = [—yT(t—1) ... —yT(t—nn) d"(@#)]" (2.158)
d(t) = [d(t) ... d(t—nb—nn)]" (2.159)

The coefficients in N (g~ !), except for the unit leading coefficient, should be
extracted from N according to

~

V' = [A N o] (2.160)

N =[N,
and the coefficients in BN(q_l) should be extracted from By according to

By =[bng ... bnum] (2.161)
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Chapter 3

Space-Time Decision
Feedback Equalization

3.1 Introduction

In a wireless communication channel there can often be a considerable delay
spread. This delay can be larger than the symbol time. In this case the sig-
naling over the channel experiences intersymbol interference. The received
signal samples, y(t), can then often be modeled as in (2.1) with an FIR
channel model

y(t) = blg Hd(t) +n(t)
= (bo+bigt + ...+ g ")d(t) + n(t)
= bod(t) + bid(t — 1) + ... + bpd(t —nb) +n(t)  (3.1)

where d(t) are the transmitted symbols, n(t) is a term representing the noise
plus interference and {b;} are the coefficients of the FIR channel model

~

d(t—2¢ _
y(t) — S(g ) ¢ )j d(t —2)

Figure 3.1: Linear time-only equalizer.

105
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dt—2 ~
yi(t) —S(g) ) e il [ dit=9)

Qg™) .

Figure 3.2: Time-only decision feedback equalizer.

b(g™").

In order to detect the transmitted signal, we need to combat the intersymbol
interference resulting from the delay spread, and the noise plus interference
in the term n(t). There are three major choices of detectors that can be
employed to solve this problem: the linear equalizer, the decision feedback
equalizer and the maximum likelihood sequence estimator. Of course, there
exists other possible detectors as well, but the three mentioned above are
the most “popular” ones. We will therefore focus our attention on these
algorithms.

First we consider the linear equalizer, as depicted in Figure 3.1 which forms
an estimate of the transmitted symbol by linear filtering of the received
signal

A~

d(t— ) =S(a y(t) (3-2)

where S(g7!) is a general stable and causal linear filter. The final estimate
of the symbol is achieved by feeding ci(t — ¢) through a decision device
and forming a discrete estimate of the transmitted discrete symbol. The
parameter £ is the smoothing lag of the equalizer. A larger smoothing lag
improves the performance of the equalizer, at least up to some point.

The linear temporal equalizer has a considerable drawback. In essence it
attempts to invert the channel to equalize the channel and detect the trans-
mitted symbols. This can be difficult if the channel is non-minimum phase
as the equalizer filter then would need poles outside the unit circle and thus
would become unstable. At the same time the equalizer should avoid to am-
plify received noise. Increasing the smoothing lag will help the equalization
but some channels will still be difficult to equalize.
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Instead of using a linear equalizer we can use a decision feedback equalizer
(DFE). In a decision feedback equalizer we add a linear filter, Q(¢~!), which
is processing previously decided symbols from the output of the equalizer as
depicted in Figure 3.2. The feedforward filter S(g~') will then be aided by
the feedback filter Q(¢~') such that the feedforward filter no longer needs
to invert the channel. As long as the majority of the symbols are correctly
decided this will facilitate the channel equalization and the symbol detection.
The performance of the temporal decision feedback equalizer will often be
considerably better than the temporal linear equalizer.

The third type of algorithm we consider is a maximum likelihood sequence
estimator (MLSE) [26, 116]. A maximum likelihood sequence estimator
processes the received data and searches for the most likely symbol sequence
to have been transmitted. The maximum likelihood sequence estimator has
an advantage over the linear equalizer and the decision feedback equalizer in
that it detects symbol sequences rather than individual symbols as for the
linear and the decision feedback equalizer. If the channel is perfectly known
and the noise is white and Gaussian then the maximum likelihood sequence
estimator finds the optimal estimate of the transmitted symbol sequence.
The maximum likelihood sequence estimator generalized to a space-time
MLSE will be discussed in Chapter 4.

The equalizers described above only operates on a single input signal and
therefore only performs temporal processing. However, if we have multiple
received signals from multiple antennas we can perform space-time process-
ing. The multiple signals do not necessarily need to come from spatially
separated antennas. They can be from some other sources of diversity, for
example, from antennas with different polarization. All this processing can
be treated in the frame-work of space-time processing. We can, of course,
generalize all of the above equalizers to work with multiple input signals.

An interesting fact to note is that when we generalize these equalizers to
work with multiple input signals, their difference in performance tends to
be reduced. The reason for this is that the linear equalizer, the decision
feedback equalizer as well as the maximum likelihood sequence estimator,
all has a linear filter up front operating on the received signal. Basically
what happens is that the linear filter can more easily invert the channel or
produce the desired signal when we are performing space-time processing
compared to when we are performing temporal processing only. As a result
the performance of the different equalizers will be more comparable.
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1(t) — d(t—¢ -
MO sy N T — dit—0)
ym(t) —

Qg™) .

Figure 3.3: General space-time DFE with linear filters. The feedforward
filter is here a linear MISO filter, represented with the rational MISO trans-
fer function operator S(g~!). Likewise the scalar linear feedback filter is
represented with a rational SISO transfer function operator Q(g~1).

In this chapter we will consider the space-time decision feedback equalizer.
The linear equalizer can be considered a special case of the decision feedback
equalizer, i.e. without the feedback filter. A general space-time DFE with
linear filters can be seen in Figure 3.3. The M input signals from, say, M
antenna elements®, are filtered in the feedforward filter S(g~!). Previously
decided symbols are filtered in the feedback filter Q(¢ ') and its output is
subtracted from that of the feedforward filter. The resulting signal is fed to
a decision device to form an estimate, J(t — £) of the transmitted discrete
symbol d(t — £), where £ represents the smoothing lag of the equalizer. The
transmitted symbol sequence is assumed to be temporally white. Since the
space-time DFE utilizes signals from M antenna elements, we can perform
space-time filtering in the feedforward filter. As compared to the scalar case,
this supplies the space-time DFE with extra signal dimensions that can be
used for signal enhancement and interference suppression.

This chapter considers optimal tuning solutions for space-time DFE’s for dif-
ferent channels and constraints. First in Section 3.2.1, the general MMSE
optimal space-time DFE with linear filters for an ARMA channel with
ARMA noise is presented. This estimator, derived assuming correct past
decisions, is a generalization of the scalar MMSE optimal DFE presented
in [90]. If we restrict the channel model to have diagonal denominator poly-
nomial matrices, then it is also a special case to the multi-user MIMO-DFE
presented in [106]. In general, the space-time DFE has a space-time feedfor-
ward IIR filter and a scalar IIR feedback filter. The rational filters, present
in the optimal design, can sometimes cause complications. The IIR filters

'The M signals can also arise from using other types of diversity branches.
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optimized assuming previous correct decisions may have poles close to the
stability limit. If this is the case for the feedback filter, then an erroneous
decision can cause a long error burst. This effect can be seen in Section 7.2
of Chapter 7 where robustness against decision errors are studied.

Most wireless communication channels can be well modeled by FIR filters.
This is therefore an important special case to consider. Furthermore, if we
restrict the interference and noise model to being an AR-model, then the
resulting DFE with optimal structure will contain only FIR filters. From
the discussion in Section 2.9.2, we can understand why an AR model, even
a low order AR model, for the noise plus interference can be useful when
used in a decision feedback equalizer. The important observation to make is
that the the AR noise model denominator does not have to model the noise
particularly well, it only has to be able to suppress the noise plus interference
as a part of a noise whitening filter. The use of an AR model for the noise
plus interference was proposed in [7] in conjunction to a maximum likelihood
sequence estimator. It can however also be used together with a decision
feedback equalizer. An advantage of using an AR noise model together
with a decision feedback equalizer is that the increase in complexity for the
execution of the DFE with the AR noise model is linear in the order of
the AR noise model used, while the increase in execution complexity for the
MLSE is exponential in the order of the AR noise model. For this reason it is
more feasible with higher order AR noise models together with the DFE than
together with an MLSE. The MMSE optimal space-time DFE for an FIR
channel with AR-noise is treated separately, and presented in Section 3.2.2.
An example AR modeling of the noise plus interference combined with a
space-time decision feedback equalizer can be seen in one of the simulations
in Section 3.4.

Yet another alternative is to restrict the space-time DFE to have FIR filters
of specified orders in the feedforward and the feedback filters and optimize
the coefficient values, given the structure. The MMSE optimal space-time
DFE with FIR filters of a given order is therefore presented in Section 3.2.3.
The method can use the general space-time spectrum of the noise plus in-
terference.

Although, the space-time DFE’s introduced above are optimal under the
given conditions, they are somewhat unpractical, since their tuning requires
the solution of a large system of linear equations.
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The MMF-DFE presented in Section 3.2.4 has the space-time processing con-
centrated to a multi-dimensional matched filter followed by a scalar temporal
DFE [83]. The MMF-DFE is a generalization to colored noise of the results
presented in [8][9]. If we restrict us to consider only the spatial covariance
of the noise plus interference or an AR model of the noise plus interfer-
ence, then the multi-dimensional filter is very easy to compute, and so is
the scalar DFE. In the simulations of Section 3.4 the MMF-DFE achieves
about the same performance as the other DFE’s above. The difference in
complexity is especially large when the number of antennas is large, making
the MMF-DFE preferable over the others for this case. A drawback with
the MMF-DFE is however that it will introduce a larger decision delay. This
will be of significant importance only when time-varying channels need to
be tracked.

In Section 3.3 different tuning options for the above mentioned DFE’s are
presented. It is noted that when using many antenna elements it may be
difficult to make use of the full spatio-temporal spectrum of the noise plus
interference, due to the difficulty of accurately estimating it. As mentioned
in Section 2.3, one solution to this problem is to utilize only the spatial
spectrum of the noise plus interference. Interference suppression is then
performed in the spatial domain only [61]. This is useful when we have
a large number of antenna elements. It should however be noted that the
number of antennas can be large in more than one way. First, it can be large
in the sense that the number of parameters to be tuned in the equalizers
becomes large compared to the length of the training sequence. Second,
it can be large compared to the number of uncorrelated interfering signals
present, making spatial suppression of the interferers effective. In the sim-
ulations performed here in Section3.4, the number of antennas was large in
both these senses. The conclusions therefore really has to be restricted to
the specific case studied.

Another solution to the problem of handling the spatio-temporal color of
the noise plus interference can be, as mentioned above, to estimate a spatio-
temporal AR model for the noise plus interference. This is described in
Section 2.9.
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3.2 Optimal Space-Time Decision Feedback Equal-
izers

3.2.1 Optimal Space-Time DFE for ARMA Channels with
ARMA Noise

A general linear time-invariant space-time channel can be described by an
ARMA model for both the desired signal and the noise plus interference.
We will here discuss the MMSE optimal space-time DFE for such a channel.
This is a generalization of the MMSE optimal DFE for the scalar case [90].
If we restrict the channel model to have diagonal denominators, then it is
also a special case to the multi-user MIMO-DFE presented in [106].

Let the received signal vector y(t), of dimensions M X 1, be modeled as
y(t) = A7 (g Mb(g)d(t) + N~ g™ ) M (g )w (1) (3-3)

Here A(g~!) and N(g~!) are assumed to be stably and causally invertible
M x M polynomial matrices of orders na and nn respectively. The matrix
M (g~!) is assumed to be a stably and causally invertible M x M polynomial
matrix of order nm and b(g~!) is an M x 1 polynomial column vector of
order nb. The M x 1 vector v(t) is an innovations sequence for the model
of the noise plus interference term, N~! (¢~ )M (¢~ )v(t).

The sequence of transmitted symbols {d(t)} are assumed to be temporally
white with zero mean. Furthermore, we assume the transmitted symbols to
be scaled to have unit variance, i.e.

Eld(t)d" ()] = 1. (3.4)

The polynomial matrices A(qg '), N(¢ ') and M (g ') are thus assumed to
be of the forms

an(g™) ... am(gh)
Algh) = : : (3.5)

ami(g ) oo ammlg?t)
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n(g™) oo nam(gh)
N(g )= : : (3.6)
an(qil) ’I’),MM(qil)
and
mu(g™) ... mam(gT!)
Mg ") = : : (3.7)
mai(g ) .. mam(gt)
with the respective elements
az‘j(q_l) = a0 + aij,1q_1 +.. 4 aiinag ", (3.8)
nij(q7") = nijo + nijag " + oo ngng ™ (3.9)
and
mij(g~") = mijo +mijng "t + ..+ Mg ™™ (3.10)

The requirement that the matrices A(g~!), N(¢~') and M (¢~') are stably
invertible is equivalent to require that their determinants have zeros strictly
inside the unit circle, while causality is guaranteed if the leading the leading
matrix coefficient of the matrix polynomials A(¢~!) and N(¢~!) are non-
singular. For simplicity we will assume that the leading coefficient matrices
of A(¢g~!) and N (¢~ !) are equal to the unit matrix.

The channel for the desired signal is a polynomial column vector

bi(g™")
blg™!) = : (3.11)
ba(g™")
with
bi(g ) = bio +big L ..+ big ™ (3.12)

We have here assumed that all elements of the polynomial matrices and
vectors have the same degree. Different degrees can however be obtained by
setting trailing polynomial coefficients to zero.
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The M x 1 vector v(t) is a temporally and spatially white innovations se-
quence with the covariance matrix equal to unity, i.e.

Elv(t)v (t2)] = d1,1, 1. (3.13)

The estimated symbol prior to the decision device in the DFE can be ex-
pressed as

~

d(t—£) =S(g Hy(t) — Qg Hd(t—£-1) (3.14)

where S(¢ ') and Q(g!) are stable and causal rational filters of dimensions
1 x M and 1 x 1 respectively, see Figure 3.3. The parameter £, known as
the decision delay, or the smoothing lag, is chosen by the user. The signal
d(t —£—1) denotes previously decided symbols. The estimate d(t — £) is fed
into the decision device to produce a hard estimate d(t—¥¢) of the transmitted
discrete symbol d(t —£). To maintain a linear filtering problem we adopt the
commonly used assumption that all previous decisions fed into the feedback
filter are correct.

In Appendix 3.A.1, the derivation of the resulting MMSE optimal DFE is
carried out in detail. We will here summarize the result. Assuming A(q™!)
and M (g~!) to be stably and causally invertible, the rational feedforward
filters which minimizes the criterion

J=E [\d(t 0 —d(t— e)P] (3.15)
is given by
S(g") =s0lg M (g )N(¢g ) (3.16)

while the corresponding optimal rational feedback filter is given by

Sy Qe
Qg ) = alg- DmigD (3.17)
with
a(g ') =det (A(g 1)) (3.18)

m(g~") = det (M(¢7")) . (3.19)
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The degree of the polynomial so(g ') is equal to the smoothing lag, £ and
the degree of the polynomial Q(¢~!) is equal to max[nb+nn+ (M —1)(nm+
na), M (nm + na)] — 1.

The coefficients of so(¢~!) can be computed by solving the system of equa-
tions

[ —ull 0 pif 0 77 s [0
—Uu; - ~Uy Py - Do Soe | — | Po
_HO e _Hé Co e ') llg - 0 (320)
| 0 —ﬁOO C‘O__ll‘O_ _6_
where
H(@') = Ho+Hiqg'+...+ Hyg ™
AN _ . _ _
= a(g Madj (N(¢™") M(g™") (3.21)
u(g™) =adj (M(q)) N(g~")adj (A(g™")) b(g™") (3.22)
-1, A -1 -1
plg”) = alg )mlg ) (3.23)
and

clg) =co+eg 4 ...+ g ™ =n(gY)adj (A(q_l)) b(g™h). (3.24)
Here H; = 0if i > nh, ¢; = 0if i > nc, u; = 0if 4 > nu and p; = 0 if
1> np.

The coefficients of the scalar feedback filter polynomial, Q(¢ ') of order
np = max[nb+ nn+ (M — 1)(nm + na), M (nm + na)], can be computed as

H -
50,0
H H H H H .
QO _u£+1 .. _ul pe+1 - pl S(I){[
: = : : : : b,
H H H H . H
nq _u‘ff-{—l—i-nq Tt TUL gy pé—i—l—i—nq o Pitng
i1
| lio—1 |
(3.25)

Again u; =0 if ¢ > nu and p; = 0 if 7 > np.
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3.2.2 Optimal Space-Time DFE for FIR Channels with AR
Noise

The space-time DFE in Section 3.2.1 is often unnecessarily complex. A
typical wireless communication channel can be modeled by an FIR channel.
This is therefore an important special case to consider. It is also practical
to have decision feedback equalizers with FIR filters in the feedforward and
the feedback filters, rather than ITR-filters as is the case for the space-time
for DFE for ARMA channels with ARMA noise?. We will here show that if
we have a space-time FIR-model for the channel of the desired signal and a
space-time AR-model for the noise and interference, then the MMSE-optimal
DFE will have only FIR-filters in the feedforward and feedback filters. The
filters can also be computed in a simple manner.

If the noise consists mainly of co-channel interferers, then an AR model will
typically not be physically motivated. A sum of interferers each propagat-
ing through an FIR channel would be better described by a moving average
(MA) model. From the discussion in Section 2.9.2, we can however under-
stand why an AR model, even a low order AR model, for the noise plus
interference can be useful when used in a decision feedback equalizer. The
important observation to make is that the the AR noise model denominator
does not have to model the noise particularly well, it only has to be able to
suppress the noise as a part of a noise whitening filter. The use of an AR
model for the noise was proposed in [7] in conjunction with a space-time
MLSE. When we use an AR model for the noise in an MLSE, the memory
length of the Viterbi algorithm used will be increased. This increases the
complexity of Viterbi algorithm by a factor K™, where K is the number
of symbols in the alphabet and nn is the order of the AR model for the
noise plus interference. Thus the complexity for the MLSE using an AR
noise model increases exponentially with the order of the AR noise model.
When an AR model for the noise plus interference is used together with a
space-time decision feedback equalizer, on the other hand, the increase in
complexity is only linear in the order of the AR noise model. As a result we
can allow AR noise models of a higher order for the space-time DFE.

2A reason for this is that if we have an IIR filter as feedback filter, then an erroneous
symbol decision can cause a long error burst if the filter has poles close to the unit circle.
If we use FIR filters only, then the number of symbols an erroneous decision directly can
affect will be limited by the length of the FIR feedback filter.



116 Chapter 3. Space-Time Decision Feedback Equalization

The M x 1 received signal vector y(t) is here modeled as
y(t) = blg~")d(t) + N~ (¢™") Mow(t)
= bod(t) + - - - + bppd(t — nb) + N~ g™ ) Moov(t) (3.26)

where the M x 1 polynomial column vector b(g~!) is the channel for the
desired signal

bi(g™t)
b(g™') = : (3.27)
bu(g™")
with
bi(gh) = big+bing L+ ...+ by ™. (3.28)

The noise model numerator, M, is an M x M constant matrix

mi1 mipm
mmp1 .. MMM

which is assumed to be nonsingular. For the noise model denominator,
N(g™!), the transmitted symbols, d(¢), and the noise sequence, v(t), we
adopt the same assumptions as in Section 3.2.1.

Given the channel model (3.26), with M invertible, and assuming correct
past decisions, d(t — £ — 1), to be fed into the feedback filter, then as shown
in detail in Appendix 3.A.2, the MMSE optimal DFE with linear filters is
given by

d(t—0) = s(g " y(t) — Qg d(t —£—1) (3.30)
where the feedforward FIR filter, s(¢ '), is given by the row vector
s(¢™") = so(g )My 'N(g™). (3.31)

See Figure 3.4.

The coefficients of the polynomial vector so(g~!) of degree £ can be com-
puted by solving the system of equations
by
BB +1sl = | (3.32)
bl
0
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t) — dt—¢ ~
o cosle™h) 46) t=9 | — d(t—)
ym(t) —

Qg ) L

Figure 3.4: The structure of the space-time DFE for an FIR channel with
AR noise. The feedforward filter, s(¢~1), is a MISO FIR filter of order £+nn
and the feedback filter, Q(¢!), is a scalar FIR filter of order nb + nn — 1,
where £ is the smoothing lag of the equalizer, nn is the order of the space-
time AR noise model and nb is the order of the space-time FIR channel for
the desired signal.

where
by by
B = R (3.33)
0 by
Sy — [3070 . So,g] (3.34)

where b} are the vector taps of the noise whitened channel

b(q) =bh+big T .+ by = My N (g )b(gT)  (3:35)
with b; = 0 if ¢ > nb' = nb+ nn, and soy are the vector taps in the
polynomial

s0(¢ ) = 80,0 + 80,1 "+ ...+ 800q " (3.36)

The matrix (B'B'H + I) will be nonsingular since I obviously is a full rank
matrix and B'B'" is a positive semi-definite matrix, making (B'B'" + I) a
full rank (and thus invertible) matrix.

The coefficients of the feedback polynomial, Q(¢~1) of order ng = nb+nn—1,
can be computed as

H H
QY by e b s8lo
: = : : : (3.37)

H 1 H 1 H H
ng b l+nb+nn 7T b nb+nn SO,Z
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where b = 0 if i > nb' = nb+ nn.

We thus see that with the channel model of (3.26) with an FIR model for the
channel of the desired user and an AR model for the noise plus interference,
the optimal space-time DFE takes on a particular simple form with FIR
filters in the feedforward and feedback filters.

We have here assumed that the denominator in the AR model for the noise
plus interference is a full matrix, with the zeros of its determinant inside
the unit circle. We can however, of course, restrict the denominator to be a
diagonal matrix. This can be advantageous since, as discussed in Section 2.9,
a diagonal AR noise model can be easier to estimate. The space-time DFE
using a diagonal denominator in the AR-model will be able to perform some
coupled space-time suppression of interference, but it will not be able to
suppress interferers in the space-time domain as general as the space-time
DFE using a full denominator matrix.

If we further restrict all elements of the diagonal denominator matrix to
be equal, then the spatio-temporal model of the noise spectrum decouples
into a separate spatial model, Mg, and a common temporal model, n(g™1),
being the common denominator polynomial in the AR model. The resulting
DFE can then only do decoupled space-time suppression of interferers.

3.2.3 Optimal Fixed Order Space-Time FIR-DFE for a FIR
Channel with Colored Noise

Let us here consider the case of FIR channels with spatially and temporally
colored noise plus interference. This will be the typical scenario when we
have co-channel interferers experiencing intersymbol interference impinging
on the antenna array. As we saw in Section 3.2.1, a DFE using FIR-filters
is in general not optimal. There are however some advantages with the use
of FIR-filters in the DFE. TIR-filters can have poles very close to the unit
circle, resulting in very long impulse responses in the filters. This can for
example result in long error propagation events caused by a long impulse
response from an incorrect decision fed back through an IIR feedback filter.
We will therefore here constrain the DFE to contain only FIR filters with
specific degrees and tune the coefficient to minimize the MMSE prior to the
decision device.
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We here model the M x 1 received signal vector y(¢) using polynomial no-
tation as

y(t) = blg~")d(t) +n(t)
= (bo+big 4 ...+ bug ™)d(t) + n(t) (3.38)

where the spatially and temporally colored vector of noise plus interference
samples n(t) has the matrix-valued covariance function

Run(k) 2 E[n(t)n (t — k). (3.39)

Note that the noise plus interference term mn(t) is assumed to be uncorrelated
to the transmitted symbols d(t). Further the transmitted symbols, d(t), are
as usual assumed white with unit variance.

(t) — i(t—¢ -
I ) e
\[ -
Qg™ L

Figure 3.5: The structure of a space-time DFE with fixed order FIR filters.
The orders of the MISO FIR feedforward filter, s(¢~!), and the scalar FIR
feedback filter, Q(¢~'), can in principle be chosen arbitrarily.

The space-time DFE with fixed order FIR filters in the feedforward and
feedback filters is depicted in Figure 3.5. The estimated symbol prior to the
decision device can thus be written as

d(t—£) = s(¢”")y(t) — Qg ")d(t — £—1). (3.40)

This estimate is then used as input to the decision device to produce a hard
estimate d(t — £) of the transmitted discrete symbol d(t — £).

We now have to choose the smoothing lag and the orders of the feedforward
and the feedback filter. With perfect channel knowledge a larger smoothing
lag generally results in better performance. However, as a rule of thumb it is
adequate to select the smoothing lag such that most of the received energy
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originating from a transmitted symbol has passed through the feedforward
filter of the DFE before a decision is made.

As a guidance for the orders of the feedforward and the feedback filters we
can study the orders of the FIR, DFE in Section 3.2.2 operating on a FIR
channel with AR noise. The filters in this DFE have the orders

deg s(¢™') =L+ nn (3.41)

deg Q(¢ ) =nb+nn—1 (3.42)

where nn is the order of the AR model for the noise. Here we do not assume
that a parametric AR model for the noise plus interference is available, but
we can use the order nn as a tuning knob. We will therefore assume that
we select a number nn > 0 and use the orders from equations (3.41) and
(3.42). With this choice of filter orders we will automatically get ¢ < ns,
which according to the structure of the optimal DFE is a sound constraint.

It is possible to have a smoothing lag, £ that is larger than the order of the
feedforward filter. The structures of the optimal DFE however suggests that
this is not meaningful. We will therefore assume that ¢ < ns.

As usual we assume that all previous decisions affecting the current symbol
estimate are correct, i.e. d(t —£—k)=d({t—£L—k),fork=1,...,nqg+ 1.

We now want to adjust the equalizer coefficients to minimize the MSE cri-
terion

J = E[ld(t —£) —d(t — £)|?]. (3.43)

The coefficients that minimizes the criterion (3.43) can be computed by
means of the Wiener-Hopf equations [35]. Define the parameter vector

s Q] (3.44)
where

s=1[s) S1 ... Sns (3.45)
and

Q=[Q Q2 ... Qug (3.46)
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with s; being the row vector coefficient of order i to the feedforward filter
s(g7!) = so+ 81¢7 + ... + 8,5¢"™* and Q; being the coefficients of the
feedback filter.

Furthermore, define a regression vector

o(t) 2 [ y(®) ] (3.47)

—dq(?)
where
y(t) d(t —€—1)
A O B (3.49
y(t—.ns) d(t—é.—“nq— 1)

The filtering of the DFE in (3.40) can now, in vector form, be expressed as

A~

d(t — 0) = 8¢ (2). (3.49)

The parameter vector that minimizes (3.43) is now given by the solution to
the Wiener-Hopf equations
R,,07 = R, (3.50)

where

(1>

Elp(t)e" (t)] Rgpa, = Elp(t)d"(t—2)]. (3.51)

The covariance matrices R, and Ry, can be expressed in the coefficients
of the channel b(¢ ') and the autocovariance function for the noise plus
interference, Ryy(k), see Appendix 3.A.3.

Consider now forming estimates chcp and Rtpdz of the matrices R, and
R4, in (3.50). We can form such estimates either directly from the avail-
able training data, as will be described in Section 3.3.1, or we can form
estimates by using an estimate of the channel, b(¢™1), and estimates of the
spatio-temporal covariances, Rnn(k), for the noise plus interference in the
equations in Appendix 3.A.3.



122 Chapter 3. Space-Time Decision Feedback Equalization

Assuming ﬂ¢¢ is nonsingular, we can then compute an estimate of 8 as
~H A—1 ~
0 =R, Ry, (3.52)

From @ we can then extract the coefficients of the feedforward and the
feedback filter according to (3.44).

The solution to (3.50) can however be expressed in a slightly more compact
form as shown in [110]. We will here show this in a new and simple way.
Let us return to the expression in (3.40) for the signal, d(t — £), prior to the
decision device

d(t—6) = s(¢"y(t) — Qg ")d(t —£—1). (3.53)
In matrix notation we can write d(t — £) as
d(t — ) = sy(t) — Qdg(?) (3.54)

where s is defined in (3.45), Q is defined in (3.46) and ¥(t) and dg(t) is
defined in (3.48). The feedback filter is assumed to filter correct symbols
delayed by £+ 1 time samples. The feedback filter will then, provided it is
long enough, cancel all effects of symbols d(t) with a delay larger than £.
This is the role of the feedback filter. As a result, as also noted in [54] for
the scalar case, we can replace the problem of tuning the feedforward and
feedback filters coefficients in (3.54) with the problem of tuning only the
feedforward filter coeflicients in

d(t — £) = s7,(t) (3.55)
where the signal vector ¢,(t) is the same signal as ¢(t), except that we have
removed all dependencies on symbols d(t) delayed more than £ samples. The
signal vector ¢,(t) can thus be expressed as

Y,(t) = Bdy(t) + n(t) (3.56)
where
[ by ... by ]
| 0 ... b
B = 0 .. 0 (3.57)
| 0 ... 0 |
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with by, being the taps in the FIR filter channel (3.38) and

d(t)
dy(t) = : . (3.58)
d(t — £)

Note that ¢,(t) does not depend on symbols d(7) for 7 < ¢t — £.

The coefficient vector for the MMSE optimal feedforward filter, s, can thus
be found as the solution to the Wiener-Hopf equations

Ry,5,5" = Ry,q, (3.59)
where
Ry,g, = Elg(t)g" (1)) (3.60)
and
Ry,q4, = Elg(t)d" (t - £)). (3.61)

Using (3.56) and the assumption that d(¢) is white and uncorrelated with
n(t), we can rewrite the system of equations (3.59) for the feedforward filter
coefficients, s defined in (3.45), as

where B is defined in (3.57) and

by
b1
R,n(0) . R,n(ns) :
Ran = : : Bi=| b |. (3.63)
Ry (—ns) R, (0) 0
L O .

The M x M matrices Ry, (k) in Ran are evaluations of the autocovariance
function of the noise plus interference defined in (2.108).



124 Chapter 3. Space-Time Decision Feedback Equalization

Given the coefficients of feedforward filter s = [so sns], the coeffi-
cients of feedback filter, can using (3.37) with nn = 0, be computed as

Qlf by - b ][ st
= : : (3.64)
Qng bt o bl | Ll

where b; = 0 if 7 > nb.

3.2.4 Multidimensional Matched Filter DFE

Another option for implementation of a DFE is the multidimensional matched
filter DFE (MMF-DFE). Here we utilize the fact that if we could allow an
infinite smoothing lag, then the optimal DFE would consist of a multidimen-
sional matched filter followed by a scalar DFE with an infinite smoothing
lag [83]. The multidimensional matched filter can take spatially and tempo-
rally colored noise into consideration. In reality we cannot accept an infinite
smoothing lag in the scalar DFE. With a finite smoothing lag the MMF-
DFE is theoretically suboptimal. However, as we will see in the simulations
in Section 3.4, in practice it may work just as well as the space-time DFE’s
in Sections 3.2.1 — 3.2.3.

Consider the received signal (2.2) at the antenna array

y(t) = b(g™")d(t) +n(t). (3.65)

We assume that the noise plus interference term, n(t), can be spatially and

temporally colored and we define a double-sided transfer operator matrix,

Rpn(q,q 1), from its spatio-temporal covariance matrix function, Ryn (k),
3

as

Run(0:47) = Y, Ran(k)g "= > ERtn"(t—k)lg* (3.66)
k=—00 k=—o00

For simplicity we will sometimes refer to the matrix Ry,(q,q~!) as the
“spatio-temporal covariance matrix”.

3A more traditional notation would be to replace ¢ with the variable z. R,m(z,z_l)
would then represent the spatio-temporal spectrum for n(t). Using the g operator however
simplifies the presentation.
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Figure 3.6: MMF-DFE
n(t)  Whitening Matched filter
d(t A d(t)
A R A bR G R

Figure 3.7 MMF-DFE with the MMF decomposed into a whitening filter
and a matched filter.

Given this channel, and allowing an infinite smoothing lag, one can show
that the MSE optimal DFE consists of a multidimensional matched filter

w(g,q ") =b" ()R (g, ). (3.67)

followed by a scalar DFE with a possibly infinite smoothing lag. In [83]
this result is shown in continuous time. The structure of the MMF-DFE
is depicted in Figure 3.6. It should be noted that if the smoothing lag is
finite, then the MMSE optimal DFE cannot in general be decoupled into a
matched filter followed by a DFE [90, 106].

Let us perform a spectral factorization on Ryy,(g,q7 1), i-e. let
- 1/2, —1\ pH/2
Ran(4,97") = Rutn (¢ ) Rait’ (q) (3.68)

where R,lz/,%(qfl) is stable and causal [47, 40, 36]. We can now decompose
the multidimensional matched filter into a noise whitening filter followed by
a filter matched to the channel including the noise whitening filter, as shown
in Figure 3.7.

Note that if the noise process, n(t), is modeled by an AR-process
n(t) = N~ (¢ ) Mov(t) (3.69)
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where N~1(g7!) is an M x M polynomial matrix, M is a constant matrix,
and v(t) is a m x 1 white innovation process, then the multi-dimensional
matched filter takes on the simple form of a row vector of non-causal FIR-
filters

w(g,q7") = b () N (@) Mg "My ' N(¢™"). (3.70)

Note that the MMF-filter have an impulse response with finite extent, both
forward and backward in time. An AR model for the noise is thus useful
model since it translates into an FIR multi-dimensional matched filter (when
the channel for the desired signal is an FIR channel).

A potential disadvantage with this approach is that the multidimensional
matched filter increases the length of the intersymbol interference before
the scalar DFE is applied. This can make a channel that is difficult to
equalize even more demanding. Also, as mentioned in the beginning of
this subsection, in theory it requires an infinite smoothing lag. This is of
course not desirable and in practice we have to design the scalar DFE with
a finite smoothing lag. Furthermore we need to truncate the MMF-filter if
the noise-whitened channel has an impulse response with infinite duration.
However, as mentioned in the beginning, we will see in the simulations of
Sections 3.2.1 — 3.2.3, that an MMF combined with a properly tuned scalar
DFE may in practice perform just as well as the other space-time DFE’s
studied. To answer this question in more depth it is however necessary to
perform more extensive studies covering a wider range of possible channels
and scenarios.

3.3 Some Tuning Options

To implement the optimal fixed order FIR-DFE as described in Section 3.2.3
we need channel and noise plus interference covariance estimates of high
quality. Since these estimates are not normally available a priori, several
different tuning options can be considered. We will here discuss some of
these options.
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3.3.1 Directly Tuned Decision Feedback Equalizer (D-DFE)

As we saw in Section 3.2.2, when the channel for the desired signal is an
FIR-channel and the noise plus interference is temporally white (or can
be modeled by an autoregressive noise model), the MMSE optimum struc-
ture for the DFE has FIR filters in both the feedforward and the feedback
branches. Even if this is not the case we can restrict the DFE to contain
only FIR filters of predetermined orders, ¢f Section 3.2.3.

We will here restrict the DFE to a FIR filter structure, but instead of using
an indirect approach for the tuning as in Section 3.2.3, we will consider
tuning of the FIR filter coeflicients of the DFE directly from data.

The estimate of the symbol prior to the decision device is given by
d(t—0) = s(g ")y(t) — Qg™ "d(t—£—1) (3.71)

where s(¢g™1) is a M x 1 polynomial row vector of order ns and Q(g~!) is a
polynomial of order ng, as in Figure 3.5.

As in Section 3.2.3, we want to minimize the MSE criterion
J=E[|dt—¢) —dit—20). (3.72)

with respect to the coefficients of s(¢~!) and Q(¢~!). The DFE parameters,
0, defined in (3.44) that minimizes J are, as in (3.50), given by the solution
to the system of equations

RsacpeH = Ryq, (3.73)

We can now replace R, and R 4, with the sample matrix estimates

t
. 1 max
R,, = ) (t)) + 02Ty 3.74
PP (tmaz — tmin + 1) (t:%:n p(t)p™ (1)) yy ( )
and
R 1 tmam

Rypi, = Y e (-0 (3.75)

t=tmin

(tmz’n - tmaw + 1)
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where ¢ is the regression vector defined in (3.47). The matrix Iy has an
M(ns 4+ 1) x M(ns + 1) identity matrix in its upper left corner and zeros
elsewhere. The term aglgg is added to regularize the matrix RWP in case
it is singular or ill-conditioned. Asymptotically, with an infinite number of
data (and some noise), o2 should be set to zero. However, with a finite
amount of data and/or a limited computational accuracy, the solution can
be improved by a good choice of o2. The matrix ﬁ¢¢ can, of course, not
be inverted without this regularization if the number of training relations,
tmaz — tmin + 1, are fewer than the number of parameters.

The equalizer coefficients in @ can now be estimated as

~H A =1 ~

0" =R, Ry, (3.76)

In the estimates of Ry, and Ry,q4, in (3.74) and (3.75), the summation
indices %3, and %4, are chosen such that the training data is optimally
utilized. It can sometimes be advantageous to add zeros at the beginning
and at the end of the training sequence to increase the number of possible
terms in the sample matrix estimates.

The directly tuned DFE has the advantage that it will always attempt to
achieve the best equalization performance possible given the specified struc-
ture and the available number of parameters. The direct tuning of the DFE
also minimizes a more relevant criterion than the indirectly tuned DFE
does [11]. The directly tuned space-time DFE, however, has the disadvan-
tage that it can have a large number of parameters to tune on a small
number of training symbols when many receiver antennas are used. Since
all parameters are tuned jointly, the system of equations can easily become
under-determined. In this case we need to regularize it to obtain a mean-
ingful solution. This will be apparent in the simulations below.

3.3.2 Indirectly Tuned DFE (I-DFE)

As in the previous section we will here assume that we are constraining the
DFE to have only FIR filters in the feedforward and feedback filters. The
structure is thus the same as in the previous section and as in Figure 3.5.
However, instead of tuning the coeflicients using the data directly we will



3.3. Some Tuning Options 129

here tune the equalizer coefficients via estimates of the channel and the
covariance of the noise plus interference.

Consider the equation for the coefficients of the feedforward filter in (3.62)

(BB + Rpn)st = B, (3.77)

The matrices B and By in (3.57) and (3.63) can be formed from the channel

~

estimates b(q ') as

- o b, T
by - b »
B=| 0 - bl g _| (3.78)
0 ... 0
0
0 ... 0 | s

where the channel estimate, 5(q_1), can, for example, be obtained with any
of the methods presented in Chapter 2.

As an estimate of the spatio-temporal covariance matrix,

R,n(0) ... Rpn(ns)
Ran = : : (3.79)
Ryn(—ns) ... Rpn(0)

we here propose the use of a regularized sample matrix estimate

t
. 1 max . H 9
Ran = n(t)n (i) +o,1 3.80
s VL UL (3.80)
where
~ T
A= [ﬁT(t) Alt—1) ... ﬁT(t—ns)] (3.81)

and where 7i(t — k) are lagged residuals from the FIR channel estimation

A(t) = y(t) —blg)d(?). (3.82)
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The term 027 is the regularization term adding o2 to the diagonal elements
of the spatio-temporal noise plus interference covariance matrix.

If the number of parameters in the feedforward filter of the spatio-temporal
DFE is large compared to the number of training symbols available, then
the matrix

BB + Ran) (3.83)

can be ill-conditioned or singular. The rank of the term BB can never be
larger than £ + 1 since this is the number of columns in B. With a large
number of antennas it is likely that £ is much smaller than the number of
parameters in the feedforward filter, M (ns+1), and thus in this case the term

BBH only contributes marginally to the rank of the matrix BBH + Ran-
Without the diagonal term, 021, the rank of Ry will be limited by, i.e.
less than, the number of terms in the sum in (3.80). The number of terms is
here typically determined by the effective length of the training sequence*
Thus, if the number of parameters in s(¢g~!), i.e. Mns, is comparable to, or
larger than, the effective length of the training sequence, and we don’t add
the term 21, then the matrix (BB" +Raz) can, or will, be ill-conditioned
and even singular. By adding the diagonal term, 021, we can improve the
condition number for the matrix and compute a meaningful solution. This
solution will, similar to the D-DFE in Section 3.3.1, suffer from having a
large number of coefficients to tune. However, it performs better than the
D-DFE in the simulations below. The reason for this is probably that the
“signal part”, the BBH part of the matrix (BBH—I—’IA?,,—"—L), is given by a model
that is defined by a relatively low number of FIR channel parameters.

3.3.3 Indirectly Tuned DFE with Spatial-Only Interference
Cancellation (IS-DFE)

The problem with the ill-conditioned estimate of the spatio-temporal noise

~

plus interference covariance matrix, Rp5, can be avoided by replacing it

4With the effective length of the training sequence we refer to the number of training
relations that can be formed with the method we are using; here tmaz — tmin-
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with a spatial-only noise plus interference covariance matrix
Run 0
Ropn = (3.84)
0 Run
where R,,, is an estimate of the spatial interference plus noise covariance
matrix, i.e. the covariance matrix function for lag zero

. 1 tmam

R, > At (3.85)

t=tmin

B tmaz — tmin + 1

where n(t) is computed as in (3.82).

The spatial only covariance matrix estimate ’f?,nn will be much better condi-
tioned. As long as the effective length of the training sequence® symbols used
is large compared to the number of antennas, regularization will typically
not be required. This estimate will, of course, not contain any information
about the temporal correlations of the noise plus interferers. However, if
the desired signal and the interferers can be separated spatially, then this
approach may provide adequate performance.

3.3.4 Indirectly Tuned DFE with an AR Noise Model
(AR-DFE)

For the AR-DFE we will estimate an FIR channel with an AR model for the
noise plus interference, as described in Section 2.9, and design an MMSE
optimal equalizer using this model as described in Section 3.2.2.

Let us first, using the method described in Section 2.9, jointly compute
an estimate, by (¢"), of the channel, by (¢~') = N(¢~')b(¢™'), and an
estimate, N'(g~!) of the noise whitening filter N'(¢~') in (2.118). Using the
residuals, 7(t), from this estimation we can form an estimate of the matrix
M in (2.118) as

tmas —1/2
NIy = ( ! 3 r(t)rH(t)> . (3.86)

tmaz — tmin +1

t=tmin

®The number of training relations that can be formed with the method we are using;
here tmaz — tmin.
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We can now form an estimate of the noise whitened channel

b(¢7") = Mg'N(g)blg™") (3.87)
b'(¢") = M, bn(g ). (3.88)

Given this estimate we can compute an estimate 3¢(¢ ') of the polynomial
s0(g~"1) by solving (3.32), using the the coefficients of i)l(q_l) in place of the
coefficients of b(g~!). The estimated feedforward filter can then be formed
as

3(g7) = d0(g )M, N(g ™) (3.89)

Finally the coefficients of the estimated feedback filter, Q(q_l), can be com-
puted by using the estimates of the polynomial so(¢~!) and the estimate of
the noise whitened channel b'(g ') in (3.37).

This DFE will perform some spatio-temporal interference suppression. De-
pending on the order of the AR noise model it will perform different amounts
of temporal filtering. The DFE can, without a significant increase in com-
plexity, handle an AR noise model of relatively high degree. However,
depending on the number of antennas and the amount of training data
available, the order of the AR noise model may be limited by the channel
estimation procedure.

3.3.5 Indirectly Tuned MMF-DFE with Spatial-Only Inter-
ference Cancellation (IS-MMF-DFE)

The IS-MMF-DFES is an indirectly tuned MMF-DFE utilizing only the
spatial spectrum of the noise plus interference. An estimate, lA)(qfl), of
the channel for the desired signal can be computed with, for example, one
of the methods described in Chapter 2. The spatial noise plus interference
spectrum is estimated as a sample matrix estimate, as in Section 2.8, formed
from the residuals, 71(t) = y(t) — b(g 1)d(t) from the channel estimation

Ban = Bun(0) = ———— > a@a”().  (390)

t=tmin

tmaw - tmin +1

5The “IS” stands for Indirect tuning with Spatial-only interference cancellation.
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Using these estimates, an estimated multidimensional matched filter can be
formed as

N _ ~H A —1
w(g,q7 ) =b (¢)R,, (3.91)

The output from this MMF-filter will then be processed by a scalar DFE.

This scalar DFE can, for example, be tuned either with a direct method
using the output from the MMF during the training sequence or indirectly
via estimates of the total channel, from the transmitted symbols to the signal
after the MMF. This new channel can be obtained either by re-estimating
the channels after the MMF or by simply computing the new channel from
the initial channel and covariance estimates and the computed MMF.

When tuning the scalar DFE after the MMF, it is a good idea to utilize
the temporal spectrum of the noise after the MMF. With direct tuning the
noise spectrum is automatically taken into account. When using the indi-
rect methods, the noise spectrum can be re-estimated, as a sample matrix
estimate of the temporal noise covariance matrix involving the relative time
lags, formed from the channel estimation residuals. It can also be formed by
combining the already estimated spatial noise plus interference covariance
matrix, prior to the MMF, with the coloring of the MMF filter itself.

The processing in the IS-SMMF-DFE can be summarized as:

1. Estimate the channels. Denote the vector of channel estimates
b(g).

2. Estimate the spatial noise plus interference covariance matrix,
for example as a sample matrix estimate formed from the resid-

uals 7(t), defined by (3.82), as

N 1 tmam

Ron Y a)at(). (3.92)

t=tmin

B tmaz — tmin +1

3. Form the MMF filter as @(q,q ) = b" (¢)Ropn.

4. Compute a scalar indirect FIR-DFE, with a suitable smooth-
ing lag, as in Section 3.2.3 (equations (3.62) and (3.64)) using
the channel from the transmitted symbols to the MMF output,
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i)H(q)R;TILE)(q_l), and the noise spectrum,

w(q, q_l)ﬂnan (g, 1). The channel and noise spectrum will,
of course, have to be corrected with the appropriate delays so
that the channel is causal. The smoothing lag should preferably
be chosen large enough to cover this delay, plus the major part
of the energy caused by a symbol transmitted over the channel.
Alternatively the temporal spectrum of the noise plus interfer-
ence can be re-estimated by forming a sample matrix estimate
of the temporal covariance matrix from the residuals, as briefly
described above.

An advantage with the IS-MMF-DFE approach over the IS-DFE approach
of Section 3.3.3 is that it is less computationally intensive to tune. In the
IS-DFE we have to invert the fairly large M(ns + 1) x M(ns + 1) matrix,
(BB + R;5), whereas for the IS-MMF-DFE only the smaller M x M
matrix Ry, has to be inverted.

3.3.6 Indirectly Tuned MMF-DFE with an AR Noise Model
(AR-MMF-DFE)

As for the AR-DFE in Section 3.3.4 we will here estimate an FIR channel
with an AR model for the noise plus interference, as described in Section 2.9.

We can thus, using the method described in Section 2.9, jointly compute an
estimate, b (g™"), of the channel, by = N(g~)b(¢™"), and an estimate,
N(q ") of the noise whitening filter N'(¢~!) in (2.118). Using the residuals,
r(t), from this estimation we can form an estimate of the matrix M, in
(2.118) as

t —1/2
- . 1 max -
Mo= (tmm mrems B) DOL (t)) : (3.93)

t=tmin

Using these estimates we form an estimate of the noise whitened channel as
~r ~—1s _
b(qt) =M, bn(gh). (3.94)
An estimate of the multidimensional matched filter can now be formed as

w(g,q7) = 6" ()M, N(g™). (3.95)
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The output from this MMF-filter will then be processed by a scalar DFE.

This scalar DFE can be tuned more or less exactly as the scalar DFE used
in the IS-MMF-DFE of Section 3.3.5.

The processing in the AR-MMF-DFE can be summarized as:

1. Form the estimates by (¢~!) and N(g~!) of the corresponding
entities in (2.118) using the method of Section 2.9.

2. Form the estimate M using (3.93).

3. Form an estimate of the noise whitened channel as Bl(q_l) =
~—1n
My bn(g ).

~ H a“ —1 .~
4. Form the MMTF filter as w(q,q~!) = b (q) M, 1N(q_l)

5. Compute a scalar indirect FIR-DFE, with a suitable smooth-
ing lag, as in Section 3.2.3 (equations (3.62) and (3.64)) using
the channel from the transmitted symbols to the MMF output,

l;'H(q)l;'(q_l), and the noise spectrum, l;'H (q)l;'(q_l). As for the
IS-MMF-DFE, the channel and noise spectrum will, of course,
have to be corrected with the appropriate delays so that the
channel is causal. The smoothing lag should preferably be cho-
sen large enough to cover this delay, plus the major part of the
energy caused by a symbol transmitted over the channel. Alter-
natively the temporal spectrum of the noise plus interference can
be re-estimated by forming a sample matrix estimate of the tem-
poral covarance matrix from the residuals, as briefly described
above.

Again, an advantage with the AR-MMF-DFE approach over the AR-DFE
approach of Section 3.3.4 is that it is less computationally intensive to tune.
The reason for this is that when tuning the AR-DFE we have to invert the
fairly large M (ns + 1) X M(ns + 1) matrix, (B'B'Y + 1), in (3.34).
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3.4 Simulations

An Eight Element Antenna Array

The performance of the D-, I-, IS-DFE and the MMF-DFE will here be
illustrated by some simulations.

A circular array consisting of eight antennas was used. The desired signal is
impinging on the array from the directions o = 0, 30 -60 and 180 degrees,
through the channels B(g™!) = 1+0.5¢" %, 0.5¢~! +0.8¢72, 0.5¢72 +0.2¢~3
and 0.2¢72 +0.3¢~* respectively. Three co-channel interferers are impinging
on the array from the directions a., = 135, -30 and 235 degrees respectively
with the channels v(0.5 — 0.5¢7!), v(0.7¢™* — 0.4¢72) and (—0.5¢72 +
0.5¢ 3). The constant y was varied to achieve different signal to interference
ratios. Independent white noise was also added to the simulated received
signal to vary the signal to noise ratio. Furthermore, the length of the
training sequence was varied to study how it affected the performance of
the equalizers. The transmitted symbols, d(¢) had the values d(t) = 1.

For the indirect algorithms, utilizing a channel estimate, the channel was
estimated with a simple least squares method as described in Section 2.2.
When required the space-time or space-only spectrum of the noise plus inter-
ference was estimated as a sample matrix estimate formed from the residuals
of the channel estimation.

The smoothing lag and the order of the feedforward filter for the D-, I- and
IS-DFE’s were chosen to £ = ns = 3 and the order of the feedback filter was
chosen to ng = 3.

The MMF-DFE was tuned as suggested for the IS-MMF-DFE in Section 3.3.5.
The MMF-filter had 5 taps and used a spatial-only estimate of the noise
plus interference spectrum. The scalar DFE following the MMF-filter had 9
taps in the feedforward filter (with a smoothing lag of 8) and 6 taps in the
feedback filter. The scalar DFE was tuned utilizing the transformed chan-
nel after the MMPF-filter and the estimated temporal noise plus interference
spectrum, all as described in Section 3.3.5.

The regularizing constant o2 for the D- and I-DFE was set equal to the
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variance of the noise. This value was found to work well in these examples.
Note, however, that for training sequences that are long compared to the
number of jointly tuned parameters, this value should most likely be de-
creased. In a real system we would of course have to use an estimate of the
noise variance since the true noise variance would not be known.

In Figure 3.8 we can see the resulting BER for the different equalizers as a
function of the length of the training sequence. The equalizers attempting
to utilize the full required space-time spectrum of the noise plus interference,
the D- and the I-DFE, perform poorly for short training sequences. The IS-
DFE and the IS-MMF-DFE here have almost equal performance and they
are superior to the D- and I-DFE’s , except for very long training sequences.
The reason for this difference in performance is here that the equations for
computing the parameters of the IS-DFE and the IS-MMF-DFE are much
more well conditioned and reliable as a result of not attempting to utilize
the full estimated space-time spectrum of the noise plus interference.

In Figure 3.9 we can see the resulting BER for the different equalizers as a
function of the signal to interference ratio. The training sequence was here
26 symbols long and the signal to noise ratio was 7 dB. Again we see that
the IS-MMF-DFE and the IS-DFE have an almost equal performance. We
can note here that both the IS-DFE and the IS-MMF-DFE is successful in
suppressing the strong interference. The D- and I-DFE’s are less successful
as the power of the interference increases. However, note that at high SIR
the D- and I-DFE algorithms are gaining on the IS-DFE and the IS-MMF-
DFE. When the strength of the interferer is reduced the regularization in
the D- and I-DFE’s is becoming more adequate.

A “One Element” Antenna Array

We here illustrate the performance of different versions of the AR-DFE of
Section 3.3.4 with a simulation example. Apart from using different orders
of the AR noise model we also show the effect of processing the real and
imaginary parts of the signal separately. Finally we apply bootstrapping, as
explained in Section 2.7.

We use a scenario with only two received signals. These two signals can for
example be two polarizations of the same signal. In this case we would have
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Figure 3.8: BER as a function of the training sequence length. SNR: 7dB,
SIR=-18dB. IS-DFE (solid), IS-MMF-DFE (dashed), I-DFE (dash-dotted)
and D-DFE (dotted).
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Figure 3.9: BER as a function of SIR. SNR: 7dB. Number of training sym-
bols: 26. IS-DFE (solid), IS-MMF-DFE (dashed), I-DFE (dash-dotted) and
D-DFE (dotted).
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Figure 3.10: BER as a function of SIR for different versions of the AR-
DFE. SNR: 20dB. Number of training symbols: 26. AR-DFE with nn =0
(solid-0), mn = 1 (dashed-o), nn = 2 (dash-dotted-o),nn = 3 (dotted-o),
AR-DFE processing the real and imaginary part of the signals separately
with nn = 0 (solid-x), nn = 1 (dashed-x), and nn = 1 with bootstrapping
(dash-dotted-x).

only one physical antenna but with two polarizations. We assume that these
two signals fade independently.

We have one user and one co-channel interferer. Both the desired signal and
the co-channel interferer has a channel with 5 independently Rayleigh fading
taps with the average relative powers -3dB, 0dB, -2dB, -6dB and -8dB and
the time delays 0, 0.2, 0.5, 1.6 and 2.3 symbol intervals respectively. The
average signal to noise ratio is 20 dB. The transmitted binary symbols are
modulated with GMSK modulation with a bandwidth-time product of 0.3
(as in GSM).

All algorithms used a channel model with 5 taps and a smoothing lag of 4
symbol intervals. We compared the following algorithms: AR-DFE with the
order of the AR noise model nn =0, nn =1 nn = 2 and nn = 3, AR-DFE
processing the real and imaginary parts of the signal separately with nn = 0,
nn = 1 and the latter AR-DFE with two stages of bootstrapping.

In Figure 3.10 we can see the resulting BER for the different equalizers as
a function of the signal to interference ratio. None of the algorithms, not
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processing the real and imaginary parts of the signal separately, has a good
performance for this scenario. The AR-DFE with nn = 1 processing the
real and imaginary parts separately however has a very good performance
and bootstrapping of the same algorithm improves on the performance some-
what. The AR-DFE processing the real and imaginary signals independently
has an advantage since it in effect has twice as many signals. This is why
it can cancel the co-channel interference and achieve a good BER. It should
however be noted that the signal to interference ratio in this scenario is high,
20dB, but it illustrates the principle.

3.5 Discussion

In the simulations presented in Section 3.4 we saw that the IS-MMF-DFE
and the IS-DFE achieved very similar performance. However, when using
many antenna elements, the IS-MMF-DFE will require much less computa-
tions to tune. The main reason for this is that when computing the IS-DFE,
as in Section 3.2.3, we need to solve the system of equations (3.62). The
dimension of this system of equations is given by the number of antennas
times the smoothing lag plus one, i.e. M(ns+1). When tuning the IS-MMF-
DFE, however, we only need to invert the spatial covariance matrix for the
noise plus interference, of dimension M. A drawback with the MMF-DFE
is that the time delay of this equalizer typically will be larger than the time
delay of the IS-DFE. The reason for this is that the MMF-DFE introduces
extra intersymbol interference via the MMF-filter which then has to be re-
moved by a scalar DFE using long filters. If the channel is time-invariant
within a data frame and no continuous adaptation of the equalizer has to be
performed, this is of minor importance. As long as the performance for the
MMF-DFE is comparable to a DFE optimized for a finite smoothing lag,
the MMF-DFE will thus be preferred when the number of antennas is large.

Neither the IS-DFE nor the IS-MMF-DFE utilizes the temporal spectrum
of the noise and interference. In a scenario as the one studied, with a
relatively large number of antennas, attempting to make full use of the
temporal spectrum of the noise plus interference in the specific way realized
by the D- and I-DFE’s does appear not to be meaningful. It should however
be noted that the number of antennas can be “large” in more than one
way. First, it can be large in the sense that the number of parameters to be
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tuned in the equalizers becomes large compared to the length of the training
sequence. Second, it can be large compared to the number of uncorrelated
interferers present, making spatial suppression of the interferers effective.
In the simulations performed in this section, the number of antennas was
large in both these senses. The situation can, for example, be different if
we have a very large number of uncorrelated interfering signals such that
spatial interference suppression is not possible, even though we have many
antennas.

We can however consider other ways to make use of the temporal dimension
of the noise plus interferer spectrum. The AR-DFE of Section 3.3.4 utilizes a
space-time AR model of interference plus noise. This DFE will therefore be
able to do spatio-temporal interference suppression. Compared to using an
AR noise model together with maximum likelihood sequence estimator [7],
the decision feedback equalizer has the advantage that the complexity only
increases linearly with the order of the AR filter while the complexity in-
creases exponentially for the maximum likelihood sequence estimator. It is
therefore more feasible to use higher order AR models together with a deci-
sion feedback equalizer than with a maximum likelihood sequence estimator.
With a large number of antennas, the number of parameters in the model
can however become large compared to the number of available equations.
This can make them potentially difficult to estimate accurately, especially
if the signal to noise ratio is not high enough.

In the simulation example with two received signals, see Figure 3.10, we can
see an example of the use of an AR model for the noise plus interference,
resulting in space-time suppression of the interferers. We also demonstrate
that when we have a binary modulated signal, we can potentially improve
the performance by processing the real and imaginary parts of the signal
separately.

We can see in Figure 3.9 the BER for the IS-DFE and the MMF-DFE are
fairly insensitive to the strength of the co-channel interferers. The reason
for this is that spatial subspace occupied by the interference is disjoint from
the spatial subspace occupied by the desired signal. The spatial interference
suppression can thus completely cancel out the interference without impair-
ing the desired signal significantly. This will be discussed in more detail in
Section 7.4 of Chapter 7.
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3.A Appendix

3.A.1 Derivation of the Optimal Space-Time DFE.

To simplify the derivation of optimal equalizer coefficients we shall adopt
the usual assumption that all previous decisions affecting the current symbol
estimate are correct, i.e. welet d(t —¢—1) =d(t —£—1).

We now minimize the criterion

J=E [|d(t o) —d(t— e)|2] E[|2(8)]?] (3.96)

where

~

A) = dt—b) —d(t— )
= (¢'=8(@HA (g )blg ) +q71Q(g7))d(?)
~S(g )N g " YM(¢ M v(t) (3.97)

and where the expectation E[-] is taken with respect to the realization of
the noise, v(t), and the symbol sequence, d(t). The derivation that follows
utilizes the techniques for MSE minimization using polynomial equations
introduced in [3].

In order to minimize the criterion (3.96), z(¢) has to be orthogonal to any
stably and causally filtered version of the input signals y(¢) and d(t —£—1).
The signal z(t) thus has to be orthogonal to

ei(t) = g1(q y(t) (3.98)
and to
ex(t) = galg~")d(t — £ —1) (3.99)

where g,(¢ '), of dimension 1 x M, and go(¢ ') are arbitrary stable and
causal filters.
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Orthogonality with respect to e;(t) gives’
Elz(t)ef ()] =
E[{(¢*-8A b+ ¢"1Q)d(t) - SN Mw(t)}
x{g1(A"bd(t) + N"'Mwv (1))} "] = 0. (3.100)

Evaluating the expectation with respect to the signals d(¢) and v(t), using
Parsevals formula [87], we can rewrite (3.100) as

Elz(t)ef (t)] =
— i |:(ZZ o SAflb_l_zflle)bHAfH o
27 |2|=1

Hdz
=

SNlMMHNH] g = 0. (3.101)
z

We will now write the inverses A 2 and N as

A~H =i (3.102)

NH N (3.103)

where a = det(A), n = det(IN), A = adj(A) and N = adj(IN), respectively.
Inserting (3.102) and (3.103) into (3.101) gives

Bla(t)el (1)) =
1 _
== [(zZ —SA b4z QB A R -
2 |z|=1
SN-'MMIN" ] g Hp-Hgh % _ (3.104)
z

In order for (3.104) to be zero for all admissible g;, we must require that
the integrand is analytic inside the unit circle, i.e. it should have no poles
inside the unit circle. The factor a=# (2)n=#(2)g¥ (z) has no poles inside
the unit circle since a (27 !), n (27 !) and g,(z ') are all stable.

"In the derivation below we will, to simplify, sometimes omit the argument ¢!

the rational functions and the polynomials.

or g in
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Therefore we require that a stable rational column vector Iy = lo(z 1) exists
such that all poles of 1 (z) are outside |z| = 1 and

~ ~H
(2~ SA b+ 2t QBH A - SNT'MMUN o = A (3.105)

Similarly, orthogonality with respect to ex(t) = go(q 1)d(t — £ — 1) gives

Elz(t)es (1)] =
=E[{(¢*-SA o+ ¢ 1Q)d(t) - SN Mw(t)}
x{gag~t'd(t)}"] = 0. (3.106)

Evaluating the expectation with respect to the signals d(t) and v(t), using
Parsevals formula, we obtain

Ela(t)el (1)] = — j’{ e SIS A b+ Q)glt d—; —0.  (3.107)

T 2mi

In order for (3.107) to be zero for all admissible go = go(2!), we must
require

z—2TSAT b+ Q =zl (3.108)

where I/ = 17 (2) is a rational function, with all poles outside |z| = 1, to be
determined. We observe that [{/(z) will be a polynomial since the left-hand
side of (3.108) has no poles outside the unit circle, because A(g~!) is stable
and S(g~!) is required to be stable.

Multiplying (3.108) with z ¢ b A"nH from the right and subtracting it
from equation (3.105) gives

z_el{IbeIHnH _SN'MMIN" G = 218 (3.109)
Multiplying (3.109) with z¢ gives

T Al _ ASN I MMIN" off = 8 (3.110)
Now, since 8 and N ™!, are stable rational matrices in 2!, they will have

poles inside the unit circle. Furthermore, since M, is a polynomial matrix
in z~! it will contribute poles at the origin. Since the right hand side is
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required to have no poles inside the unit circle, the factor N~'M must
therefore be canceled by 8. Thus, & must have the structure

S=s)M!N. (3.111)
We will below show that sg must be a polynomial row vector.
By inserting (3.111) into (3.110) we obtain
HpH 7 o 2 HaH H _  e+17H
I'0"A n" —2"sgM" N a" =215 . (3.112)
Since sg is the only factor that can have poles inside the unit circle it must

in fact have no poles, other than in the origin, since these could not be

matched by any other factor in (3.112), i.e. it must be a polynomial in 271

Furthermore, since lf is the only remaining potentially rational factor in
(3.112), it too must be a polynomial matrix.

Similar to (3.102) and (3.103) we can write the inverse M ! as

M ‘'=m'M (3.113)
where m = det(M) and M = adj(M).
Using 8 = s M !N in (3.108) and inserting (3.102) and (3.113) gives

z— 2" m e 'sgMN Ab+ Q = 211, (3.114)

By defining

A

p=p("") = a(z " )m(z7!) = det (A(z7")) det (M (271)) (3.115)

we can write (3.114) as
zp — 2T sy M N Ab + Qp = 21 p. (3.116)

The right hand side of (3.116) is required to have no poles inside 0 < |z| < 1.
Since Qp is the only term in (3.116) that could have poles in this region, it
must in fact have no poles there, and must thus be a polynomial in z~'. We
thus require that

Q=p"'Q (3.117)
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where @ is a polynomial in z~! yet to be determined.

By inserting (3.117) into (3.116) we obtain
2p— 2T sgMNAb+ Q = 21 p. (3.118)

To summarize, we thus have to solve the two coupled Diophantine equations
(3.112) and (3.116)

~ ~H
l{{bHAHnH —2tsgMEN " off = 0 (3.119)

zZp — z“lsoﬁNgb +Q = zlflp (3.120)

with respect to the polynomials and the polynomial vectors Iy, sg, lo and

Q.

Since the maximal positive power of z on the left hand side of (3.120) should
match the power on the right hand side, we can conclude that

deg I1(z71) = 4.

Likewise, by inspecting the negative powers of z in (3.119) we can note that
we must have

deg so(z 1) = L.

Furthermore, using that deg so(z ') = £ in (3.120) and investigating the
negative powers of z gives

deg Q(z ') = max[nb + nn + (M — 1)(nm + na), M (nm + na)] — 1.

Finally, using that deg [ (2) = £ in (3.119) and considering the positive
powers of z gives

deg lo(2z71) = max[nb + (M — 1)na + Mnn,nm + (M — 1)nn 4+ Mna] — 1.

To summarize, and exchanging z for ¢, we have the following orders of the
polynomials
deg so(¢™Y) = ¢
() = ¢
deg Q(¢~!) = max[nb+nn+ (M —1)(nm + na), M(nm + na)] — 1
(¢7) = max[nb+ (M — 1)na+ Mnn,nm + (M — 1)nn + Mna] — 1.
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We will now show that the coefficients to the polynomials so(q 1), I1(¢ 1),
Q(¢ 1) and I2(¢~!) can be found by solving a linear system of equations.
Let us first take the complex conjugate transpose of equations (3.119) and
(3.120) and rearrange them to obtain

zfzaﬁMsgl —nAbl, = —z F 1, (3.121)

~ —~H
H AT NHM st ptily = 2QH + pt. (3.122)

Each power of z or 27! in (3.121) gives an equation in the coefficients of s{f
and /1. By combining these equations into a system of equations we obtain

[ Hnl2+1 T Hn12+1+f —Cniy+1 """ TCnly+1+4¢ 17T 56{0 i [ —linz T
H, Hﬁ—i—l - —Coq1 sg,ll _ —lsg
HO Hl —co _cé llg 0

L 0 HO 0 —Co 1L l10 | L 0 ]

(3.123)
where
A —_—
H(zY)=Ho+Hiz'+...+ Hyz "™ = aNM (3.124)
A ~
c(z_l) =cCo + clz_l +...+ cncz_nc = nAb (3125)

and H; =0ifi > nh = Mna+ (M —1)nn+nm and ¢; =0 if i > nc =
Mnn + (M — 1)na + nb. The unknown parameters in the equation are sg j,
the vector taps in the polynomial

so(g ') = s00+801q " +...+s0eq " (3.126)
and [, the scalar coefficients of the polynomial
Li(g™) =l +loigt + ... +loeg™ (3.127)

Similarly, equation (3.122) gives the system of equations

[ ull 0 pll 0 77T sito ] [0 T
Uiy, -0 Up Piyn - D1 l, fi
L udny 0wy Py oy 1L o 1L SRy
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where

) 24 e e g = p( ) +27QGTY) (3.129)

and
u(z7l) =ug +uig .o+ Uugug ™ = MN Ab. (3.130)

Again u; = 0if i > nu = (M — 1)(nm + na) + nn + nb and p; = 0 if
i > np = M?’nanm.

Equations (3.123) and (3.128) are coupled and cannot be solved separately.
However, by combining the top £+ 1 equations from (3.128) with the lower
half of the equations from (3.123) we obtain the system of (M + 1)(£ + 1)
equatim}s in the M (£ + 1) coefficients of so(z ') and the £ + 1 coefficients
of I (Z_ )

[ ull 0 pf 0 17T soo | [ 0]
wl ol pf o || sE | | e (3.131)
Hy --- H;y —-c¢co --- —c¢ lle 0

L0 Hy, 0 —co | | lio | | 0 ]

As long as the left hand side matrix is invertible, we can obtain a unique
solution for the coefficients of the polynomial vector sg(z~!) and for the
coefficients of the polynomial I;(z~!). We can note that the polynomial

Q™) =2(f(="") —p(z™") (3.132)

will be causal since f(z !) is monic and p(z~!) is monic by assumption
as det (A(z7')) and det (M(27')) both are monic polynomials. As the
coefficients of f(z ') can be computed using the lower set of equations
in (3.128), we see that we can compute the coefficients of the polynomial
Rz ) =Qo+Qizt +... + Qugz ™ of order ng = max[nb + nn + (M —
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1)(nm + na), M(nm + na)] — 1 as
C sty T
: = : : llz
Eq ug1+nq uﬂnq p£k1+nq p{{i—nq
lll
l10 - ]. i
(3.133)
where u; = 0 if i > nu and p; = 0 if 1 > np.
The rational feedforward filter is now, using (3.111), given by
S(g™h) =s0lg )M (g )N (g™) (3.134)

and the rational feedback filter is, using (3.117), given by

1y _ Qg )
Qg ) = —a(q_l)m(q_l)' (3.135)
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3.A.2 Derivation of the Optimal Space-Time DFE for AR
Noise.

If we assume, as shown in Figure 3.4, that the MMSE-optimal DFE has
FIR filters in the feedforward and the feedback branches, then the estimated
symbol prior to the decision device can be written as

d(t—£) = s(g”")y(t) - Qg™ ")d(t — £~ 1). (3.136)

Although this assumption is true, we can for the time being consider the
feedforward filter s(¢ ') and the feedback filter Q(q 1) to be potentially
rational filters.

To make the derivation of optimal equalizer coeflicients feasible we shall as
usual adopt the assumption that all previous decisions affecting the current
symbol estimate are correct.

As in Appendix 3.A.1 we want to minimize the criterion
J=E [|d(t o) —d(t— £|t)\2] = E[|2(t)]?] (3.137)
where

2(t) = d(t—€) —d(t— L)
(g t—sb+qg “1Q)d(t) — sN *Mov(t).  (3.138)

The expectation E[-] is with respect to realizations of the noise, n(t), and
the symbol sequence, d(t). The parameter £ is as before the smoothing lag.

In order to minimize the criterion (3.137), z(¢) has to be orthogonal to any
filtered version of the input signals y(t) and d(t — £ — 1). The signal z(?)
thus has to be orthogonal to

ei(t) = g1y(t) (3.139)
and to
ea(t) = god(t — £ — 1) (3.140)

where g; = g;(¢"!) and g2 = g2(g¢!) are arbitrary stable and causal IIR
filters. Note that g, is a row vector IIR filter.
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Orthogonality with respect to e (t) gives
Elz(t)ef (1)) =
E[{(g™" — sb+q"'Q)d(t) — sN~"Myw(t)}
x{g,(bd(t) + N"'Mov(t))}*] = 0. (3.141)
Evaluating the expectation with respect to the signals d(¢) and v(t) gives
Elz(t)e’ ()] =
1 ¢ -1\ H
=5 o [(z sb+z Q)b
sN—lMOMng—H] g{{% = 0. (3.142)

Separating out M OH N~H from the parenthesis gives

Elz(t)es(t)] =
1

= [(zZ —sb+ 2 IQWINTI M —
27 |z|=1

d
sN‘lMO] MUN-HgH ?z = 0. (3.143)

For this equation to be zero for all admissible g;, we must require that the
integrand is analytic inside the unit circle, i.e. it should have no poles inside
the unit circle. The factor M N~ g has no poles inside the unit circle
since N~! and g, are stable. Therefore we require that a stable rational
column vector I = lp(z~!) exists such that all poles of 15 (z) are located
outside the unit circle and

(z = sb+ 2 1QBINIMGH — sN M, =21 (3.144)

Similarly, orthogonality with respect to ex(t) = ga2(q~1)d(t — £ — 1) gives

Elz(t)ey (1)) =
= E[{(qiﬁ —sb+q “lQ)d(t) — sN 'Myv(t)}
x{gag~t1d(t)} "] = 0. (3.145)

Evaluating the expectation with respect to the signals d(t) and v(t), using
Parsevals formula, we obtain
1 d
— (z — 2"*1sb + Q)gf—z =0. (3.146)
z

271 |2|=1
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In order for this equation to be zero for all admissible g = go(z 1), we must
require

z—2"Msb+Q =2F (3.147)

where If = [H(2) is a rational function, with all poles outside the unit circle,
to be determined. We can however conclude that /; must be a polynomial
since the left-hand side has no poles outside the unit circle.

Multiplying (3.147) with 2= 167 N¥ M ;¥ from the right and subtracting
it from equation (3.144) gives

2 AV NI MG — sNTM = 218, (3.148)
Multiplying (3.148) with 2 gives
HENEMGHE — sN~1 My = 241 (3.149)

Now, s and N~! (being polynomial or stable rational matrices in z~1) are
the only factors in the left hand side that may have poles inside the unit
circle. Since the right hand side is required to have no poles inside the unit
circle, the factor N~! must be canceled by s. We select to also include
the constant matrix factor M Lin s. The row vector s will thus have the
structure

s=syMy'N. (3.150)

We will below show that sq is a polynomial row vector.

By inserting (3.150) into (3.149) we obtain
WO NI MGH — 2fsg = 21l (3.151)

Since sg is the only factor that can have poles inside the unit circle it must in
fact have no poles at all, except at the origin, since they cannot be matched
by some other factor in (3.151). With sy being a polynomial matrix in
271, we can from (3.150) see that the potentially rational feedforward filter
s(g~!) is indeed a polynomial, as predicted. Furthermore, since léq is the only
remaining potentially rational factor in (3.151), it must also be a polynomial

matrix.

Using s = soM N in (3.147), we obtain
z—2sgM7 Nb+Q = 2If. (3.152)
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Since, Q(¢ '), our potentially rational feedback filter, is the only factor
that can contain poles in 0 < |z| < 1 and cannot have poles in outside the
unit circle, it too must indeed be a polynomial, as predicted at the outset.
Furthermore, since I1 is the only factor that can have poles outside the unit
circle, and nowhere else, it must be a polynomial.

To summarize, we have to solve the two coupled Diophantine equations
(3.151) and (3.152)

W NEMGH — 2fsy = 2l (3.153)

z— 2 lsg MG Nb + Q = 214 (3.154)

with respect to the polynomials and polynomial vectors 1, sg, I3 and @,
respectively.

From the maximal positive power of z in (3.154) it can be concluded that
deg I1(z71) = £. (3.155)

Likewise, by noting that there will exist no negative powers of z in (3.153)
when £ > 0, it can be concluded that

deg so(z71) = 4. (3.156)

Furthermore, using deg sg(z~!) = £in (3.154) and investigating the negative
powers of z gives

deg Q(z') =nb+nn — 1. (3.157)

Finally, using that deg I(2) = £ in (3.153) and considering the positive
powers of z gives

deg ly(z7") = nb+nn — 1. (3.158)

We will now show that the coefficients to the polynomials so(g 1), I1(¢ 1),
Q(¢g71) and l3(¢” ') can be found by solving a system of equations. Let
us first take the complex conjugate of equations (3.153) and (3.154) and
rearrange them to obtain

27t — M Nbl, = -2, (3.159)
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I NE MG sl 11, = 2Q + 1. (3.160)

Each power of z or z ! in (3.159) gives an equation in the coefficients. By
combining these equations into a system of equations we obtain

[0 - 0 B o Dy ([ 80 ] [ —leats ]
oo | e | ]
) = 3.161
T A — h, 0 (3.161)
| 0 T 0 —b6 1L lbo | | 0]

where b, are the vector taps of the noise whitened channel
bz ) =by+ bz ...+ b,z = M;'Nb (3.162)

with b, = 0 if i > nb' = nb + nn. Furthermore 8o, are the vector taps in
the polynomial

so(g ') = s00+801q " +...+s0eq " (3.163)
and [y are the scalar coefficients of the polynomial

(g ) =lo+loig *+...+loeg & (3.164)

Similarly, equation (3.160) gives the system of equations

[ H
b, 0 1 Ofr 35{0 T [ 0 ]
'H ° H . .
b;f b'% 0 1 LRl _ 1 (3.165)
b - b 0 --- 0 Iy, fi
H H : ' "
I blnf blnf—l 0 -~ 0]¢ o | L Jny

where the monic polynomial f(z 1) of degree nf = nb+ nn is given by
FE Y =1+ fiz 4ot fupr ™ =14 270Q(Y). (3.166)

Again b} = 0 if i > nb.
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Equations (3.161) and (3.165) cannot be solved separately. However, by
combining the top £ + 1 equations from (3.165) with the lower half of the
equations from (3.161) we obtain the system of equations

- _
by 0 1 0 0%
v e 0 1 S0.t
I 0 —blo —blg llg
|0 I 0 —bo | L ho
By introducing the notation
by --- by
B = :
0 by
S0 = [80,0 So,e}
and
lie
= :
lo

we can write (3.167) as

B

I nr(es1yxmqet1) -B L

Topiyxes) ] [ s§! ] _

0

(3.167)

(3.168)

(3.169)

(3.170)

(3.171)

We can now separate (3.167) into a system of two matrix equations as

0
BIHS(I){ + ll =

(3.172)
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s Bl =|:]. (3.173)

Equation (3.173) now gives
Bl = st (3.174)

Let us now multiply (3.172) with B’ from the left to obtain

0 v,
BB s +BlL,=8B|:|=| : (3.175)
1 by
Inserting (3.174) into (3.175) gives
by
BB +Dsll=| : |. (3.176)
b’y
As long as (B'B' + I) is invertible we can compute
by
si=mBB"+0n'| : (3.177)
by

and extract the coefficients for the feedforward filter from s

(3.169). Noting that

according to

Q=) =2(f(z"") - 1) (3.178)

and that the coefficients of the polynomial f(z~!) can be computed using the
lower set of equations in (3.165), we see that we can compute the coefficients
of the feedback polynomial Q(z7!) = Qo + Q1271 + ... + Qngz™™ of order
ng=nb+nn—1 as

Q¢ blZ—l e b'f Sgo
: = : : : (3.179)

1H 1H H
an b {+nb+nn " b nb+nn So,e
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where b = 0 if 4 > nb' = nb+ nn.

Our polynomial feedforward filter is now, using (3.150), given by

s(g7) = so(g )My 'N(¢71). (3.180)



158 Chapter 3. Space-Time Decision Feedback Equalization

3.A.3 Fixed Order FIR-DFE Wiener Equations in Channel

Parameters

The covariance matrices Ry, and Ryq, in (3.51) can be decomposed as

R;z; —Ryq4
Ryp = Y veQ (3.181)
L d —RdQ»y I
where
A __ A _ A _
(3.182)
and
Ry,
Rya, = Y 3.183
i [ _Rdez ] ( )
where
A _ A
Ry, = E[gd"(t—¢)] Raye, = Eldd't—1£)]=0. (3.184)

By using (3.38), and the assumption that d(¢) and n(t) are uncorrelated, we
can note that

Ryy = Ry g, + Ran (3.185)

where Ry 5 is the covariance of the desired signal part of y(t) in (3.48)

E’Zb:O bkbl? e ;clb:ns bkka—ns
Ry g = : : (3.186)
Zzb:_om bkka—l—ns e ZZZO bkka

where a sum is zero if the starting index is greater than the end index in
the sum. The vectors by, are the vector taps in the channel b(g!) in (3.38).
The matrix R45 is the covariance of the noise plus interference part of n(t)
in (3.48)

R;yn(0) ... Rypp(ns)
Ran = : : . (3.187)
Run(—ns) ... Rpn(0)
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The M x M matrices Rpy(k) here are evaluations of the autocovariance
function of the noise plus interference defined in (2.108). Furthermore, Rgq,,
and Ryq, in (3.184) can be expressed as

bE+1 e bﬁ+1+nq
Rya, = : ; (3.188)
bl—f—l—ns v bﬁ—l—l—l—nq—ns
_ by -
b1
Rys,= | b |. (3.189)
0
L O =
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Chapter 4

Space-Time ML Sequence
Estimation

4.1 Introduction

The use of maximum likelihood sequence estimation (MLSE) [26, 116] will in
general provide higher performance than decision feedback equalization. If
the true channels are known the MLSE finds the transmitted sequence that
maximizes the probability of the actual received signal. This can be com-
pared with the DFE that after a linear filtering makes decisions on a symbol
by symbol basis. When we perform space-time filtering this advantage of the
MLSE over the DFE is however not always as large as in the exclusively
temporal case. The reason for this is that both the MLSE and the DFE
contains linear filters as front-ends. The linear filtering can more easily re-
trieve the desired signal when performing space-time processing as opposed
to when performing scalar temporal processing. The potential for additional
improvement due to the subsequent processing is therefore reduced. Some-
times the DFE can even have better performance than the MLSE. It can
happen when the information about the channel is incomplete.

We will here consider the generalization of the scalar MLSE to the space-
time MLSE. The scalar maximum likelihood sequence estimation [26, 116]

can be generalized to work with an array of antennas. We call such an MLSE

161
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a multi-channel MLSE.

Several different, but basically equivalent, realizations of the multi-channel
MLSE can be found in the literature [71, 121, 41, 45, 13, 6, 100]. Three ap-
proaches will be presented here, the log-likelihood [13, 41, 45], the noise
whitening approach [6] and the multi-dimensional matched filtering ap-
proach [71, 121, 100], are presented here. Although these approaches are
equivalent in terms of their performance, one of them, the multi-dimensional
matched filter approach, is superior with respect to complexity when using
more than one antenna.

Handling of spatially colored noise and interference is readily performed with
the multi-channel MLSE. The temporal color of the noise and interference
can also be included in the formalism, at the price of an increased memory
length in the Viterbi algorithm. This will however increase the complexity of
the processing. By using the temporal spectrum of the noise and interference
the space-time MLSE can however perform spatio-temporal cancellation of
interferers.

In Section 4.4, different tuning options for the filters in the MMF-MLSE
is discussed. Several options can be conceived for the tuning. We will,
however, only compare two options: Direct tuning of the filters and indirect
tuning utilizing an estimate of the channel and an estimate of the spatial
spectrum of the noise plus interference covariance matrix. The direct tuning
of the filters of the MMF-DFE is not well conditioned when using many
antenna elements due to the large number of coefficients in the filters, It thus
requires a regularization. In the simulations conducted, the performance of
the regularized directly tuned MMF-MLSE is however still worse then the
indirectly tuned MMF-DFE. The indirect tuning is here much more well
conditioned, which results in a better performance.

The indirectly tuned MMF-MLSE used in the simulations only utilizes the
spatial spectrum of the interference. As a result it will only suppress co-
channel interferers spatially. When using a relatively large number of anten-
nas, in comparison to the length of the training sequence, it can be difficult
to achieve good estimates of the spatio-temporal spectrum of the noise plus
interference. We can however consider performing joint FIR channel and
AR noise model estimation as described in Section 2.9 of Chapter 2. Such a
model for the noise and interference will allow for spatio-temporal suppres-
sion of co-channel interferers [7]. Another alterna-
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tive is to use a hybrid MLSE as in [53], or almost equivalent, a reduced rank
tuned MLSE as described in Section 5.4 of Chapter 5. In Section 5.4, we
show that these two methods are almost equivalent and therefore the hybrid
MLSE of [53] can be viewed as a rank one MLSE, see Chapter 5. It appears,
however, that the methods in [7] and [53], as well as the reduced rank tuned
MLSE in Section 2.9, all require relatively large signal to noise ratios.

4.2 Different Implementations of the Multi-Channel
MLSE

4.2.1 Channel Description

As in (2.15) we will model the received signals at the M antenna elements,

y() = () ) ... yu@)] (4.1)

as
y(t) = b(g~)d(t) + n(t) (4.2)
where b(g™') = [bi(g~) ba(q™!) ... ba(g~!)]" represents the causal

FIR channels to the antenna elements for the transmitted scalar symbol
sequence d(t) and the vector n(t) represents the noise plus interference. For
simplicity we will assume all M channel polynomials b;(¢~') to have the
order nb.

4.2.2 Log-Likelihood Metric and Noise Whitening Approach

Consider the spectrum of the noise plus interference n(t), where we have
replaced z with ¢

Run(a,9 ') = ) Eln@®)n"(t—m)lg ™ (4.3)

We will call this the noise plus interference spectrum operator. We can
factor this spectrum operator as

Run(q,q7") = Riln(¢ )R (g) (4.4)
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where Ril/,f(q_l) is the causal part of the spectral factorization of the noise
plus interferer spectrum operator [47, 3, 40, 36] and where Rg/f(q) is the
. 1/2, 1
complex conjugate transpose of Ryn (g ).
We can now form the whitened noise plus interference
—1/2, —
n'(t) = Rarl (¢ (t): (4.5)

A straightforward method of deriving the MLSE is to select the sequence
{d(t)}}¥, that maximizes the probability of the received sequence’, {y ()} ;.
If the noise and interference is, for simplicity, assumed Gaussian, then this
probability can be expressed as:

P ({y@O M @)Y, «
exp(—n'(t)Tn'(t)) =

ewp( - g: [[RE#Q(Q‘I) {y(t) - b(tfl)d(t)}] !
(Rl ) o) -l Ha}] ) (4.5)

Maximizing the probability in (4.6), is equivalent to minimizing the log-
likelihood metric?

N H
pra(N) = 3 [Rar(a™) {w(t) — bla™)d(1)}]
x [ Renl (™) {y(®) — bla™)a®)} - (4.7)

By forming the filtered signal,

1

y'(t) = Railg y(?) (4.8)
and the potentially rational noise whitened channel
1o —1 -3 -1 -1
b'(¢7) = Rnn(q )b(g) (4.9)
'In this discussion we are neglecting the effects near the beginning and the end of the

data records.
2Since e~®

is monotonically decreasing.
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the log-likelihood metric (4.7) can be expressed as

N
_ H _
prr(N) = [y'(t) = b'(g7H)d@®)] " [¢'(t) — (g ")d(D)] - (4.10)
t=1
The metric (4.10) can be computed recursively, for t =1,... , N, as

pep(t) = poo(t=1) + [ ) = 6@ )d®]" [y’ () - (g Hd®)]  (4.11)

The sequence of transmitted symbols {d(¢)} that minimizes this metric for a
given sequence of received signals {y(¢)} and channel model b'(g~!) can be
determined by using the Viterbi algorithm [122]. In the Viterbi algorithm
we simply replace the standard scalar metric computation with the above
vector formulation. Approaches similar to this can, for example, be found
in [41], [13] and [45]. Since the Viterbi algorithm here works with a vector
input, y(t), we call it a vector Viterbi. The block diagram for an MLSE
implemented using this log-likelihood approach is depicted in Figure 4.1a.

If desired, we can move the whitening filter outside the vector Viterbi algo-
rithm as shown in Figure 4.1b. We call this the noise whitening approach.

Note that if the noise process, n(t), is modeled by an AR-process
n(t) = N (¢ ) Mov(t) (4.12)

where N !(g7!) is an M x M polynomial matrix, M is a constant matrix,
and v(t) is an M x 1 white innovation process, then the noise whitening

filter R;"l,,/ 2(q_l) is simply given by

il (a7Y) = My'N(¢™h). (4.13)

4.2.3 Multi-Dimensional Matched Filter Approach

Another formulation of the multi-channel MLSE is to formulate it in terms
of a multi-dimensional matched filter as in [71], [121] and [97]. Here the
vector Viterbi is replaced by a multi-dimensional matched filter followed by
a scalar Viterbi. An advantage with this approach is that the computational
complexity is reduced when many channels (antennas) are used. These
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Vector Viterbi approach:
d(t) -1 @ Vector
1 BT Viterbi |

Noise whitening approach:

(SN
—~

[
~

n(t) Whitening

4]y L R o] Yector K

(b)
Multi-dimensional matched filter approach:
nt)  MMF

o b v om0

()
The MMF broken up into whitening and matched filtering:
n(*)  Whitening ~ Matched filter
O bia ) (D R M R H St L1

(d)

Figure 4.1: Different implementations of the multi-channel MLSE.
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formulations can be seen as generalizations of the treatment by Ungerboeck
in [116] to the case with multiple channels.

Using y'(¢) and b'(¢~!) (with coefficients b},) from equations (4.8) and (4.9),
the matched filter version can be derived from the log-likelihood metric
in (4.7). In Appendix 4.A.1 it is shown that

N
pra () = 3 [Rad(@) fu) - bia e}

t=1

< [Barl (a7 {y(t) — bla™)d()}

N N N
= —2Re {Z zH(n)d(n)} + Z Z dH(n)’Yn—md(m)

n=1

+f(y() + eporder

where the term ey, ey 18 @ correction term that only depends on the values
of y(t) and d(t) for ¢ close to 1 or N. The scalar signal z(t) is defined by

1>

v (g)y/ (1) = b7 () R7E () R * (¢ V) y(2)
= b9 Run(g,q Hy(?)

z(t)

where we have used (4.4) in the last equality.
By introducing the multi-dimensional matched filter
w(g,q") = b () Ry (a:07") (4.14)
we can write z(t) as
2(t) = w(g, ¢ Hy(1). (4.15)

The coeflicients «y; are the coefficients of the double sided metric polynomial

o
vga™) = Y b b = b (@R (¢, )b(a7Y) (4.16)

p==—00

with the coefficients numbered as

VBT = Yemr @™+ o+ Y0+ e+ Vg™ (4.17)
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The term f(y(-)) does not depend on the candidate symbols, d(-), and can
therefore be neglected in the maximization of ury. Furthermore, we will
neglect the border correction term ey, .qe since it will only have effect on
the estimated symbols close to the borders. Thus, neglecting the “border
effects” and changing the sign such that the matched filter metric is to be
mazimized gives

pMF(N)=2Re{ZzH(n)d } ZZdH n)Yn—md(m).  (4.18)
n=1

n=1m=1

Since v(q,q~") is complex conjugate symmetric, this metric can be recur-
sively computed as

prmr(t) = pur(t—1) + Re{dH(t)( 2(t) — vod(t) — 2 Z Ymd(t —m }

(4.19)

Note also that the memory length in the Viterbi algorithm using the matched
filter metric in (4.18), is the same as for the Viterbi algorithm using the log-
likelihood metric in (4.10).

If we have an AR model for the noise n(t), as in (4.12), then the multi-
dimensional matched filter takes on the simple form of a row vector of non-
causal FIR-filters

w(g,q7") = b (q) N ()M M7 'N(¢™") (4.20)
and, similarly, the metric polynomial has the simple form
v(a,47") = b (@) N" () Mg MG N (¢ ")b(g™). (4.21)

Note that both the MMF-filter and the metric polynomials have impulse
responses with finite extent, both forward and backward in time.

Note that when we take the temporal color of the noise plus interference
into consideration, then the length of the metric polynomial y(q,q7!) is
increased. Specifically when we have an AR model of order nn for the noise
plus interference, then the order n+y for the double-sided metric polynomial is
increased by nn. From (4.19) we can see that this will increase the memory
length of the Viterbi algorithm. This will in turn increase the execution
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complexity of the Viterbi algorithm by a factor L™ where L is the number
of symbols in the alphabet [82]. We can thus see that the complexity of the
Viterbi algorithm increases exponentially with the order of the AR noise
model. If the order nn is not too large, the increase in complexity may be
acceptable.

Due to the matched filtering, only a scalar Viterbi algorithm is required.
This is the case since the Viterbi algorithm operates on the scalar signal
z(t). As a result the complexity of the metric computation in the Viterbi
algorithm is reduced.

A block diagram of the MLSE using the multi-dimensional matched filter
approach can be seen in Figure 4.1¢. Note also that the multi-dimensional

matched filter can be broken up into a noise whitening part, wal/ 2(q_1),

and a filter matched to the overall resulting SIMO channel, b7 (¢) /2 (q)-
This is illustrated in Figure 4.1d.

When we have a noise that is temporally colored by anything but an AR
process, a problem arises. The filter R} (q,¢™") will then have a double
sided infinite impulse response. This results in an infinite memory length in
the Viterbi algorithm. In such situations, either the metric only or both the
metric and the MMF has to be truncated. The same problem will arise in

the log-likelihood and noise whitening implementations.

In the derivation of the matched-filter metric we neglected the effect of sym-
bols and signals close to the beginning and the end of the symbol sequence.
In effect this was also done when deriving the log-likelihood metric. To get
proper estimates of the symbols close to the edges of the sequence, we have
to initialize the filters properly.

4.3 Computational Complexity

We here consider the number of operations required when using the log-
likelihood and the matched filter metrics, respectively.

Let us assume that the channel b'(q) is approximated by an FIR filter with
nb+nr+ 1 taps. This would be the case if we used 2nr + 1 taps in the noise
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plus interference spectrum operator inverse, R,_wll(q, g ') and nb+ 1 taps

in the channels. If L is the number of symbols in the alphabet, a Viterbi
algorithm then requires, L™+ +1 metric updates for each detected symbol.

If the channel is assumed stationary, then the computational complexity of
the log-likelihood metric and the whitening filter approach (Section 4.2.2),
measured by the number of complex multiplications and additions per sym-
bol detected, will be

Crr = M?*(nr + 1) + M(nb 4 2)L("b+nr+1) (4.22)

where M is the number of channels.

Because the matched-filter metric operates a scalar Viterbi-algorithm, the
complexity for this approach, outlined in Section 4.2.3, will be

Cyr = M(2nr 4+ nb+ 1) + (nb+ 2)Lnbm+1) (4.23)

where the first term refers to the complexity in executing the multi-dimensional
matched filter and the second term represents the complexity in computing
the metric. It can be seen from these expressions, that if the number of an-
tennas is more than one, then the matched-filter metric has a considerable
advantage over the log-likelihood metric.

4.4 Tuning the Multi-Dimensional Matched Filter

The multi-dimensional matched filter, w(q, ¢ '), and the metric polynomial,
v(g,q 1), can be tuned in a few different ways.

4.4.1 Direct MMSE Tuning

We assume here that a short training sequence of the transmitted signal
d(t) is known and we want to tune the multi-dimensional matched filter,
w(q,q~ '), and the metric polynomial (g, ¢ ') using this training sequence
and the corresponding received signal samples y(t).

In [71] and [121], generalizations of the direct tuning approach developed
in [116] are presented. The coefficients of a feedforward filter, w(q,q !),



4.4. Tuning the Multi-Dimensional Matched Filter 171
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Figure 4.2: MMF filter tuning.

and the coefficients of a non-causal feedback filter, v(g,q '), are tuned to
minimize the mean square error (MSE) of the error signal,

e(t) = w(g, ¢ y(t) — (g, ¢ ")d(). (4.24)

See Figure 4.2. The polynomial row vector

w(g,q ') =[wi(g,q ") ... wulg,q ") (4.25)

is a MISO FIR filter and (g, ¢ ') is a double sided, complex conjugate sym-
metric®, non-causal FIR-filter with the middle coefficient, 7y, constrained to
be equal to one. That is,

VG T ) =Yy @™ + o 14 o A Y ™ (4.26)

with v, = fy]f . By this minimization, noise whitening and matched filter-
ing will be performed by w(q,q~!), while v(¢,¢") will contain the overall
impulse response [121].

We can from this see that the multidimensional matched filter, as all matched
filters, maximizes the peak-to-noise ration (PNR), i.e. it maximizes the peak
in the impulse response of channel for the desired signal over the noise vari-
ance. In other words, it maximizes

Y0

Eleel (1)) (4.27)

3If one so desires one can relax the requirement that the metric polynomial should be
complex conjugate symmetric.
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This is equivalent to minimizing the variance in the error signal e(?)
Ele(t)e! (1)] (4.28)

while constraining -y to one (or any other value > 0).

It is natural to choose the structure of the feedforward filter, w(q,q 1),

consistent with an ideal MMF with a truncated noise plus interference spec-
-1 ~ 1

trum operator, b (¢)R,,,,(¢,q ). The spectrum operator, R.,,,(q,q 1),

here represents a truncated version of R, % (¢, ¢~ 1). The filter w(q,q™!) will

thus be non-causal or anti-causal, since b (¢) is anti-causal and R;;(q, g )
is either a matrix constant or a double-sided polynomial matrix. It is also
natural to choose the number of coefficients in (g, ¢ !) consistent with the
structure chosen for w(q,q™!).

The estimates w(g,q') and (g,q~!) can be found either adaptively or
by solving a system of equations formed directly from the training data.
Convergence to the ideal solution will result in an error signal which is
white, with minimal variance.

When the true filter orders are used and the training sequence is long enough,
the MMF will be given by the estimate w(q,q '), up to a multiplicative
constant, and the corresponding metric to be used in the Viterbi algorithm
will be given by the 4(g,q '), also up to a multiplicative constant [121].

A problem arises if the available training sequence is short. If for instance the
number of training symbols is smaller than the number of coefficients in the
filters, then the coefficients cannot be determined uniquely. A regularization
of the equations can then be introduced. By adding artificial noise into the
system of equations, a solution can be computed, but it will in general be
inferior to the true matched filter. However, if the number of antennas is
small, say M = 2, then a short training sequence can suffice to properly
tune the MLSE with a direct method.

By adjusting the number of coefficients in w(q, ¢~!) and (g, ¢~1), the ability
to combat a temporally colored interference can be obtained. Adding more
coefficients increases the temporal noise whitening ability as well as the
matched filtering capability of the filter at the price of more degrees of
freedom and a longer memory in the metric.
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4.4.2 Indirect MMF Tuning

In the indirect approach the channel, b(¢g™!), is first estimated. This can be
done with one of the methods described in Chapter 2. An advantage with
this method, compared to the direct method, is that we can take advantage
of a priori knowledge when estimating the channel.

The noise plus interference spectrum operator, Ryy (g, "), can, for exam-
ple, be estimated using the residuals from the identification procedure. If we
have a relatively large number of antennas and the amount of training data
is small, we may choose to only estimate the spatial spectrum of the noise
plus interference, i.e. the coefficient matrix for lag zero in Rnn(q,q ). A
good option is to model the noise plus interference as an AR process and
use this in the spectrum estimation [7]. Modeling the noise plus interference
spectrum as an AR process helps to catch some useful temporal aspects of
the noise plus spectrum and it fits well into the MLSE algorithm. The re-
sulting MMF filter and the metric will then be FIR filters with finite lengths
as in (4.20) and in (4.21). As the number of antennas or the order of the
AR noise model is increased, the number of parameters in the model can
however become large compared to the number of available equations. This
can make them potentially difficult to estimate accurately, especially if the
SNR is not high enough.

If the spectrum operator is invertible, estimates of the MMF, w(q,q '), and
of the metric polynomial, y(g,q~!), can then be formed as

“H, a1

w(g,q) =b" (@) R (a,¢7") (4.29)
$(a,q7") = b (@) R (0,47 )b(g™) (4.30)

where the “hat” marks quantities derived from the estimated channel, b(q 1),
or the estimated noise spectrum operator, R,y (g,¢~'). When using an AR
model for the noise the MMF-filter and the metric polynomial take on the

simple forms in (4.20) and in (4.21). If the filter R;ib(q,q_l) is a double
sided IIR filter, it will have to be truncated. Otherwise the metric in the

Viterbi would have infinite memory.

If we use joint FIR channel and AR noise model estimation as described in
Section 2.9, we can from the least squares estimates, N(¢~1) and by (g 1),
of N(¢g71) and by (g™1) in (2.121) and the estimate R;; from (2.123), form
the multidimensional matched filter w(q,q ') and the metric polynomial
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Y(g,q ) as

. 1 CH, a1l g

w(q,q" ) =bn(9) R N(g™) (4.31)
and the metric polynomial

ol o~y _ pH o vm—le g

(a4 7) = by (9) Ry bn(g7) (4.32)

An interesting question to study, is if the indirect methods can handle a
case with very low signal-to-interference ratio (SIR). It could be suggested,
that very poor SIR would make estimation of the channels to the individual
antenna elements non-feasible. Although the quality of the estimated chan-
nels may be compromised, the simulations for the scenario presented here
do not show that the indirect methods suffer much from this. This issue will
be discussed further in Chapter 7.

4.4.3 Indirect MMSE Tuning

An alternative indirect way of tuning the multi-dimensional matched filter
is to perform the minimization of the MSE of the error signal e(t) in (4.24),
but instead of forming the systems of equations directly from data, we form
them from the estimated channel, i)(q_l), and the estimated noise spectrum
operator, Rpn(g,¢ !). The number of matrix coefficients of Ryn(q,q 1)
used, and the structure and length of the filters w(q,¢~!) and v(q,q7!),
affect the temporal noise whitening and matched filtering capabilities. By
constraining the filter structures, the memory length in the Viterbi algorithm
can be controlled. This will affect the complexity of the Viterbi algorithm.

This indirect version of the MMSE tuning will have an advantage over the
direct version. If we cannot obtain a good estimate of the space-time covari-
ance matrix of the noise plus interference, we may here restrict the algorithm
to use only the estimate of the spatial covariance of the noise plus interfer-
ence or for example an estimated AR spectrum. This can result in better
performance.

If the same structure is used and the same estimate of the channels and
the noise plus interference spectrum is used, then this indirect method and
the ordinary indirect MMF tuning discussed in Section 4.4.2 are equivalent.
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The methods differ only in the way they handle temporally colored noise
plus interference. The indirect MMSE tuning of the MMF has a potential
advantage, over the ordinary indirect MMF tuning, in that it for a given
filter structure, and a given noise plus interference spectrum used, finds the
filter coefficients that perform a compromise between noise whitening and
matched filtering. The performance of this scheme has however not been
investigated here.

4.5 Simulations

The purpose of the simulations presented here is to study how the indirect
methods can handle poor signal to interference ratios and to demonstrate
that the direct method has problems with short training sequences.

The algorithms compared are the indirect method (either one), when using
only the spatial color of the noise plus interference, and two versions of
the direct method. One without regularization and one with artificial noise
with a variance equal to the real noise variance, added to the diagonal of the
system of equations. In all cases 5 taps in w(g,¢™!) and 9 taps in y(g,q7}),
were used. The channels for the indirect method were estimated with the
standard least squares method with 5 taps.

The algorithms were tested using a circular array with eight antennas equally
spaced along a circle with a radius of 0.5 wave lengths. The desired sig-
nals arrives from the directions 0,30,-60 and 180 degrees, respectively. The
respective channels are 1 + 0.5¢7', 0.5¢~" + 0.8¢72, 0.5¢~2 + 0.2¢~3 and
0.2g73 + 0.3¢™*. Two-tap channels are chosen to simulate imperfect sam-
pling timing or partial response modulation. Binary symbols, d(t) = +1,
are used. Co-channel interferers impinge on the antenna array, also through
two tap channels, from the directions -30, 135 and -135 degrees respectively.
White Gaussian noise is added.

In Figure 4.3, the BER for the different algorithms can be seen as a function
of the SIR. From Figure 4.3, we can note that the indirect method does not
suffer significantly in this scenario from the poor SIR. The direct methods, of
course, perform poorly here since the training sequence was only 26 symbols
long, leaving it with more parameters to tune than number of equations.
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In Figure 4.4, the BER is presented as a function of the length of the training
sequence used. When the training sequence length increases the performance
of the direct methods approaches that of the indirect method. The indirect
method performs better for the short training sequencers since it here focuses
on only the spatial color of the noise plus interference.

It should be noted that when performing direct tuning, the number of equa-
tions is equal to the effective length of the training sequence, while when
performing indirect tuning we have M N, s, equations, where M is the num-
ber of antennas and Ny is the effective length of the training sequence.

The number of parameters to tune when performing direct tuning is

M (nw + 1) + 2ny, where nw is the order of the multidimensional matched
filter and ny is the order of the double sided metric polynomial. When
performing indirect tuning, we have M (nb+ nn + 1) parameters to estimate
if we perform joint FIR channel and AR noise model estimation, plus we need
some extra equations in order to estimate the spatial color of the residuals.
The number of parameters for the direct method and the number parameters
for the indirect method is often comparable, but the number of equations is
not. The indirect method has many more equations when we have multiple
antennas.

To make things worse for the direct method, we can note that the effective
length of the training sequence for the direct method is Nyzeq — 2 * 7y while
it is Nigeq — nb for the direct method. Since n+y is of the order of nb, the
effective length of the training sequence for the direct method is typically
shorter than for the indirect method.

4.6 Summary

The log-likelihood metric, the noise whitening and the matched filter ap-
proach, are all equivalent in terms of performance, at least if we neglect
possible differences at the edges of the symbol sequences. The matched fil-
ter approach is however superior in terms of computational complexity when
more than one antenna is used. The metric computation in the Viterbi part
of the algorithm is reduced by a factor equal to the number of antennas,
when compared to the log-likelihood metric approach.
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Figure 4.3: BER as a function of the SIR. SNR=2dB. Training sequence
length=26. Indirect tuning using only spatial noise color (solid). Direct
tuning with regularization (dashed) and without (dash-dotted).
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Figure 4.4: BER as a function of the training sequence length. SIR and
SNR is 0 dB. Indirect tuning using only spatial noise color (solid). Direct
tuning with regularization (dashed) and without (dash-dotted).
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When using many antennas and when, as for most TDMA systems, only
a short training sequence is available for the tuning, the multi-dimensional
matched filter (MMF) can be tuned with an indirect scheme. This can then
improve the performance over the direct tuning presented here. A reason
for this is that in the indirect method we can choose to use only the spatial
spectrum of the noise plus interference. This makes the tuning more well
conditioned.

However, if we are using only a small number of antenna elements, say
M = 2, then the direct method performing spatio-temporal interference
suppression can have an advantage over indirect tuning utilizing only the
spatial spectrum of the interference.

A way to achieving spatio-temporal interference suppression for an indi-
rectly tuned MLSE is to estimate a low order AR model for the noise plus
interference [7]. Although the AR model is somewhat inappropriate, since
the true model for the noise plus interference resembles a moving average
process, the AR model has advantages. From the discussion in Section 2.9.2,
we can understand why an AR model, even a low order AR model, for the
noise plus interference can be useful when used in a maximum likelihood
sequence estimator. The important observation to make is that the the AR
noise model denominator does not have to model the noise particularly well,
it only has to be able to suppress the noise plus interference as a part of a
noise whitening filter. Also, with an AR model for noise plus interference
and an FIR model for the channel of the desired signal, the MMF is a re-
alizable FIR filter. When we use an AR model for the noise, the memory
length of the Viterbi algorithm is however increased. The execution com-
plexity of the Viterbi algorithm therefore increases exponentially with the
AR noise model order. If we keep the AR model order small the increase in
complexity may however be acceptable. With a large number of antennas or
a high order of the AR noise model, the number of parameters in the model
can however become large compared to the number of available equations.
This can make them potentially difficult to estimate accurately, especially
if the SNR is not high enough.

In the simulations shown here, the indirect method is not especially sensitive
to poor signal to interference ratios, contrary to what could have been ex-
pected. The reason for this is that the indirectly tune MSLE, as well as the
indirectly tuned DFE, is self-robustifying to some extent. This phenomenon
will be discussed further in Section 7.
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The indirect MMSE tuning outlined in Section 4.4.3, has an interesting vari-
ability in its structure that allows tradeoffs between complexity and perfor-
mance. The MMF’s ability to temporally whiten the noise and perform
matched filtering of the signal can be varied, and the memory length of the
subsequent Viterbi-algorithm can be controlled. The utility of this feature
in, for example a TDMA system with a short training sequence, remains to
be assessed.
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Appendix

4.A.1 Deriving the MF Metric from the LL Metric

Using y'(t) and b'(¢ ) (with coefficients b)) from equations (4.8) and (4.9),
the matched filter version can be derived from the log-likelihood metric
in (4.7). We have

where

pin(N) = 3 [Ratl?(a ) {y®) — bla™Hd)}] "

N H
=Y [Baid*tay®)] " [Rail*(a My ()]
N
—2Re{2[ arl* (@™ )y (1) ;h/%q—l)b(q—l)d(t)}

=S [Ranl 2l ™a0)] [Ran(a™bla™ (1)

F0) 2 Yy @0y o. (4.33)

By replacing ¢ with the new summation variable n = ¢t — k we obtain

nb N-—k
prn(N) = f(y(-)) — 2Re {Z > by + n)]Hd(n)}
k=0n=1—k
nb nb N-—k

+3 3> bd(n)] P [bid(k +n - 1))

k=0 1=0 n=1-k
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By replacing summation over [ in the last term with summation over the
new index m = k +n — [ we can write

nb N-—k
urL(N) = f(y —2Re{z > by (k +n)d(n )}
k=0n=1-k
nb N—k k+n—nb

k=0n=1—k m=k+n
We can now assume that d(t) = 0 for ¢ ¢ [1, N]. This is not necessary but
it will simplify the derivation and later we will everything happening close
to the borders of the interval. This assumption combined with the fact that
b; = 0 for i ¢ [0,nb] gives

nb N—k
prn(N) = f(y(-)) — 2Re {Z Sy + n)]Hd(n)}
=0 n=1
oo N—k k+n—nb =
+ 3 Y Y ) B d(m)].
k=—o00n=—00 m=k+n

By representing terms with index n close to N collectively with the term
€horder: @ term we later will neglect, we obtain

nb N
L (N) = f(y —2Re{ZZ[b’H '(k +n))"d(n )}
n=1
N  k+n—nb 0

+ Z Z Z bt n—md(m)] + eporder-

k=—00n=—00 m=k+n

Finally replacing the summation over k in the last term with a summation
over p =k + n gives

nb N
prL(N) = f(y —QRG{ZZWH "(k+n)"d(n )}
k=0n=1
[e's) N p—nb "

+ Z Z Z[b;_nd(n)]H[b;_md(m)] + €horder

P=—00 N=—00 M=p

N
= f(y —2Re{ZZ[b’H "(k+n))"d(n )}
k=0n=1

00 N 00

+ Z Z Z [b;*nd(n)]H[b;fmd(m)]+eborder'

P=—00 N=—00 M=—00
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In the last equality we have used the fact that b; = 0 when ¢ < Op and
i > nb. By again exploiting the assumption that d(t) = 0 for ¢ ¢ [1, N| we
can change the summation limits in the second term

niL(N) = f(y —2Re{ZZ[b’H (n+ k)] " d(n )}

n=1k=0
N N [e'¢)
+ Z Z dH(n) [ Z bIPng;Jm] d(m) + €border
n=1m=1 p=—00
N
:—2Re{z }*ZZCIH 1)Yn_md(m)
n=1 n=1m=1
+f () + eporder (4.34)

where the scalar signal z(t) is defined by

A1) 2 0 (q)y'(t) = b () Rutt (@) Ruid * (a7 )y (2)

= b (¢)Rpr (g, Ny(t)

where we have used (4.4) in the last equality.

By introducing the multi-dimensional matched filter
w(g,q"") =b" (@) Ry (a0 (4.35)
we can write z(t) as
2(t) = w(g,q7)y(2). (4.36)

The coefficients v; (k = n — m) in (4.34) are the coefficients of the double
sided metric polynomial

o0 o0
ea = > Y b, L = b (9) R (g0 Hblg )
n—Mm=—00 p=—00

(4.37)

with the coefficients numbered as

VG T =Y @+ Y0 F e+ Yrg ™. (4.38)

The term f(y(-)) does not depend on the candidate symbols, d(-), and can
therefore be neglected in the maximization of prr. The term ey, qer 1S @
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correction term that only depends on the values of y(¢) and d(t) for ¢ close
to 1 or N. We will neglect possible border effect since they will only affect
the estimated symbols close to the borders. Thus, neglecting the “border
effects” and changing the sign such that the matched filter metric is to be
mazimized gives

N N N
prr(N) = 2Re {Z zH(n)d(n)} = d () -md(m).  (4.39)
n=1

n=1m=1
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Chapter 5

Reduced Complexity
Space-Time Equalization

5.1 Introduction

The channel a wireless radio signal passes through can often be described
by an FIR model as in (2.15)

s(t) =b(g~")d(t) (5.1)

where d(t) are the transmitted discrete symbols, b(g~!) is the FIR channel
and s(t) is the received desired signal (noise free). When using M receive
antennas, this signal can be described by an M x 1 column vector s(t)
modeled by a vector FIR channel, similar to (2.18)

s(t) = b(g~")d(t) (5.2)
or in matrix form
s(t) = Bd(t) (5.3)

where B an M x (nb+ 1) channel matriz, nb+ 1 being the length of the
channel, and d(t) = [d(t) d(t — 1) ... d(t — nb)]T is a column vector with
delayed transmitted symbols. The vector s(t) is an M x 1 column vector
containing the desired signal.

185
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The channel matrix, B, has M x (nb + 1) coefficients. These coefficients
represent M X (nb+ 1) degrees of freedom. In realistic channel matrices for
wireless channels it is however likely that all these degrees of freedom will not
be exploited. The spatial and temporal spreading may have a structure such
that there are correlations between the coefficients in the channel matrix.
This structure can be exploited when estimating channels, for example as
in Section 2.6 in Chapter 2. This structure however also affect the structure
of the equalizers. It may not always be necessary to use full fledged spatio-
temporal equalizers capable of exploiting all available space-time degrees of
freedom as in Chapters 3 and 4. In this chapter we will therefore discuss
some equalizers with reduced complexity that do not exploit all available
degrees of freedom.

An example of a channel with a simple space-time structure is when the
transmitter sends a partial response signal through a propagation chan-
nel with negligible delay spread, but with arbitrary angular spread. Even
though the propagation channel has no delay spread, the received signal will
suffer from intersymbol interference due to the partial response modulation.
The temporal impulse response to each antenna will then be the same except
for scalings by complex constants. The spatial and temporal spreading of
the total channel can thus be decoupled.

The simplest way of performing space-time processing is of course to separate
the spatial and the temporal processing. We can have a spatial beamformer
followed by a temporal equalizer and tune them independently. One problem
to be solved is then how to tune the spatial beamformer in a good way. One
may tune the beamformer with the sample matrix inversion method where
the beamformer is tuned to minimize the MSE with respect to a reference
signal. The selection of a good reference signal is however not trivial since
the final performance we are interested in is the BER of the whole equalizer.

Even if there is only a direct wave impinging on the receiver antenna, the
proper reference signal to use would depend on the time of travel for the
signal from the transmitter to the receiver. Obviously we would have to
synchronize properly on a symbol level. However, the timing also needs
to be adjusted to a fraction of a symbol if we are to be able to select the
appropriate reference signal to use. This is since the sampled version of the
transmitted continuous waveform will differ depending on when in time the
sampling is performed.
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In Section 5.2.2 a method using a “variable” reference signal is presented.

Here the reference signal is not fixed but is also tuned along with the beam-
former. This is here performed by adding variable components to the refer-
ence signal. As we will see in the simulations in Section 5.2.2, this results
in a method that is insensitive to synchronization errors within a symbol
interval.

Although the performance of this error is evaluated in terms of its sensitivity
to a synchronization error in a scenario with a single direct wave impinging
on the antenna array, it will also be able to adjust to some intersymbol
interference. This can be a valuable feature of the proposed algorithm,
especially if the algorithm is extended such that it can handle larger delay
spreads.

In Section 5.3 a more general approach to reduced complexity space-time
equalization is presented. Here we note the fact that modeling of many
space-time channels do not really require all available degrees of freedom
in (5.3). Assume for example that we have a channel consisting of some
temporal pulse shaping in the transmitter combined with a propagation
channel without any significant delay spread. The channel matrix B in
(5.3), describing the channel will then only be rank one. The rank of the
channel matrix will in fact be approximately equal to the number of groups
of signals, with significant different time delays, arriving. Of course only
groups of signals with significant energy content are counted. For many
channels, it is possible that the rank of the channel matrix therefore will be
approximately one or maybe two.

If the channel matrix has reduced rank, then this can be exploited in the
design of the equalizers. In Section 5.3 the low rank property of a chan-
nel matrix is exploited in order to find simpler space-time structures of a
space-time maximum likelihood sequence estimator and a space-time de-
cision feedback equalizer. This results in a maximum likelihood sequence
estimator and a decision feedback equalizer which have simpler space-time
structures and are less complex. It is also possible to utilize the reduced
rank space-time structure of the channel and/or the equalizer in order to
facilitate the tuning of the equalizer. This is described in Section 5.4. A so-
lution very similar to the one we arrive to in Section 5.4 was however earlier
proposed in [53].
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Figure 5.1: Configuration for the Sample Matrix Inversion Method with
fixed reference signal filter.

5.2 Spatial Beamforming

The simplest form of space-time processing for equalization is to use a single
spatial beamformer followed by a scalar temporal equalizer. The tempo-
ral equalizer can be tuned as a scalar version of the equalizers presented in
Chapters 3 and 4. We will here consider the tuning of the spatial beam-
former. In particular we will present and discuss some aspects of tuning
based on the sample matrix inversion method using a training sequence.

5.2.1 SMI Beamforming

If a reference signal describing the desired output from the adaptive antenna
is available, then the weights for the adaptive antenna can be tuned with the
sample matrix inversion method (SMI). See for example [19]. The reference
signal can, for example, be a known part of the transmitted signal.

If we consider a signal with a modulation as in the GSM system, the reference
signal can, for example, be generated by filtering the training sequence of
the burst through the filter described by the modulation impulse response
for no timing offset, tabulated as t,rr = 0.0, Boo(g '), in Table 2.2. The
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weights in the beamformer are then adjusted to make the received signal as
close as possible to the reference signal, in an MSE sense, as in the standard
SMI-method. See [19] and Figure 5.1. Generation of a reference signal with
a fixed filter is for instance used in [76].

We will here apply the sample matrix inversion method to a scenario where
the transmitted signal is assumed to be modulated with GMSK modulation
with a bandwidth-time product of 0.3, as in GSM. We will approximate this
modulation with the linear filters presented in Appendix 2.A.1.

Define the vector w, consisting of the M beamformer weights

w £ [w1 wa ... wa] (5.4)

and the vector, y(t), consisting of the received signals from the antenna
elements, after sampling,

y(t) = [y1(t) 2 (t) . ymr ()] (5.5)

The beamformer weights, w, are adjusted to minimize! the criterion

J=Y le@P = 1z(t) —ro(t)]” (5.6)
t=>5 t=>5

where N is the number of symbols in the training sequence, z(t) is the
beamformer output expressed as

2(t) = wz(t) (5.7)

and 7¢(t) is the reference signal computed as the known training symbols of
d(t) filtered through the pulse shaping filter pgo(q~1)

ro(t) = poolg H)d(t) = pod(t) + prd(t — 1) +
pod(t — 2) + p3d(t — 3) + pad(t — 4). (5.8)

The filter coefficients p;, i=0,1,..,4, in the generation of the reference signal
correspond to the coefficients for ¢,;; = 0.0 in Table 2.1 .

We sum from t = 5 to t = N since 7o(t), the output of the five tap modulation filter
(5.8), is not well defined for other values of .
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The minimum of (5.6) is attained by the parameter vector

w" = Ry, Ry, (5.9)

where the matrices, R;; and Ry, constitute sample covariance matrices
computed from the training sequence data as

N

Ry = g v 0 (5.10)
N

Ry = > wlor ) (5.11)

A drawback with this approach is that we have assumed perfect knowledge
of the “time-of-arrival” of the desired signal and a good knowledge of the
proper training sequence to use. This may not always be the case due
to synchronization problems or multipath propagation causing some delay
spread. In the following section we therefore present a method which reduces
the need for an accurate knowledge of the appropriate training sequence.

5.2.2 SMI Beamforming with Variable Reference Signal

Let us assume that the sampling instant is not synchronized within the
symbol interval, implying that the location of the sampling instant within
the symbol interval is unknown. In this case the modulation and sampling
can be approximated by a set of discrete time channels, parametrized by the
location of the sampling instant within the symbol interval.

If one of these channels is selected in order to create the reference signal and
the true channel is a different one, then there will be a discrepancy between
the reference signal selected for the antenna array to receive optimally, and
the actual samples received. When working with short training sequences,
this can cause a degradation in the signal to interference and noise ratio
(SINR) after the beamformer. In order to avoid such degradation a modified
weight adaptation scheme is proposed here. The general idea is to introduce
some degrees of freedom in the reference signal.
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Although we don’t investigate it here, this will also allow for some delay
spread in the propagation channel. When delay spread is introduced the re-
ceived signal waveform will almost always differ from the transmitted wave-
form as it is made up by a sum of versions of the transmitted waveform with
different time delays. In this case we obviously see the need for a variable
reference signal allowing for the variability in the received waveform.

Introducing a Variable Reference Signal

In this proposed algorithm, the fixed part of the reference signal filter is the
same as for the SMI algorithm in the previous section. Two basis functions
with adjustable gains are however added to the reference signal. The aim is
to improve the ability to lock on to a received signal sampled at a relative
sampling offset different from zero, for instance at ¢,5y = £0.5. The variable
components added, r1(t) and ro(t), have here been selected as the training
sequence filtered through the difference between the channels at ¢,;; = 0.0
and t,;r = £0.5, i.e.

ri(t) = (p-os(a™") — po.olg™"))d(t) (5.12)

ra(t) = (pos(g ") — po.olg '))d(t). (5.13)

For the GSM case, the pulse shaping polynomials pg.o(q '), pos(g ') and
p_o.5(¢7 ") can be found in Table 2.1. Other alternatives can also be consid-
ered. The general idea is to introduce additional degrees of freedom in the
reference signal to attain better modeling of the partly unknown reference
signal. See Figure 5.2.

In addition to the weights in the adaptive beamformer, the two coefficients,
c¢1 and ¢y, for the variable components, r1(t) and 79(t), in the reference signal
are also adjusted, in order to minimize the error between the beamformer
output and the reference signal.

The modification of the SMI-algorithm is now straightforward. Introduce
the modified parameter and regressor vectors, 8 and ()

0= [wlwg...chl CQ] (5.14)

@(t) = [y2(t) y2(t) . yne (8) 1. (t) 2 (2)] " (5.15)
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Figure 5.2: Configuration for the Sample Matrix Inversion Method with
variable reference signal filter.

The objective is now to adjust the modified parameter vector, 8, to minimize
the criterion

N N
V() =) le)]* = [80(t) —ro(t)? (5.16)
t=5 t=>5

where 7(t) is the reference signal computed as

ro(t) = po.o(g™")d(?) (5.17)

with po.o(g ') being the pulse shaping filter for zero sampling offset. The
minimum of (5.16) is attained by the parameter vector

~H A —1 A
0 =R, R, (5.18)

where the matrices Ry, and R, are computed as

N

Rop= > (e () (5.19)
N

Ryr = 2 S o0yt (). (5.20)
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Performance Evaluation

In order to compare the SMI algorithm with a fixed reference signal and
the SMI algorithm with a variable reference signal, the resulting SINR in
the signals after the beamformers was computed. The algorithms were also
evaluated by applying a maximum likelihood sequence estimator? (MLSE)
after the beamformer, and computing the resulting bit error rate (BER).

Simulation Settings

A circular antenna array consisting of eight antenna elements (M = 8), as
shown in Figure 5.3, was used in the simulations.

The desired signal is impinging on the array from the direction a = 0 degrees,
see Figure 5.4. Co-channel interferers are impinging on the array from the
directions a., = 135, -30 and -125 degrees, all having a constant channel
beo(q™1) = beo. The constant b, was selected such that the SIR, averaged
over all the antenna elements, became 0 dB. Independent white Gaussian
noise giving a SNR of 3 dB, averaged over the antenna elements, was also
added.

The relative sampling offset, Z,7;, was varied, resulting in different chan-
nels for the desired signal as described in Table 2.1. The beamformers were
tuned based on data from a training sequence consisting of 26 binary sym-
bols, as in a GSM system. The channel used in the MLSE was estimated as
a three tap FIR-channel, using the same training data. The SINR and the
BER was evaluated over 500 and 5000 symbols respectively. This experi-
ment was repeated 100 times for different realizations of both the noise and
interference.

2The MLSE used a least squares estimate of the channel that was formed by estimating
the channel between the transmitted symbols and the received samples, after the beam-
former. Instead of estimating the channel after the beamformer one can choose to use the
channel estimate b(g~") = po.o(g~")+c1(p-o5(q ") +Poo(g ")) +e2(pos(g ") —poolg ™))
in the MLSE. This could save some complexity in the algorithm.
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Figure 5.3: Antenna configuration
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Figure 5.4: Desired signal (solid) and co-channel interferers (dotted).
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Figure 5.5: SINR after the beamformers and BER for the MLSE as a func-
tion of the relative sampling offset, ¢,;r. SMI with variable reference signal
filter (solid) and SMI with fixed reference signal filter (dashed). The dotted
lines show the mean of the SINR’s and the BER’s, averaged uniformly the
symbol interval
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Results

The SINR after the beamformers (cf Figures 5.1 and 5.2) and the BER for
the MLSE, are depicted in Figure 5.5 as a function of the relative sampling
offset ¢,77. From the two diagrams it can be seen that the performance
of the SMI beamformer with fixed reference signal filter degrades consider-
ably when the relative sampling offset differs from ¢,7; = 0.0, which it was
designed for. The SMI beamformer with variable reference signal filter is
however almost insensitive to the sampling instant within the symbol in-
terval. The performance has also been averaged uniformly over one symbol
interval. The resulting mean SINR and BER is better for the SMI method
with the variable reference signal filter, see the dotted lines in in Figure 5.5.
However, if the deviation from Z,;; = 0.0 is small, then the SMI method
with fixed reference signal filter performs better.

The reason why the beamformer with the fixed reference signal filter has a
performance degradation when ¢,y differs from zero, is that the incorrectly
modeled channel causes the algorithm to treat part of the desired signal as a
disturbance. The algorithm thus decreases the gain slightly in the direction
of the desired signal, resulting in a lower SINR.

It should be noted that for longer training sequences the difference between
the algorithms is not that pronounced. The differences are amplified by the
use of a single short training sequence.

The results presented above also depends the signal to noise ratio. Adding
more noise will make the difference between the algorithms smaller. The
mismodeling of the reference signal will then be masked by the effects of the
noise.

Multipath propagation has not been included in this study. In the presence
of multipath propagation, the received signal will differ even more from
any reference signal generated from a fixed filter. Introducing a variable
reference signal should therefore also be beneficial also in this case. If we
want to accommodate a delay spread that is larger that the one symbol
interval covered here we will have to add more components to the reference
signal. The exact construction of the added basis functions could however
be different from the construction presented here.
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5.3 Reduced Rank Equalization

We will here study how the structure of the channel for the desired signal
affects the structure of the equalizer and how the structure of the channel
can be utilized in the design of the equalizer.

As discussed in the beginning of this chapter it is likely that many space-
time channels will not be occupying all degrees of freedom in the channel
matrix B in (5.3). The channel matrix, B, will in such cases not have full
rank. Subsequently we call such channels reduced rank channels.

The motivating simple example presented in the Section 5.1, with a trans-
mitter sending a partial response signal through a propagation channel with
negligible delay spread, but with arbitrary angular spread, is an example
of a reduced rank channel. Even though the propagation channel has no
delay spread, the received signal will suffer from intersymbol interference
due to the partial response modulation. It is easy to see that in this case
the channel matrix will have rank one since there is no coupled angular and
delay spread. All taps will have the same spatial signature.

An equalizer designed from a channel with reduced rank will also have re-
duced rank in the sense that it will not exploit all spatio-temporal dimensions
in the space-time filtering. The reduced rank equalizers have the full rank
space-time filtering replaced by a set of beamformers followed by temporal
filters. The rank one equalizer will thus have a single beamformer followed
by temporal filtering.

An equalizer for a reduced rank channel will have a simpler structure than
a general space-time equalizer. The execution of a reduced rank equalizer
will be less complex than the full rank counterpart and it will in general be
less complex to tune. The most reduction in complexity of the structure,
execution and tuning will, of course, be achieved with a rank one equalizer.
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d(t) —1 blg™") My'N(q ) = y'(t)

Figure 5.6: Channel with spatially colored noise and noise whitening filter.
5.3.1 Reduced Rank Channel Approximation
Channel Model

We will in this section use a channel model as in (2.112) with an FIR model
for the channel of the desired signal and an AR model for the noise plus
interference. The received vector of signal samples is thus modeled as

y(t) = b(g™")d(t) +n(t) (5.21)

where y(t) is the received sequence of vector signal samples, d(t) is the
sequence of transmitted symbols and b(g ') is the vector FIR channel for
the desired signal defined in (2.113). The noise plus interference n(t) is
modeled with an AR model as

n(t) = N~ (¢ ) Moyv(t) (5.22)

where N(g~!) is a full stably invertible 3 polynomial matrix as in (2.115),
M a non-singular constant numerator matrix as in (2.114) and v(¢) is the
spatially and temporarily white innovations sequence. The reason for using
this model is, as we have seen in Chapters 3 and 4, that the equalizers
designed using this channel model will only contain FIR filters. This will be
useful for the complexity reductions treated in this section.

By “noise whitening” the output of the channel y(¢) with the noise whitening
filter, M IN(¢™"), as in Figure 5.6, we obtain the “noise whitened” channel

3The determinant of N (g~ !) has all zeros strictly inside the unit circle, and the leading
coefficient is non-singular.
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model
y'(t) = My 'N(g™") (blg H)d(t) +n(t))
= V(g )d(t) +v(t)
- <b6 ot b;b,q—”b’) d(t) + v(t) (5.23)
(5.24)
where
y'(t) = My 'N(g y(t) (5.25)

and where the noise whitened channel polynomial
b(¢ ") =Mg'N(g Hb(g ) (5.26)

has the new order nb’ = nb + nn where nn is the order of the denomi-
nator polynomial matrix IN(¢~!) of the noise model. Also note that the
innovations sequence v(t) is temporally and spatially white.

The noise whitened channel, b'(g~!), will better than b(g~!) describe the
properties of the channel of importance for the equalization as it has taken
the spectrum of the noise plus interference into consideration. We will there-
fore work with this channel later in this section.

Reduced Rank Model

Let us first express the channel b(g~!) in (5.21) with a channel matriz
B=[by bi ... by ] (5.27)

of dimensions M x (nb+ 1). By using a singular value decomposition, we
can decompose the channel matrix as

B=Uv" (5.28)

where the columns of U are the left singular vectors uy of B and the columns
of V are the right singular vectors vy of B with singular values included,
ie.

U=[u1 u ... ’U.Kb] (529)
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V = [ v, Y2 ... ’UKb ] (530)
where Kj = min(M,nb+ 1).

Equivalently, in polynomial notation, the channel can be expressed as the
sum of Kj components, each representing a rank one channel:

Ky
blg ") =) wevp(g ). (5.31)
k=1

The orthogonal spatial signatures are generated by the vectors w; and the
temporal structure of the components of the channel is produced by the
polynomials

ve(g™") = vk +vig T -+ Vg™ (5.32)

where the polynomial coefficients, v;, are the components of the right sin-
gular vectors

T

Vg — [ Vo Vg1 --- Uknbd ] (5.33)

This decomposition is depicted in Figure 5.7. The branches are ordered in
descending order with respect to the power of the branches.
Note that since U contains left singular vectors,

vivu =1 (5.34)

i.e. the Kj beamspreaders are orthonormal.

Depending on the singular values, we may be able to approximate the model
in (5.31) well with a sum with fewer terms, keeping only the terms with
significant singular values. Let us assume that the channel b(g~') can be
approximated with the sum

Ky,
blg ")~ ) wpor(g ) (5.35)
k=1

where Ky, is a relatively small number.

In matrix form we can then approximate the channel matrix B as

B~UVY (5.36)
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Figure 5.7: Orthogonal decomposition of channel.

where

UT = [ U, U ... ’U,Kbr ] (537)

V,,- = [ v1 Y2 ... 'UKbr ] (538)

where Ky, is the rank of the channel. The rank of a wireless channel is de-
termined by the propagation environment. If, for example, the delay spread
in the channel is a negligible, then the channel can be well described by
one component (Kp. = 1) irrespective of the angular spread in the chan-
nel. Likewise, if the angular spread is small, then the channel will be well
described by a rank one model. As the propagation environment becomes
more complicated with coupled delay and angular spread more principal
components are required and the rank of the channel will increase. It is
however not unlikely that many practical communication channels can be
well approximated with a low rank model. Maybe many channel can be
approximated with only a rank one or a rank two model.

The simplest channel model would be the rank one model

bi(g") = uivi(g™") (5.39)
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n(t)

Figure 5.8: Rank one approximation of channel.

as depicted in Figure 5.8.

Let us now instead express the noise whitened channel b'(g~!) in (5.24) with
a noise whitened channel matriz

B'=[b, b, ... bl | (5.40)

of dimensions M x (nb+mnn+1). As for the channel matrix B in (5.27), we
can by using a singular value decomposition, decompose the noise whitened
channel matrix as

B =Uu'v'" (5.41)

where the columns of U’ are the left singular vectors w}, of B’ and the
columns of V' are the right singular vectors v}, of B’ with singular values
included, i.e.

U = [ ol .. u'Kb,] (5.42)

V= [ v vy . v, ] (5.43)
where Ky = min(M,nb+ nn + 1).

Equivalently, in polynomial notation, the noise whitened channel can be
expressed as

Ky

Vi) =Y uvk(e™) (5.44)
k=1
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Figure 5.9: Orthogonal decomposition of whitened channel.

where the orthogonal spatial signatures are generated by the vectors uj, and
the temporal structure of the components in the channel is produced by the
polynomials

vh(gY) =V F Vg eV g™ (5.45)

where the polynomial coefficients, v};, are the components of the right sin-
gular vectors

(5.46)

This decomposition is depicted in Figure 5.9. The branches are ordered in
descending order with respect to the power of the branches.

Note again that since U’ contains left singular vectors,
v’ =1 (5.47)
i.e. the noise whitened beamspreaders are orthonormal.

Let us now consider the noise whitened channel in (5.44). We may wonder
if the noise whitened channel can be modeled by a sum like (5.44) but with
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fewer terms. Let us assume that the channel b(q ') can be approximated
with a low rank model as in (5.35). The noise whitened channel can then
be approximated as

Ky,
g ") =M;'N(g Hblg )~ M;'N(g )Y wwelg ') (5.48)
k=1
By writing the denominator matrix N (¢~!) as
N(gH=Ng+...+ Npg™ (5.49)

we can express b'(g7!) in (5.48) as

Ky,
Vg = > My (No+...+ Npng "ugvi(q )
k=1
Kbr
= > (M5'Noug + ...+ My ' Nuugg ™)op(q ).
k=1

This new channel contains K, (1 4+ nn) potential spatial signatures, namely
MalNOuk to Mo_lN,mu,c for k =1,..., Kp.. Therefore the rank of this
channel cannot be higher than Kj,.(1+nn). We thus see that if the channel
b(g ') can be reasonably well approximated with a rank Kj. model, then
the noise whitened channel b'(¢~!) can be reasonably well approximated
with a model with rank Ky, < Kp.(1 4+ nn)

Kb’r
V(g = upvilg ™). (5.50)
k=1

Note that if the noise whitening filter is purely spatial, i.e. N(q ') = I,
then noise whitened channel b(¢g~') has the same rank as the original channel
b(g ). Note also that even though we may need K, or Ky, terms in the
models in (5.35) and (5.50) we can still make model with fewer terms. These
model will be less accurate but will be simpler. What model we use will
depend on what is more important, accuracy or simplicity.

The noise whitened channel matrix can thus here be approximated with

B ~U.V'! (5.51)
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v(t)

Figure 5.10: Rank one approximation of noise whitened channel.

where

U;:[ug ul ... u'Kb,T] (5.52)

V! = [ o vh . vl ] (5.53)
and where Kj, is the rank of the noise whitened channel model.

As for the original channel, the simplest model for the nose whitened channel
would be the rank one model

bi(g™") = upvi(g ) (5.54)
as depicted in Figure 5.10.

Remark: Instead of using a singular value decomposition, the rank reduced
model can be computed with the power method* [14]. We show here the
method preferred for the case when the number of antennas, M, is larger
than the number of taps in the noise whitened channel, nb+nn+1 (or nb+1
if applied to the original channel). First form the matrix

A=B"B. (5.55)

Then find the eigenvector corresponding to the largest eigenvalue of this
matrix using the power method. In our simulations we found that only a
few iterations were required. If the resulting eigenvector is normalized to
have its norm equal to the square root of the eigenvalue we will obtain the

4The power method is an iterative method for finding the dominating eigenvalue and
eigenvector of a matrix.
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n(t) Whitening Matched filter

Scalar
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b(q ) My N(g™") Hb " (¢9)N" (q) M, Viterbi

Figure 5.11: Spatio-temporal MLSE with whitening filter and spatio-
temporal matched filter.

vector v, i.e. the right singular vector of B’ corresponding to the largest
singular value, with the singular value included. The corresponding left
singular vector can be computed as

u, = B'v,. (5.56)

To obtain additional left and right singular vectors the process can, if nec-
essary, be repeated after the component u}v’ fl has been subtracted from

BB

5.3.2 Reduced Rank MLSE
Spatio-Temporal MLSE

As shown in Figure 5.11, the multi-channel MLSE can be separated into a
noise whitening filter and a matched filter, the latter matched to the noise
whitened channel, followed by a scalar Viterbi. For details see Chapter 4.
The matched filter, operating on the noise whitened signal, can then as in
(4.14) be expressed as

2(t) = b (q) N7 () Mgy (1) (5.57)
where
b ()N (q) MG " (5.58)
is the spatio-temporal matched filter.

The signal, z(t), is then processed in a scalar Viterbi algorithm in order to
find the symbol sequence that maximizes the in (4.19) recursively defined
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Figure 5.12: Orthogonal decomposition of the noise whitened channel and
the matched filter.

matched filter metric

paie(t) = pare(t— 1) +Re{dH<t)<2z<t) — ed()

ny
—2) " ymd(t - m))} (5.59)
m=1
where coefficients <y, are the coefficients of the double sided metric polyno-
mial y(g,q~") defined in (4.16) and (4.17)
1(g,47") = b (N () Mg " M 'N(¢~)b(g™). (5.60)

Rank Reduction

By using the noise whitened channel, orthogonally decomposed into its prin-
cipal components we also obtain an orthogonal decomposition of the spatio-
temporal matched filter b” (¢) N (¢) My in (5.58). The decomposition of
the noise whitened channel and the corresponding spatio-temporal matched
filter can be seen in Figure 5.12.

The full rank spatio-temporal matched filter b (¢) N ()M ;" will here
generate a signal, z(t), with maximal peak to noise ratio (PNR) defined as

PNR 2 12/0° (5.61)
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where ~ is the real middle coefficient in the overall channel, v(q,q '), after
the noise whitening filter the matched filter, and o2 is the noise variance
after the same filters.

This is the optimal filter for the multi-channel MLSE for the considered
channel. If we want to design a spatio-temporal matched filter of a pre-
specified reduced rank, K, < Kj, we can choose it to, given the rank con-
straint, maximize the PNR prior to the Viterbi algorithm. Since the noise
before the filter is white due to the whitening filter, the filter of rank K,
that gives the mazximal peak to noise ratio is simply the filter consisting of
the first K, branches in the decomposition of the spatio-temporal matched
filter. This filter will then only process the K, components of the received
signal y(¢) which contribute the largest signal power. Other components will
be filtered out since their channel beamspreading filters, {u;H}ﬁ 41, are or-
thogonal to the receiver beamformers used, {u”} X
decomposition.

, due to the orthogonal

We also have to include the noise whitening filter in the reduced rank mul-
tidimensional matched filter. The PNR optimal rank K, MLSE will here
thus consist of the multidimensional matched filtering

K,
2(t) =D v} (Qu'y Mg N(g™)y(t). (5.62)
k=1

followed by a Viterbi algorithm using the metric defined by (5.59) and the
metric polynomial

v @a ) 2 S g(a ). (5.63)
k=1

The metric polynomial, y(q,q ')k, , represents the channel from the trans-
mitted symbols to the received signal samples. Only the K, components
used in (5.63) will enter into y(¢,q *)k,. The other components are can-
celed by the beamformers. We call the resulting MLSE, depicted in Fig-
ure 5.13, a reduced rank MLSE. Note that if the noise whitening filter is
purely spatial, i.e. N (¢~!) = I, then the spatial noise whitening, M ;' can
be incorporated in the spatial beamformers, i.e. we obtain the new noise

. . ~ H H _
whitening beamformers u'y, =u'y M, .

The simplest reduced rank MLSE will be the rank one MLSE consisting of
a noise whitening filter and beamformer followed by a scalar MLSE as in
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Figure 5.13: Reduced rank MLSE.
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Figure 5.14: Rank one MLSE.

shown in Figure 5.14. Note again that if the noise whitening filter is purely
spatial, i.e. N(¢~!) = I, then the reduced rank MLSE of rank one consists
simply of a noise whitening beamformer, 4] = u' {IM 0 ! followed by the
temporal filter v (¢).

If the noise whitened channel has the same rank as the reduced rank MLSE
we want to design, the reduced rank MLSE will of course be optimal since
the exact matched filter then is realized.

It is important to note that the reduced rank MLSEs computed by (5.62)
and (5.63) will in general not be optimal in a BER sense. One can construct
examples showing this. Since the reduced rank MLSE’s maximizes the same
PNR criterion as for the full rank MLSE, they may however be a good
candidates. It is a more difficult problem to find the truly optimal reduced
rank MLSE.
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It is also important to keep in mind that a requirement for the analysis here
is that the true channel really can be modeled with the channel model in
(5.21), and the noise model in (5.22). When this is not the case, the analysis
here will only hold approximatively.

Remark 1: It may seem strange that the reduced rank MLSE is not optimal
even though it optimizes the same PNR criterion as the full rank MLSE.
However, one has to keep in mind that the filter for the reduced rank MLSE
optimizes the PNR criterion under a constraint, namely the constraint of
reduced rank. It is therefore not necessary that this filter should also provide
optimal BER when used in a Viterbi algorithm.

Remark 2: When we reduce the rank of the channel and use the reduced
rank channel to design the MLSE we may wonder if we need to treat the
unmodeled signal as noise and rewhiten with the new noise spectrum. How-
ever, this is not necessary since those components of the channel will be
spatially orthogonal to the channel components used and will therefore not
pass through any of the beamformers in the reduced rank MLSE.

5.3.3 Reduced Rank DFE

Spatio-Temporal DFE

Reduced rank equalization can also be applied in a DFE. Either one can ap-
ply the rank reduction to an MMF-DFE or one can apply the rank reduction
to a DFE for a FIR channel with AR noise as in Section 3.2.2 as well as to the
MMF-DFE in Section 3.2.4. Rank reduction applied to the MMF-DFE will
be the direct counterpart to rank reduction applied to the spatio-temporal
MLSE described above. The only difference is that the scalar Viterbi is
replaced by a scalar DFE. The MMF-DFE has an advantage over the DFE
in Section 3.2.2 when the number of antennas or input signals are large.
However, in the case of a reduced rank DFE, the number of input signals to
the DFE, i.e. the reduced number of beamformers, will typically be small.
In this case it is probably preferable to not use the MMF-DFE. The advan-
tage in the tuning complexity will be small, if any, and it will have a higher
execution complexity and a larger processing delay.
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Figure 5.15: Structure of the general MISO FIR decision feedback equalizer,
with M antenna elements.

The application of the reduced rank concept to the DFE of Section 3.2.2
requires some further explanation. Consider the representation of a space-
time DFE as presented in Figure 5.15. The received signal samples y(t) are
filtered through the feedforward filter, s(¢™') = sg + 81 + ...+ 8p5¢~ ™ and
previously decided symbols are filtered through the feedback filter Q(q ') =
Qo+Q1q 1 +. ..+ Qngg™ to form an estimate d(t—2) of the symbol d(t—£).

When tuning the equalizer we assume that all previously decided symbols
fed into the feedback filter are correct. Thus we seek the equalizer which
minimizes the criterion

J = E[|d(t —£) — d(t —£)|?]. (5.64)

We further assume that the noise has been whitened by the noise whitening
filter My N (g™!). The optimal feedforward filter coefficients can then, as
in Section 3.2.2, be computed as

s(g7) = so(g )My ' N(¢g1). (5.65)

The coefficients of the polynomial row vector so(¢g~!) of degree ¢ can be
computed by solving the system of equations

v,
BB + sl = | - (5.66)
b
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where
by --- by
B = T (5.67)
0 b
89 — [80,0 P 80,1{] (5.68)

and where b} are the vector taps of the noise whitened channel
B(e") = by+ bz 4.+ by ™ = My'N(gblg™")  (5.69)

with b, = 0 if i > nd’ = nb+ nn. The vectors 8ok are the vector taps in the
polynomial

s0(g ") =800+ 801q " +...+80q " (5.70)

It is of course required that (B'B'" + I) is invertible.

The coefficients of the feedback polynomial, Q(¢~!) of order ng = nb+nn—1,
can as in (3.37) be computed as

H 1H 1H H
Qp by - by 80,0
L= : : : (5.71)
H 1 H 1H H
nq b l+nb+nn 7T b nb+nn 8075

where b} = 0 if i > nb' = nb+ nn.

Rank Reduction

Using the reduced rank decomposition of the noise whitened channel matrix
in (5.51), a reduced rank DFE can be computed. We define the matrices

U 0
A
u. =
0
B !
A Yrow 1 0
v, = :
v! v’
row m TOW 1

>
r_ll
e\
<

rd
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where

, A |rowkinV) ifk<nb+1
v = .
row k 0 ifk>nbt1

The matrices U, and V. are the left and right singular vectors of the reduced
rank channel model in (5.51). We can now write

H
B=Uuy (5.73)
and
b,
=yt (5.74)
b

Inserting (5.73) and (5.74) into (5.66) gives us
UV IviuT + nsl =ulv'y, (5.75)

We now change to the basis consisting of the columns of [U’, U’, ], where
U'T, 1 is a matrix whose columns span the orthogonal complement to the

span of U',.. Noting that L{'fU'T =TI and u’fﬁu’? = 0, equation (5.75) can
be reduced to the two equations
VIV, + DUl s = V'Y, (5.76a)
u'll sl =o. (5.76b)
To solve (5.76a) we can introduce the product

g7 =1[go - g =UsH

where g; are 1 X K, column vectors, is an unknown vector to be estimated
and rewrite equation (5.76a) as

VIV + Dg" =V,

After having solved for g in this equation we can note that, since Ll'f[ u,.=1
and U'f U’ =0, the parameter vector

so=gU'” (5.77)
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Figure 5.16: Orthogonal decomposition of whitened channel and the feed-
forward filter in the DFE.

solves both (5.76a) and (5.76b).

We can now reformulate (5.77) to obtain an an alternative expression for
80(¢!). Due to the special structure of U’,, we obtain

K
- 1\, 1H
s0(g™) :ng(q D'
k=1

where we have defined

_ AN _ _
9@ = gk + kg + - +amg"

with g;; being element j in g,.

We have thus computed the feedforward filter, of course here excluding
the noise whitening filter M N (g~"), which is assumed to proceed the
equalizer. The noise whitened channel and the DFE can now be orthogonally
decomposed as shown in Figure 5.16.

Let us now consider the construction of a “near optimal” DFE with a lower
rank than the rank of the noise whitened channel. This is not a trivial
task but we can motivate an ad hoc solution. If we want to construct a
DFE of rank K, < Ky we can keep the K, first branches of the DFE. The
beamformers in these branches will collect the signals from the K, strongest
principal components of the channel b'(¢!). Since the innovations noise,
v(t), is white we will in this way have collected the largest amount of signal
energy compared to the collected amount of noise energy.
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Given the assumed channel, it is likely to believe that the reduced rank
DFE constructed in this way is a reasonable reduced rank choice. One can
however easily find examples showing that it is not optimal (in an MMSE
sense prior to the decision device), for a given reduced rank.

It is important to note that, unlike in the corresponding case for the MLSE,
the temporal filters here have to be retuned, working with the corresponding
reduced rank channel. In the MLSE case we could simply remove branches
from the full rank solution. As for the multi-dimensional matched filter
in (5.62), the noise whitening filter has to be included in the final feedfor-
ward filter of the DFE. The feedforward filter with the noise whitening filter
included will be given by

K,
_ _ H _ _
s(¢7") =D grlg 'y MG'N(¢g™") (5.78)
k=1
where
gk = gok +91kg "t + -+ gmg - (5.79)

Given the coefficients of the feedforward filter, the coefficients of the feedback
polynomial, Q(¢~!) of order ng = nb+ nn — 1, can be computed as

H H H H
Qb bri1 S bri1ns S0
. : : : (5.80)
H H rH H
nq b@+nb+nn b {+nb+nn—ns Sns

where b; =0 if i > nbor if 1 < 0.

The resulting reduced rank DFE is depicted in Figure 5.17. As for the

reduced rank MLSE, we can note that if the noise whitening filter is purely

spatial, i.e. N (¢ ') = I, then the spatial noise whitening, Mal can be

incorporated in the spatial beamformers, i.e. we get the new noise whitening
~,H _ [H —1

beamformers u'y, = u'y M;".

Also as for the MLSE, the simplest reduced rank DFE will be the rank one
DFE consisting of a noise whitening filter and beamformer followed by a
scalar DFE as is shown in Figure 5.18. Note again that if the noise whitening
filter is purely spatial, i.e. N(g~!) = I then the reduced rank DFE of
rank one consists simply of a noise whitening beamformer, @} = u’ {{M 0 L
followed by a scalar DFE.
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' H g1(g7Y)
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Figure 5.17: Reduced rank DFE.

Y ()t My N (g ar(a™) a@i§~j d(t- 1)

Figure 5.18: Rank one DFE.
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Again, it is important to keep in mind that a requirement for the analysis
here is that the true channel really can be modeled with the channel model
in (5.21), and the noise model in (5.22). When this is not the case, the
analysis here will only hold approximatively.

Remark: As for the MLSE, it is not necessary to rewhiten the channel by
treating the unused components of the received signal as noise since these
components are orthogonal to the used beamformers and thus will not affect
the equalization.

5.3.4 Complexity

The execution of the reduced rank filters will typically require less com-
putations than the execution of the corresponding full rank filters. The
complexity of the execution of the full rank (FR) and the reduced rank
(RR) multidimensional matched filter (MMF) for the space-time MLSE and
the MMF-DFE is approximately

CFR, MMF exe = NaM(nb+2nn+1) cu (5.81)
CRR, MMF exe =~ NaK,(M +nb+nn+1)+ NgMnn cu. (5.82)

Here Ny is the number of symbols equalized, M is the number of antenna
elements and nb+1 is the channel length and nn is the order of the AR model
for the noise plus interference. The complexity unit, cu, is the complexity of
one complex multiplication and one complex addition.

The corresponding complexities for the execution of the feedforward filter
in the FIR-DFE is

CFR,Sexe & NaM({+nn+1) cu (5.83)
CRR,Sexe ~ NaKp(M+£+1)+ NyMnn cu. (5.84)

where /£ is the decision delay in the feedforward filter in the FIR-DFE.

The largest savings in complexity is achieved when the noise model is purely
spatial and we use a rank one equalizer instead of the full rank equalizer.
When going from the full rank equalizer to the rank one equalizer, the prod-
uct between the number of antennas and the channel length or feedforward
filter length is replaced with their sum. The saving will thus be the largest
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when the number of antennas, M, and the length of the feedforward filter,
here £ + 1, both are large.

5.3.5 Experiments on Measured Data

To investigate the performance of reduced rank equalization, we applied full
and reduced rank versions of the MLSE and the DFE to a set of uplink
measurements.

The Measurements

The measurements were performed on an antenna array testbed constructed
by Ericsson Radio Systems AB and Ericsson Microwave Systems AB [5]. The
testbed implemented the air interface of a DCS-1800 base station. The array
had eight antenna outputs. The measurements were performed in downtown
Diisseldorf, Germany.

In the measurements one mobile and one interferer were used. Each of them
were mounted in a car, which was driving at approximately 30 km/h. The
transmit powers of the mobile and the interferer were adjusted so that the
scenario would be interference limited, i.e. the performance of the algorithms
would be limited by the interference and not by noise.

Algorithms

We used only the spatial spectrum of the noise plus interference in this ex-
periment. Both the spatio-temporal MLSE and the spatio-temporal DFE
require the estimation of the multipath channel and the spatial covariance
matrix of the noise. We estimated the channel using the off-line least squares
method. The spatial noise covariance matrix was computed from the resid-
uals of the channel identification. The estimated channel had five taps. The
equalizers utilized the signals from the eight antennas present in the testbed
and the DFE had a decision delay of four symbols intervals.
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Results

We applied rank 1 and rank 2 versions of the MLSE and the DFE to the
experimental data from the array antenna, and compared their performances
to those of their full rank (rank 5) counterparts. The results are shown in
Figure 5.19.
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Figure 5.19: Performance of the full and the reduced rank equalizers.

For the MLSE we see that the rank one version performs almost as well as
the full rank MLSE. The rank two version has a BER wvery close to the full
rank MLSE.

For the DFE the rank one version has some loss in performance. The rank
two version conforms better with the performance of the full rank DFE,
showing only a small loss in performance.

By applying the rank reduction, we conclude that the complexity of the
structure and the complexity in the execution of spatio-temporal equalizers
can be reduced. The experimental study presented here demonstrates that
for practical wireless communication channels, reduced rank equalizers may
provide adequate performance.
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5.3.6 Conclusions

By utilizing the spatio-temporal structure of a channel, rank reduced models
of the channel can be constructed. By using such rank reduced models, the
complexity of the structure and the complexity of the execution of spatio-
temporal equalizers can be reduced. The experimental study presented here
demonstrates that for practical wireless communication channels, reduced
rank equalizers may provide adequate performance.

5.4 Reduced Rank Tuning

In Section 5.3 we derived a reduced rank MLSE from a reduced rank model
of the channel. We can however utilize the concept of reduced rank mod-
eling in a different way. We will here utilize a rank one model of a noise
whitened channel and derive an alternate way of tuning a rank one MLSE.
The solution will turn out to be very similar to the hybrid MLSE proposed
earlier in [53]. However, with the formalism developed here, we believe that
the resulting method can be more easily related to other space-time MLSE
solutions.

Let us return the the joint estimation of an FIR channel and an AR noise
model in Section 2.9.

To start with we consider the channel model in (2.112)

y(t) = b(g")d(t) + N™' (¢~ ) Mov (1) (5.85)
where the entities are defined as in Section 2.9 except that we have replaced
v(t) with v(t) to denote the innovations sequence in the noise model term.

Multiplying both sides by N (¢!) gives as in (2.118)

N(q~"y(t) = N(q~")b(g™")d(t) + Mov(t). (5.86)

Let us now assume that we want to design an MLSE with an MMF filter

w(g,q7") = b" () N"(9)Mg"M5'N(q") (5.87)
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and a metric polynomial
(@471 = b" (@ N ()M My N(g H)b(g ) (5.88)

as in (4.20) and (4.21).

We can now note that as an alternative to estimating N(¢™!), by (¢7!) =
b(¢g~')N(¢g~') and M, as in Section 2.9 of Chapter 2, we can instead choose
to estimate the only the products of N(¢~') and My' with b(¢~!) in the
MMF, w(q,q~!), in (5.87) and the noise whitened channel

b'(¢7!) = N(g )M, 'b(g™") (5.89)
from which the metric polynomial, y(¢,q '), can be formed as

Yaq7 ") =" (@b (¢7V). (5.90)

Let us first multiply (5.86) with M, ' from the left giving
My N(q y(t) = Mg N(q~)blg™)d(t) + v(). (5.91)
Using (5.89), we can rewrite this equation as

My N(¢™)y(t) = b'(¢~)d(t) + v (1). (5.92)

We will now model the noise whitened channel, b'(¢ '), with a rank one
channel model as in (5.54), i.e. we assume that

V(g™ =uv'(¢7), (5.93)

where we have dropped the subscript “1” on the vector u’ and the polynomial
v'(g7!). Substituting this into (5.92) gives

Mg 'N(q "y(t) = u'v'(¢7")d(t) + v(t). (5.94)
Let us now multiply both sides of (5.94) with the vector u’ H giving
clg™y(t) = ' (g7 )d(t) + vu(t) (5.95)
where we have defined

c(g) =u" MG N () (5.96)



222 Chapter 5. Reduced Complexity Space-Time Equalization

and

v(t). (5.97)

We can now, using (5.93) and (5.96) in (5.87), note that the multidimen-
sional matched filter for the channel in question can be formed as

w(g,q ') = b (N (qM"M;'N(q ")
= b (QMy'N(¢)
o (g)u' M5 No(g™)
= v (gelg™). (5.98)

Similarly we can note that we can form the metric polynomial y(g,q¢ ') in
(5.90) as

Yagh) = b (@b (g7

’UIHuIHuI'UI (q—l )

= Tyl (g™) (5.99)

where we in the last equality have utilized the fact that the norm of the
vector u' is equal to one. We can thus see that we can choose to estimate
the scalar polynomial v'(g~!) of order nb’ = nb+nn in (5.93) and the 1 x M
polynomial row vector ¢(¢~!) of order nn in (5.96).

Remark: The number of coefficients to be estimated with is thus nb +
nn + 1+ M(nn + 1). With the effective training sequence length, Nesy =
Niseq — nb — nn, we can require that

Niseq > M(nn+ 1) +2 % (nb+nn) + 1. (5.100)

which is exactly the same requirement as in (2.127) for the minimum training
sequence length for the joint FIR channel and AR noise model estimation
in Section 2.9 of Chapter 2.

There are different ways that we can estimate the polynomials ¢(¢ ') and
v'(g7!). To investigate how we can attack this problem we can consider how
the multidimensional matched filter and the corresponding metric polyno-
mial are tuned in Section 4.4.1 of Chapter 4. See for example Figure 4.2. It
is stated there that we should minimize the variance

J. = Ele(t)e” (1)] (5.101)
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of the error signal

e(t) = w(g,q y(t) —v(q,q H)d(t) (5.102)

under the constraint that v = 1. If we consider (5.99) we can note that
would mean that the norm?®, || v/(¢"!) ||= 7o, of the polynomial, v'(¢1),
would have to be equal to one. This does of course not agree with our
reduced rank model (5.93) where only ' is of unit norm. However, the
magnitude of the polynomial /(¢ ') is not of importance since it can al-
ways be compensated for with a multiplicative constant in c¢(g~!). We can
therefore with out loss of generality use the constraint

I v'(g7") [I= 1. (5.103)

If we substitute (5.98) and (5.99) into (5.102) we get

e(t) = v"(g)elg™)yt) — v (g)v'(¢~")d(t)
1H
= o""(g) (e

= t). (5.104)
Substituting (5.104) into (5.101) gives us
Je = Ble(t)e™ (1)] = E[' (¢ )vu () (v' (@ Hra () 7]. (5.105)

However, since v(t) is temporally white, and the norm of v'(¢g~!) is con-
strained to 1, we have

Jo = E[vu () (1)) (5.106)

We can now rewrite (5.95) in matrix notation as
cy(t) = v'd(t) + va(t) (5.107)
where

c:[co c,m] (5.108)

®Here the norm || v'(¢™ ") || is the square root of the sum of the squared magnitudes of
the coefficients of the polynomial v'(¢™").
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y(t)

g =| (5.109)
y(t —nn)

o' =[v) ...v] (5.110)

d(t)
d(t) = : (5.111)

d(t — nb—nn)

where ¢;, 1 = 0,... ,nn, are the row vector coefficients of the row vector
polynomial ¢(¢~!) of order nn and vi, i =0,...,nb, are the scalar coeffi-

cients of the polynomial v'(q ') of order nb' = nb + nn.

The measure J, in (5.106) can thus be expressed as
Je = Elva(t)vy (t)]

= El(cy(t) —v'd(t))(cy(t) — v'd(t))"]
= cRgch — cRgd'v'H — 'v'Rd@cH + v'Rdd'v'H (5.112)

where
Ryy = Ely(t)g" (t)] (5.113)
Ryq = Ry = E[g(t)d" (t)] (5.114)
and
Rgq = E[d(t)d" (1)]. (5.115)

We now want to minimize (5.112) with respect to ¢(¢~!) and v'(¢ '), under
the constraint

v'v'" =1, (5.116)

To do this we first minimize (5.112), assuming v’ to be fixed. Differentiating
Je in (5.112) with respect to ¢ and requiring the derivatives to be zero gives,
as shown in Appendix 5.A.1, the solution for ¢

c=v'RyRy,. (5.117)



5.4. Reduced Rank Tuning 225

Substituting (5.117) into (5.112) now gives
J, = v'(Raq — RagRyp Rya)v'" (5.118)

which should be minimized under the constraint v'v'? = 1. The solution to
this is simply given by the eigenvector of the matrix

A= Rgq— RagRy;Rya (5.119)
with minimum eigenvalue, and norm equal to one.

By replacing the covariance matrices in (5.117) and (5.119) with the corre-
sponding sample matrix estimates

1 tmaz

o A N H
Rz = i i 5.120
R e e DIL LD (5.120)
H A 1 fmaz
Ryy=Ryq = ' > d)yf () (5.121)
tmam - tmm + 1 tmin
Ryg 2 1 ti:w d(t)d" () (5.122)
tma;c - tmin +1 trin

we get the estimates 9 as the eigenvector to the matrix

-1

A=Rgyq— RyyRy Rya (5.123)
with norm one, and we get the estimate ¢ as
é=v'Ry,Ry,. (5.124)

The polynomials ¢(¢~!) and v'(¢”') and the multidimensional matched fil-
ter, w(q,q~!) as well as the metric polynomial v(g,q~') can now be com-
puted via (5.108), (5.110), (5.98) and (5.99).

Although not completely identical, a closer study shows this space-time
MLSE to be very similar to the space-time MLSE proposed earlier in [53].
There, a two-stage hybrid space-time MLSE is proposed, consisting of a
space-time linear MISO filter followed by a scalar MLSE. The space-time
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MISO filter is tuned to maximize the SINR at its output. This is solved as an
optimization problem where the MISO filter coefficients, corresponding to
c(¢7!), and the resulting channel from the transmitted symbol sequence to
the output of the MISO filter, corresponding to v(¢~!), is optimized jointly
to maximize the SINR in the signal. It is argued that it is favorable to
separate the suppression of co-channel interferers and the handling of the
intersymbol interference into two separate parts, a space-time MISO filter
and a scalar MLSE. In light of the derivation shown here, this can however
be viewed in a different perspective. We can here see that the linear MISO
filter, c(¢!), can be viewed as an integral part of a rank one space-time
MLSE, as described here.

Too see that the two methods are almost equivalent we can translate the
tuning proposed in [53] into the notation used here, giving the ¥ as the
eigenvector with mazimum eigenvalue of the matrix

X . . . —1 A A
Ay = (Rdd - Rd'yRy,ngd) led (5125)

and the vector ¢, as for the method derived here, given by (5.124). The
matrix, Rgq, to the right in (5.125) will however, for a training sequence
that is chosen to be approximately white, be close to the identity matrix.
We can thus with good approximation drop this matrix multiplication from
Ay resulting in the new matrix

A . A P N _
Ay = (Raa — RagRyyRya) ™" (5.126)

We can now see that
A= (Ay)~". (5.127)

Finding the eigenvector with minimum eigenvalue to the matrix A is there-
fore the same as looking for the eigenvector with the mazimum eigenvalue
to the matrix A. Thus, apart from the multiplication with Rgq in (5.125),
the two methods are identical. However, as mentioned above, if the train-
ing sequence is approximately white, this matrix will be close to the unit
matrix and it turns out we can leave it out without any significant loss in
performance.

We can also consider the criteria that the reduced rank tuning and the
hybrid MLSE attempts to optimize. The reduced rank tuning strives to
maximize the peak to noise ratio in the matched filtered signal z(t) =
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w(q,q ')y(t). This is achieved by minimizing the variance in the signal
e(t) = w(q, g V)y(t) — v(g,¢ 1)d(t), under the constraint that the middle
coefficient in v(q,q~!), 0, should be equal to one [121]. The hybrid MLSE
on the other hand strives to maximize the signal to interference and noise
ratio at the output of the MISO filter. Maximizing the signal to interference
and noise ratio after the MISO filter, c(¢™!), is however equivalent to mini-
mizing the variance of the signal vy () = (¢ 1)y(t) — v(g 1)d(t) in (5.97),
under the constraint that the norm || v(¢™!) || should be equal to one. This
is exactly the criteria we arrive to for the reduced rank tuning, see (5.106),
and therefore the two methods optimize the same criteria. The difference in
the methods comes from different realizations of the optimization.

When the parameter nn is zero, then rank one space-time MLSE’s discussed
here performs only spatial suppression of the interference. When we have
nn > 1, the rank one MLSE’s performs spatio-temporal suppression of the
interference which can be advantageous if we have many strong uncorrelated
interfering signals and a relatively small number of antennas. In this case
the spatio-temporal interference suppression can be powerful, allowing very
low signal to interference ratios.

If we have too many antennas and use nn > 0 we may, however, have trouble
with the tuning of the increasing number of parameters. As the number of
parameter increases it also seems that these methods require a relatively
high SNR.

5.4.1 Simulations

We will here present a simulation example to study the performance of the
reduced rank tuning and the hybrid MLSE. We also compare their perfor-
mance to a full rank MLSE and a two reduced rank MLSE’s computed as
in Section 5.3.

We will here view the antenna elements as if they were spaced far enough
apart in a Rayleigh fading environment, such that the channels at the in-
dividual antenna, elements fade independently®. The antenna array had six

5This is a worst case scenario for reduced rank methods. If the signals arrive from
more distinct directions the channel is more likely to be well modeled by a reduced rank
model.
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antenna elements. The signal-to-noise ratio was 5 dB.

We have one desired user and one co-channel interferer. The channel for the
desired user as well as the channel for the co-channel interferer have two in-
dependently Rayleigh fading taps, spaced a symbol interval apart, with equal
mean power. As modulation we use the pulse shaping of GMSK modulation
with a bandwidth-time product of 0.3 as described in Appendix 2.A.1 of
Chapter 2. The channel for the desired signal will here in general be a rank
two channel, due two the two taps in the channel, with in general different
spatial signatures.

We compare compare four different algorithms, a full rank MLSE designed
from least squares estimates of the FIR channel and utilizing only the spatial
spectrum of the noise plus interference, a rank one and a rank two version of
the same equalizer, as described in Section 5.3.2, both using only the spatial
spectrum of the noise plus interference, the reduced rank tuning described
in this section with nn = 0 and a hybrid MLSE [53] with a 1-tap MISO
filter. All MLSE’s used the same model order of the channel, nb = 4, for
the desired signal.

In Figure 5.20 the BER for the different algorithms is plotted as a function
of the signal to interference ratio. We can make the following observations
for this simulation. The reduced rank tuned MLSE and the hybrid MLSE
have as expected a very similar performance. However, the rank one MLSE
tuned which is tuned using a rank one model of the channel has a slightly
better performance than both these algorithms. The full rank MLSE has
a better performance than the rank one MLSE. This is not so surprising
since the channel is a rank two channel. The rank two MLSE has the best
performance. This may seem surprising, however, it only shows that the
rank two MLSE benefits from the fact that the channel truly is a rank two
channel.
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15

Figure 5.20: 6 antennas and SNR=5 dB. BER as a function of SINR. All al-
gorithms do only spatial interference suppression. Full rank solution (solid),
Rank one solution (dashed), Rank two solution (dash-dotted), Reduced rank
tuning with nn = 0 (x) and the hybrid MLSE with a 1-tap MISO filter (o).

5.A Appendix

5.A.1 Solving for c given v

Let us consider v to be constant and solve for the vector ¢ that minimizes
Je
H

Je = Je(€) = cRyze" — cRgd'u'H — v'Rggel! + v'Ryqv' (5.128)
We are thus looking for a vector ¢y such that
Je(eo + dc) — Je(ep) (5.129)

is equal to zero for all “infinitely small” vectors dc. Neglecting terms that
are quadratic in dc gives us

Je(co + 6¢) — Je(co) = dc(Rygell — Rgdv'H)

+ (CRgg — ’UIRdg)(sczlf.

Requiring this expression to be zero for all vector dc gives us the solution
for ¢ as

co =v'Raz Ry, (5.130)

assuming Ri_/% to be invertible.
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Chapter 6

Bootstrap Equalization and
Interferer Suppression

When we consider co-channel interferer suppression in a TDMA framework
we should consider how the interference can be suppressed over the entire
frame. For example, it may be the case that an interferer is not present
during the training sequence of a frame but appears at some other place in
the frame. An equalizer or adaptive antenna tuned using only the training
sequence data will then potentially have a seriously degraded performance
when subject to this interference. We would therefore like to broaden our
view and look at the data outside the training sequence and also the data
in adjacent frames, to obtain a more complete picture of the interference
environment.

In the sections below we present two different methods of exploiting the data
outside the training sequence. First, in Section 6.1, we consider bootstrap
equalization, where we utilize the data in the frame outside the training se-
quence by re-tuning our equalizer using previously estimated symbols [109].
Then, in Section 6.2.1, we utilize the noise plus interference spectrum of ad-
jacent frames in order to suppress co-channel interferers appearing outside
the training sequence of the frame currently being processed [56]. Finally,
in Section 6.2.2, the two methods are combined and seen to complement
each other. First the initial symbols are estimated utilizing the noise plus
interferer spectrum of the adjacent frames. Then bootstrapping is applied

231
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by re-tuning the equalzier using the initially estimated symbols. With an
improved initial symbol estimate, by utilizing noise plus interference spec-
trum estimates from the adjacent frames, the risk that the initial BER will
be too high for the bootstrap equalization algorithm to handle is reduced.

Other presentations discussing the problem of suppressing co-channel inter-
ferers outside the training sequence can for example be found in [44] and
in [42].

6.1 Bootstrap Co-Channel Interference Cancella-
tion

As seen in Section 2.7 bootstrapping, i.e. re-estimating the channel using
estimated symbols, can greatly improve the quality of the channel estimates,
including the estimate of the noise plus interference spectrum. This will, of
course, also improve the detection of the symbols in an equalizer using the
channel and noise plus interference spectrum estimates. If we are primarily
interested in the equalization it may not be necessary to estimate the chan-
nel. An alternative is to use a direct approach when tuning the equalizer.
Re-tuning of such an equalizer utilizing detected symbols will also improve
the performance.

A general formulation for bootstrap equalization of a TDMA frame is:

1: Tune the equalizer, direct or indirectly, using the initial training
data sequence.

2: Equalize and estimate the data symbols of the frame.

3: Retune the equalizer, direct or indirectly, using all data including
the estimated data symbols from step 2.

4: Repeat steps 2 and 3 if desired to improve the performance.

Step 1 and 3 in this algorithm may or may not include estimation of the
channel depending on if we are using an indirect or a direct method to tune
the equalizer.
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As an example we will here consider tuning of the space-time equalizer via
an indirect scheme. We then require good estimates of the channel for the
desired signal and the spectrum of the noise plus interference. Based on a
short training sequence, the quality of the estimates may give far from op-
timal performance of the equalizer. By increasing the length of the training
sequence, a higher accuracy of the channel and noise plus interference spec-
trum estimates will be obtained, which in turn can lead to a considerable
improvement of the space-time equalizer. See for example [61].

The reason why the performance of space-time equalizers improve greatly
with the length of the training sequence is that the extra training symbols
allow for better positioning of deep nulls in the directions of the interfer-
ence. However, the length of training sequences cannot be modified in ex-
isting standards. Their lengths will also be limited in future systems since
training/pilot symbols should only consume a minor part of the available
bandwidth. Bootstrap equalization can, by using estimated symbols, attain
a performance improvement similar what would be obtained by adding extra
training data.

Equalizers which use only a few antennas (say one or two) are less powerful
in suppressing co-channel interferers and do not benefit in the same way
from improvements in the estimates of the channel and the noise plus inter-
ferer spectrum as equalizers with more antennas do. As we will see in an
example in Section 6.1.1, bootstrap equalization will not produce the same
improvement for such a case.

6.1.1 Experiments on Measured Data

To investigate the interferer suppression capability of the bootstrap algo-
rithm, the method was applied to a set of real world uplink measurements.
As equalizers we used a space-time MLSE and a space-time DFE, both with
spatial-only co-channel interference suppression.
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The Measurements

The measurements were collected from an antenna array testbed constructed
by Ericsson Radio Systems AB and Ericsson Microwave Systems AB [5]. The
testbed used the air interface of a DCS-1800 base station.

The array had eight antenna elements. A conventional single sector antenna
with two polarization diversity branches was also included in the measure-
ment setup.

In the measurements one mobile and one interferer were used. Each of them
was mounted on a car, which was driving at approximately 30 km/h. The
transmit powers of the mobile and the interferer were adjusted so that the
scenario would be interference limited, i.e. the performance of the algorithms
would be limited by the interference and not by the noise.

A space-time MLSE and a space-time DFE, both indirectly tuned and utiliz-
ing the spatial spectrum of the interference were applied to the data recorded
at the array antenna and at the single sector antenna.

Channel Estimation and Equalizer Parameters

Both the spatio-temporal MLSE and the spatio-temporal DFE require the
estimation of the multipath channel and the spatial covariance of the noise.
We estimated the channel using an FIR model with five taps and the least
squares method described in Section 2.2. The spatial noise covariance matrix
was computed from the residuals of the channel identification as described
in Section 2.8.

The MLSE, as well as the DFE, were both based on the 5-tap channel
estimate. For the DFE we chose a smoothing lag of 4 and a feedback filter
with 4 taps. The DFE was of the type described in Section 3.3.3 using only
the spatial spectrum of the noise plus interference. Similarly the MLSE only
utilized the spatial spectrum of the noise plus interference. It was tuned as
described in Section 4.4.2.
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Results

The array antenna: We applied the proposed bootstrap versions of the
MLSE and the DFE to the experimental data from the array antenna. From
Figure 6.1, we see that it is indeed worthwhile to use the detected symbols
to improve the estimates of the channel and the noise spectrum, especially
for high C/I: At 5 dB C/I, the second pass is 14 dB better than the first
pass for the MLSE and 17 dB for the DFE.
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Figure 6.1: Results from the array antenna. Stage 1 refers to the equalizer
designed using the training sequence only, whereas stage 2 refers to the
equalizer designed using the training sequence and all the detected symbols
from stage 1.

The sector antenna: We also applied bootstrapped versions of the MLSE
and the DFE to the experimental data from the sector antenna with the two
polarization diversity branches. These results are depicted in Figure 6.2.
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Figure 6.2: Results from the sector antenna. Stage 1 refers to the equalizers
designed using the training sequence, whereas stage 2 refers to the equalizers
designed using all detected symbols from stage 1 as well as the training
sequence.
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If we compare Figure 6.2 with Figure 6.1, we see that the gain obtained by
using the detected symbols of pass 1 for the sector antenna is only marginal.
The reason for this is that the antenna array introduces extra degrees of
freedom, which enables powerful space-time processing. However, to make
use of these extra degrees of freedom, accurate estimation of the channel
and the noise spectrum is essential. For the two-branch diversity antenna,
the performance of the space-time processing is not limited by the accuracy
of the channel and the noise spectrum estimates, and bootstrapping does
not reduce the BER significantly.

Additional stages: Figures 6.1 and 6.2 the results of a single stage of
bootstrapping is presented. By iterating the algorithm it is possible to im-
prove the performance even further. Figure 6.3 illustrates how the perfor-
mance can be improved by using several stages in the antenna array case. In
this example it however appears that the major part of the improvement is
achieved in stage 2, i.e. after the first retuning stage. Additional stages do,
however, give some further improvement. The curves marked with “co” are
lower ideal boundaries for the bootstrapping algorithms. These curves show
the performance when the equalizers where tuned with a full frame of cor-
rect symbols. We can call it the genie-aided performance. Even if we iterate
the algorithm through many stages, we will likely not get the performance
of the ”00”-curve. For example, some channels will likely have so bad initial
equalization results that their BER never will converge, thus the average
BER will never reach all the way down to the genie-aided performance.

6.1.2 Discussion

The bootstrap algorithm can typically be applied in conjunction with any
type of equalizer and any type of tuning. When using bootstrapping, we can
therefore make use of the equalizer and tuning scheme that is most suitable
to our specific application. Bootstrapping is particularly useful when the
training sequence is too short too obtain a good tuning of the equalizer.

In the example showed in this section, we have seen that when applied to
an equalizer utilizing an antenna array, bootstrapping can produce signifi-
cant improvements in the suppression of the interferers. The retuning here
improves the estimate of the channel for the desired signal and, maybe even
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Figure 6.3: Results from the array antenna. DFE (solid) and MLSE
(dashed). The numbers by the curves represent the number of iterations
performed. The curves marked with “co” are the result when tuning the
equalizers using a full frame of correct symbols.
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more importantly, the spectrum of the noise and interference. This allows
the equalizer to more efficiently cancel the interference.

6.2 Suppression of Asynchronous Interferers

In a cellular TDMA system it may be the case that co-channel interferers
that are not present during the training sequence appear during the data
sequence. An equalizer tuned using the training data may then have very
poor suppression of such an asynchronous interferer. In fact, the interferers
may even be amplified.

We will here present two schemes for suppression of asynchronous interferers
in a TDMA scheme.

6.2.1 Conservative Initial Detection

If a co-channel interferer is present in a TDMA system during the data
sequence but not during the training sequence of a frame, then it will be
present during the training sequence of an adjacent frame. Information
about the interferer plus noise spectrum of adjacent frames can then be
utilized in order to suppress such co-channel interferers. The effect on the
performance of such a scheme is here illustrated with an example GSM
scenario.

In the GSM system data is transmitted in frames, with the training se-
quence in the middle. In an asynchronous system, co-channel interferers
from surrounding cells may thus appear in time as shown in Figure 6.4. For
example, co-channel interferer 2 is here present during the data sequence
of the “current” frame but not during the training sequence of the cur-
rent frame. A space-time equalizer tuned to suppress only the co-channel
interferers present during the training sequence may thus have a severely
degraded performance for the data part of the “current” frame.

The idea is to use spatial spectral information from the adjacent time frame
to suppress such interferers. Below we will apply this approach to a simple
space-time equalizer consisting of an indirectly tuned beamformer, followed
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Adjacent frame Current frame
| Data |T| Data || Data [T| Data |

Co-channel interferer 1
| [ | |
Co-channel interferer 2
| [ | |
Co-channel interferer 3
| [ | |

Co-channel interferer 4

Figure 6.4: Adjacent time frames and example of locations of co-channel
interferers in GSM. The training sequence is denoted by “T” and the data
sequences are denoted by “Data”. Note that every co-channel interferer has
to be present during at least one training sequence.

by a scalar MLSE.

Algorithm Outline

We here propose an indirect method for the tuning of the weights in the
antenna array. First the FIR channels, b;(¢™!), i=1,2,...,M, from the trans-
mitted sequence to each of the antenna elements, see Figure 6.5, are esti-
mated. This estimation is performed based on the data received during the
training sequence.

The estimated channels can be used for estimating the spatial spectrum of
the desired signal while the residuals from the identification procedure can
be used to estimate the spatial spectrum of the interference plus noise.

If a co-channel interferer is not present during the current training sequence
it will be present during an adjacent training sequence, see Figure 6.4. When
tuning the beamformer we can then do two different computations, one for
the part of the data before the training sequence and one for the part of
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Figure 6.5: Discrete-time baseband channels, b;(¢ 1), from transmitted sym-
bols, d(t), to received signals y;(t).

the data after the training sequence. For each tuning, we can use both the
spatial spectrum of the interference computed during the current training
sequence and the spatial spectrum of the interference computed during the
adjacent training sequence. In this way, all co-channel interferers present
during each data sequence part, will be accounted for.

Antenna arrays are for practical reasons mainly of interest at the base sta-
tions. This scheme is therefore mainly considered for the base station re-
ceiver. In this case, the spatial spectrum of the interference plus noise during
the adjacent training sequence will either be known from a previous chan-
nel estimation procedure (receiving from a different mobile however) or will
anyway have to be computed for the subsequent training sequence.

If the scheme is applied at the mobile, then the mobile will have to listen
in on the adjacent time frames and estimate their channels and noise plus
interference spectrum.

Algorithm Details

The algorithm utilized is similar to the standard sample matrix inversion
method presented in Section 5.2.1. However, instead of estimating the co-
variance matrix of the received signal by means of the sample covariance
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Figure 6.6: The antenna array and the weight coefficients to be tuned.

matrix, we will estimate it based on estimated channels and the sample co-
variance matrices of the residuals for the current and the adjacent training
sequences.

First, the channels
bilg) =bio+biag +...tbiptag ™ i=1,2,.,M (6.1)

to each of the antenna elements, are estimated with the standard least
squares method:

b= (®%®)'®"'D ,i=1,2,.,. M (6.2)
where
l:)i,o
b; = bi:’l (6.3)
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and
yi(nb) yi(nb—1) ... 4 (0)
yi(nb+1)  y(nb) ... yi(1)
@ = : : : :
y(N—-1) %(N—-2) ... yi(N —nb)
do
dq
D= : (6.4)
d(N — 1)

The parameter N is the number of symbols in the training sequence. Here
N = 26 is used.

The antenna array with the beamformer coefficients are depicted in Fig-
ure 6.6. In a second step, the beamformer weights, w;, 1=1,2,....M, are
tuned to optimally receive the reference signal

r(t) = p(g~")d(t) (6.5)

which is an estimate of the transmitted signal. The filter p(¢—') models
the GMSK modulation used in GSM, see Section 2.A.1. Here, p(¢~!) =
0.44% + 1.00¢™' — 0.44iqg2 was used. This filter is a simple model of the
channel between transmitted symbols and received samples. The model
includes the GMSK modulation and a model of a receiver filter consisting
of a 4th order Butterworth lowpass baseband filter as in Section 2.A.41.

The beamformer weights are now selected as an approximation of the Wiener
solution

NN .
w = (R, Ry) (6.6)

!The correct model of the received samples after the GMSK modulation will vary de-
pending on the chosen sampling instant. The chosen model represents only one particular
sampling instant. Multipath propagation is not included in the model represented by
p(q~1), i.e. the propagation channel is modeled as a perfect channel with unit impulse
response.
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where (-)* denotes elementwise complex conjugation, and

wq

wpm

The matrices Ry, and Ry, are estimates of the covariance matrices

Ry, = Ely(t)y" (t)] (6.8)
Ry, = Ely(t)r" (t)] (6.9)
where
Y1 (t)
y(t) = : (6.10)
Yy (t)

is the input to the array and r(t) is the reference signal.

The covariance matrix estimate Ry, is formed, based on the estimated chan-
nels, as

R, = Bp" (6.11)
where
1:)1,0 1:71,1 1:71,nb
L (6.2
bao by oo b
and
p=[0.44i 1.00 —0.44i 0 ... 0]. (6.13)

An estimate of the covariance matrix estimate Ryy is obtained as a sum of
the desired signal part, Rgs, and an interference plus noise part, Ry,

Ry, = Rss + Ry, (6.14)
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The part R, is formed from the estimated channels as
. .\~ H
R,; = BB (6.15)

while Ry, is formed from the residuals as

N
~ 3 . .
Ry, = IN tz:_lnc(tc)nf(tC) +
1
i _lm(ta)ﬂf (ta)- (6.16)

Above, 11.(t) represents the residuals for the current training sequence whereas
N4 (t) constitutes the residuals for the adjacent training sequence. The time
indices t. and t, belong to the current and the adjacent training sequences
respectively, while the parameter N is the number of symbols of the training
sequence.

Note that only one of the sums in equation (6.16) has to be computed for
each new training sequence. If an interferer is present during the current
training sequence, it is more likely to be present during the current data
sequence part in question, than if it was present during the adjacent train-
ing sequence. The contributions from the different training sequences are
therefore weighted differently. Other weighting factors than the factors 3/4
and 1/4 suggested above can certainly be considered.

For comparison, we use a version of the algorithm that does not take the
interference plus noise spectrum of the adjacent time frame into account.
Here, R,,, is simply formed as

N
. 1 . R
Ron = ;::1 fc(te) Ry (tc)- (6.17)

Simulations

An example scenario is chosen to illustrate the behavior of the algorithms.
The desired signal and co-channel interferers present during the training
sequence is shown in Figure 6.8. The received desired signal and co-channel
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Figure 6.8: Desired signal (solid) and co-channel interferers present during
the training sequence (dashed). The angle of incident of the adjacent frame
interferer (dotted) is varied between -180 and 180 degrees.
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interferers are modeled by filtering binary symbols, +1, through the three
tap FIR filter M (q~') = 0.44i+1.00g~! —044ig—2. This filter is, as described
in the previous section, a model of the channel between the transmitted
symbols and the received samples. The propagation channel is assumed to
be equal to unity. In reality, the true channel would vary depending on
the sampling instant and possible intersymbol interference due to multipath
propagation. This problem can, for example, be handled with the method
described in [56].

The desired signal impinges onto the antenna from 0 degrees and two equal
strength co-channel interferers impinge from -30 and -60 degrees respectively.
A third co-channel interferer is used in the simulations. This co-channel
interferer is thought of as not being present during the training sequence of
the desired signal in question. It will either be present or not be present
during the desired signals data sequence. It is however always present during
the training sequence of the adjacent frame. This co-channel interferer will
be referred to as the adjacent frame interferer.

In the simulations, the SNR was 3 dB whereas the SIR was 0 dB, not
counting the adjacent frame interferer. This co-channel interferer had a
power twice of that of the individual interferers that were present during the
current training sequence. All simulations were conducted without fading.

Two performance measures were evaluated for the algorithms. One was the
BER for an MLSE after the beamformer, working with a three tap FIR
channel. Another performance measure was the signal to interference and
noise ratio (SINR) after the beamformer.

The algorithms were tested for two different cases:

e In the first case, the adjacent frame interferer was present during the
whole current half of the data sequence part, thus causing interference.

e In the second case, the adjacent frame interferer was not present during
the current data sequence part.

This second case has to be considered since it is undesired that the perfor-
mance of the algorithm using the adjacent interferer plus noise spectrum
should degraded too much in this case.
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Figure 6.9: Adjacent frame interferer present during the data sequence.
BER for the MLSE and SINR after the beamformer. The algorithm using
adjacent frame interference plus noise (solid) and the algorithm not using
adjacent frame interference plus noise (dashed).



6.2. Suppression of Asynchronous Interferers 249

L L L L
0 10 20 30 40 50 60 70 80 90

Incidence angle of interferer [degrees]
10

8¢ - - ]
B o |
4
Z 4t il
]

2L i

0 L L L L L L L L

0 10 20 30 40 50 60 70 80 90

Incidence angle of interferer [degrees]

Figure 6.10: Adjacent frame interferer not present during the data sequence.
BER after the MLSE and SINR after the beamformer for the algorithm using
adjacent frame interference plus noise (solid), and the algorithm not using
the adjacent frame interference plus noise (dashed)
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Figure 6.11: Antenna gain when the adjacent interferer is not accounted for.
Solid line - Desired signal, Dashed lines - Co-channel interferers and Dotted
line - Adjacent frame interferer.

In Figures 6.9 and 6.10 and we can see the resulting BER and SINR per-
formance as a function of the angle of incidence for the adjacent frame
interferer. In Figure 6.9 we can see that the SINR as well as the BER is
considerably improved as a result of utilizing the adjacent frame interferer
plus noise spectrum when the adjacent frame interferer is present during the
current data sequence being equalized. On the other hand, when the adja-
cent frame interferer is not present during the data sequence being equalized,
we can in Figure 6.10 se that the method utilizing the adjacent frame noise
plus interferer spectrum has a performance degradation when the adjacent
frame interferer impinges from almost the same direction (0 degrees) as the
desired signal. This is because this algorithm unnecessarily decreases the
gain in the 0 degree direction.

Examples of the antenna gain patterns for the two algorithms can be seen
in Figures 6.11 and 6.12, respectively. Figure 6.11 shows a bad case for the
algorithm that does not take the adjacent interferer into account. The adja-
cent frame interferer is amplified by the antenna array, causing a low SINR.
In Figure 6.12 the effect of taking the adjacent noise plus interferer spectrum
into account is clearly demonstrated. The adjacent frame interferer (dotted
line) is now nulled out, resulting in a much better SINR.
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Figure 6.12: Antenna gain when the adjacent interferer is accounted for.
Solid line - Desired signal, Dashed lines - Co-channel interferers and Dotted
line - Adjacent frame interferer.

Results and Conclusion

As can be seen in Figure 6.9, for the scenario considered, using the interfer-
ence plus noise spectrum from the adjacent time frame is advantageous if
the interferer actually is present during the data sequence part of interest.

If, however, the interferer is not present during the data sequence part of
interest, as in Figure 6.10, then the proposed algorithm suffers from a per-
formance degradation when the accounted for, but not present, interferer
and the desired signal arrives from almost the same angle. The reason for
this is that the gain in the direction of the desired signal will then be some-
what reduced. However, if the angle between the impinging directions of
the interferer and the desired signal is large, then we see from Figure 6.10
that one does not loose any performance by taking the absent interferer into
consideration. We thus have to ask the question if the potential gains are
larger than the potential losses. This is not a trivial question to answer as it
depends on many factors. However, when using an antenna array with many
antenna elements the sector where there is a potential loss will become more
narrow since the angular resolution of the array increases. The regions of
potential gain, on the other hand, will not necessarily decrease in the same
way. It therefore seems likely that, as long as we have enough antennas,
the potential gains will outweigh the potential losses. We will return to this
question in the next section.

The general idea presented here can be applied to other beamforming schemes



252 Chapter 6. Bootstrap Equalization and Interferer Suppression

as long as they separate between signal and interference plus noise spectra.
For instance, one can use beamforming with the maximum SNR method.
See for example [10].

The method of using adjacent frames has been outlined in a simple form,
which constitutes a starting point for improvements and generalizations.
For example, when working on the first half of the data in the frame, the
adjacent noise spectrum could be formed using the whole last part of the
data sequence of the adjacent frame, not only the training sequence. The
previously estimated data symbols would then be used instead of the training
sequence. A further generalization in this direction is to combine the method
with bootstrap equalization. This is discussed in the following section.

6.2.2 Bootstrap Equalization Utilizing Adjacent Frames

Bootstrapping can to some extent handle the problem of compensating for
an interferer that is present during the data part of the frame but not present
during the training sequence. As long as the resulting BER from the initial
equalization is not too high, bootstrapping can save the situation. However,
if the initial BER is too high, then the estimated symbols will contain too
many errors. The bootstrapping algorithm will then not be able to improve
the BER.

The method of utilizing the noise plus interferer spectrum from the adja-
cent frames can however be utilized as a conservative initial estimate of the
symbols. (It is conservative as it may be too cautious since it compensates
for interferers in two frames.) Bootstrapping can now be applied using this
initial estimate. Since the initial estimate to some extent compensates for
all possible asynchronous interferers, the initial BER will hopefully not be
too large for the bootstrap equalization.

Also, by using bootstrapping, some of the drawbacks of utilizing the noise
plus interferer spectrum from adjacent frames as exemplified in the previous
section can be reduced.
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Simulation Scenario

The simulation scenario is the same here as in Section 6.2, apart from a
few alterations. Instead of using a beamformer followed by a scalar MLSE,
we here use an IS-DFE as presented in Section 3.3.3. The channel was
estimated by identifying the coefficients of an FIR model with a least squares
method as described in Section 2.2. Three taps was used in the FIR channel
model. For the DFE, four taps were used in the feedforward filter and
two taps were used in the feedback filter. The signal strengths for the
particular simulations presented here was SNR=6 dB and SIR=-6 dB. The
asynchronous co-channel interferer had the same strength as one of the two
equal strength synchronous interferers. The asynchronous interferer is not
included in the signal to interference ratio of -6 dB. No fading was considered.
Otherwise the scenario was the same as in the simulation of Section 6.2.

Results and Conclusions

First, consider the case where the interferer that is present during the train-
ing sequence of the adjacent frame, is also present during the data sequence
of the current frame that is to be equalized. In Figure 6.13 we can see
that both the method of utilizing the adjacent frame noise and interferer
spectrum and the method of combining it with bootstrapping give good
performance. The use of using the noise and interferer spectrum estimated
from the training sequence of the current frame, does not give good perfor-
mance. Bootstrapping alone does not help in this case either since the BER
from the initial equalization is too high.

Now consider the case where the interferer that is present during the training
sequence of the adjacent frame is not present during the data sequence of
the current frame that is to be equalized. In this case we can expect that the
methods utilizing the noise plus interferer spectrum of the adjacent frame
will have some degradation in the performance. In Figure 6.14 we can see
that this indeed is the case. As in Section 6.2.1, this degradation mainly
occurs when the direction of the desired signal and the direction of the
interferer in the training sequence of the adjacent frame are close. When
bootstrapping is added, this degradation is reduced. Of course, the method
which does not utilize the noise plus interferer spectrum of the adjacent
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Figure 6.13: BER when the interferer of the adjacent training sequence is
also present during the current frame data sequence. Tuning using the train-
ing sequence (solid), using training sequence and bootstrapping (dashed),
using adjacent frame interference estimate (dash-dotted) and using adjacent
frame interference estimate and bootstrapping (dotted).

frames has the best performance. The reason why bootstrapping cannot
completely remove the drawback of utilizing the adjacent frame noise plus
interference spectrum is that for some realizations, the initial BER will be
too high for the bootstrapping algorithm to handle. However, all in all, in
this scenario it appears to be a good idea to use the combination of the
adjacent frame noise plus interferer spectrum and bootstrapping.

To summarize, in general, the use of the noise plus interference spectrum
of adjacent frames will be a tradeoff between suppression of asynchronous
interferers and possibly reduced performance due to the use of an erroneous
noise plus interference spectrum. By combining the method with bootstrap
equalization the negative effect of using a somewhat erroneous noise plus
interferer spectrum for the initial equalizer can be reduced. In general the
negative effects will not be completely removed. However, the simulations
performed in this study suggest that the benefits outweigh the drawbacks.
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Chapter 7

Robust Equalization

When perfect estimates of the channel and the noise spectrum are available,
we can compute the optimal decision feedback equalizer as in Chapter 3. In
reality, however, this is a very unlikely situation and the channel and the
noise spectrum will differ from their estimates and they may also vary with
time. An equalizer designed based on an estimated channel and noise spec-
trum may then perform acceptable in some cases but may be inadequate in
others. As we will show here, it is possible to use information about the un-
certainty and/or the variability of the estimates of the channel and the noise
plus interferer spectrum to design an equalizer that is robust against such
uncertainty and/or variability. Such an equalizer will be able to accommo-
date the anticipated channel and noise spectrum estimation errors or time
variations, at the expense of some performance degradation in the nominal
case. This is attained by minimizing an MSE criterion that is averaged with
respect to the uncertainties in the channel and noise models [91, 37, 38].

In Section 7.1 we discuss this averaged design of a scalar decision feedback
equalizer that is robust with respect to uncertainties in the channel, in the
noise spectrum and also in the quality of decided symbols entering the feed-
back filter. The robust DFE presented here is general in the sense that it
can handle all linear channels and linear noise models [92]. We obtain design
equations for a large class of SISO IIR equalizers. DFE’s based on nominal
models, linear equalizers based on nominal models and robustified DFE’s
and linear equalizers are special cases within this class.

257
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One of the features of the DFE in Section 7.1 is the possibility to improve
the robustness with respect to decision errors. One of the drawbacks with
a decision feedback equalizer is that it can suffer from error propagation.
An incorrectly estimated symbol that is fed back through the feedback fil-
ter can in turn cause the next symbol to be incorrectly estimated, and so
on. The DFE can therefore potentially suffer from long error propagation
events. Long error propagation events may not be desirable since they may
make decoding more difficult and may cause, for instance, a channel tracking
algorithm to loose track. In Section 7.2 we investigate the use of robustness
against decision errors by studying an example. In this example we can see
that by designing the DFE to be robust against decision errors, the lengths
of error propagation events can be made much shorter. This is however
achieved at the expense of having more numerous error propagation events.
It seems that while this method can reduce the average and maximum du-
ration of the error propagation events, it cannot in general substantially
reduce the overall BER.

In wireless communication, the channel is often subject to fading, i.e. time
variations in the channel. Let us assume a TDMA system transmitting
information in frames. If the channel changes significantly over the duration
of a TDMA frame, then we are required to track the channel variations and
frequently re-design the equalizer, or adapt the equalizer coefficients directly.
If, however, the channel variations are smaller but still significant, then it
may be possible to design an equalizer that will work well for the range
of channels dynamics that may occur during the remaining TDMA frame.
In Section 7.3 we use the formalism introduced in Section 7.1 to design an
equalizer that is robust with respect to fading in the wireless channel. We
investigate the performance of such an equalizer by applying it to a GSM-like
TDMA frame at 1800 Mhz. We tune the robust DFE based on an estimate
of the channel formed from the training data in the middle of the TDMA
frame, and an estimate of the expected channel variations during the frame.
For comparison we use a nominal equalizer tuned using only the channel
estimate. The robust DFE provides the largest average performance gain
over the nominal DFE when the channel variations are large and the noise
level is low. In these cases the nominal DFE will be very sensitive and have
a degradation in the performance which will make the robust DFE more
attractive [62].

In Chapters 3 and 4 we saw that it can be possible to tune space time
equalizers indirectly using channel estimates, even though there are strong
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co-channel interferers present. In the presence of strong co-channel interfer-
ers the error in the channel estimate can be very large. However, when these
channel estimates are used to design an equalizer, they will often still pro-
duce a useful design. In Section 7.4 we investigate why this can be the case.
We show that an indirectly tuned space-time DFE, utilizing the estimated
spatial spectrum of the noise plus interference is automatically somewhat
robustified against co-channel interferers. This is at least true if the number
of uncorrelated interfering signals are few enough, such that it is possible to
cancel them with spatial-only interferer suppression.

The mechanism for this is that the interferers will cause large spatial model
errors in the channel estimates in the directions of the interferers. However,
the effect of these interferers on the estimated noise covariance matrix will
automatically reduce the spatial gain of the DFE forward filter in precisely
these directions. The multi-dimensional filter in a space-time MLSE has
many similarities to the feedforward filter of the space-time DFE and is
robustified in a similar way. This surprising and advantageous effect of
using estimated noise covariance matrices in indirectly designed DFE’s and
MLSE’s will be denoted self-robustification.

7.1 Robust Scalar Decision Feedback Equalization

Here design equations are presented for robust and realizable single-input
single-output decision feedback equalizers, for IIR channels with colored
noise. The design equations are derived based on a probabilistic measure of
the model uncertainty: The MMSE, averaged over a whole class of possible
true systems, is minimized. A second type of robustification, which affects
and reduces the error propagation due to the feedback, is also introduced.
The resulting design equations define a large class of equalizers, with DFE’s
and linear equalizers based on nominal models being special cases.

Design equations which take these two problems into account are presented
in Section 7.1.2 below.
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7.1.1 Model and Filter Structure

The robustification is based on a stochastic representation of the mismod-
eling and of decision errors. This seems natural, since estimation of model
errors caused by Gaussian noise during the estimation process are of a prob-
abilistic nature.

Let the received, discrete-time, complex baseband signal y(¢) be described
by a set of models

(bola) A
y(t) = (ao(ql) + ar(g D) ) d(t — k) +n(t). (7.1)

The transmitted symbols {d(¢)} are assumed to be zero mean and white,
with variance E|d(t)|? = o2.

Similarly, the noise n(t) is described by a set of possible noise models

n(t) = (mO(q_l) + Am(q_l)) o(t). (7.2)

no(g™')  ni(g™h)

where v(t) is zero mean and white, with (uncertain) standard deviation o.

In (7.1) and (7.2)

bo(g™")/ao(a™")  molg™")/nolg™") (7.3)
represent time-invariant stable and known nominal models, while
Ab(g)/arat)  Am(g ) /mlg ) (7.4)

are members of a model error class where the coefficients of the numerator
polynomials, e.g.

Ab(g) = Aby + Abig™ ! + ...+ Absrg™® (7.5)

are regarded as (time-independent) stochastic variables, with zero means and
known covariance matrices. The stable denominators a;(¢~!) and ny(g™!)
are assumed to be fixed. Introduce E(-) as an average over the coefficients
of the stochastic polynomial coefficients. We assume that the coefficients of
Ab(g~!) and Am(g~!) have mean value zero, i.e.

E[Ab(g Y] =0 E[Am(gY] = 0. (7.6)



7.1. Robust Scalar Decision Feedback Equalization 261

In [91, 38, 37], these representations are shown to be suitable for describing
a wide range of model errors. They are related to the stochastic embedding
approach introduced in [33, 32].

Consider as an example, an uncertain FIR channel with white noise. It can
be expressed as

y(t) = (bolg™") + Ab(g™")) d(t — k) +n(?).

If §(t) = bo(g~')d(t — k) has been estimated by the least squares method
and the order of by(¢ !) is adequate, then the LS covariance matrix can
serve directly as an estimate of the covariances! E (AbiAbf )- We have here
introduced a set of possible true channels represented by stochastic variables.
The actual (single) time channel will be located at an unknown position. The
variance E[Ab;Ab;] can be seen as a rough estimate of the time-dependant
distance between the nominal estimated model by and this unknown true
system.

Let us introduce a scalar IR decision feedback equalizer

; s(g ') Qg Y5
d(t —£|t) = t) — dit—2—-1 7.7
(t —£]t) T(q_l)y( ) ) ( ) (7.7)
where £ is the smoothing lag (decision delay) and d(t) is decided data. The
denominator polynomials r(¢ ') and p(¢ ') are required to be monic (lead-
ing unit coefficient) and stable.

In addition to robustifying the design with respect to model uncertainty,
we will here also introduce a technique that, to some extent, can alleviate
the problem of error propagation in the DFE feedback loop. Errors in the
decided data d(t) will be treated as uncertainty, and represented by an
additive white noise k(t), which is assumed to be uncorrelated? with both
d(t — j) and v(t — j) for all j. The decided data can thus be expressed as

d(t) = d(t) + s(t) (7.8)

If the estimates are biased due to an incorrect error model structure, or if the channel
differs from that obtained based on the training sequence due to time variations, then
the covariance E(AbiAbf ) has to be adjusted so that these phenomena are taken into
consideration.

2This is, of course, a simplification. In reality, the error x(t) is non-stationary since
decision errors tend to occur in bursts. There may also exist correlations to past noise
samples, in particular to those that caused the error. These nonlinear and time—varying
effects are neglected here, to obtain a tuning parameter which is simple to use.
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where k(t) has zero mean and variance

Elx ()| = 1o, (7.9)

The problem of optimizing (7.7) can then be treated with tools for linear
quadratic design, since the nonlinear decision element is removed from the
signal path to the error d — d, see Figure 7.1.

The scale factor n > 0 in (7.9) can be used to trade off error propagation
against theoretical performance, with n = 0 representing a belief in error—
free decided data whereas a non-zero 7 represents a situation with decision
errors, the larger n the more decision errors are anticipated. The use of a
small positive value of  can give a lower bit error rate in cases with severe
error propagation compared to a design using n = 03.

7.1.2 Filter Design Equations

The performance of an equalizer of the form (7.7) is now to be optimized
with respect to the whole model error class. We thus tune the equalizer to
minimize the averaged MSE criterion

J=EE|d(t —0) —d(t — L|t)|? (7.10)

with respect to the parameters of (7.7) under the constraint that the filters
in (7.7) are causal and stable. Here E represents expectation over d,n and
k while E is the previously introduced expectation over the model error
distribution in (7.1) and (7.2). This type of criterion has been used in
connection to other filtering problems, e.g. by Chung and Bélanger [16].
Note that not only the range of uncertainties, but also their likelihood is
taken into account by (7.10); common model deviations will have a greater
impact on an estimator design than do very rare “worst cases”. Compared
to the use of a minimax design, the conservativeness is thus reduced [37,
93]. In communication problems the average performance is in general more
important than the performance for the worst case. Due to the presence
of coding and interleaving, rare bad situations can be handled, but a high
average uncoded bit error rate will degrade the total system performance.

3For a related suggestion, using a linear combination of a zero forcing linear equalizer
and a zero forcing DFE, see [39].



7.1. Robust Scalar Decision Feedback Equalization 263
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Class of noise models l

mo(a” ") + Am(¢)
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Class of channels n(t) Feedforward filter  d(t — £)
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Figure 7.1: A general robust decision feedback equalizer. The feedforward
and the feedback filters are optimized by minimizing the power of the error
e(t) averaged over the class of possible channels and possible noise distur-
bance models. Erroneous decisions are modeled by adding a fictitious white
noise to previous decided symbols in the design.
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In Appendix 7.A.1, design equations are derived for minimizing the criterion
(7.10) with respect to the filter coefficients of the DFE (7.7), for an ensemble
of systems (7.1), (7.2), assuming previous decisions to be described by (7.8).

As in previous chapters, for polynomials

p(g) =po+p1g "t + ..+ Prpg P (7.11)

we use the convention that

A
(@) S pt' +pi'g+-- + g™ (7.12)

Introduce polynomials h(g~!), a(¢™!) and n(g~!) as

ba™) £ bolg Dailg) + Ablg Haolg ") (7.13)
ha™) £ bolgHai(g Hnolg Hnalg™) (7.14)
ag™) £ alg Halg™) (7.15)
n(g™) 2 nolgHmlg™h) (7.16)
m(g™) 2 molg milg") + Am(gnolg™") (7.17)

and define the double-sided polynomials bb* (g, ") and mmt (q,q7') by

B (g7 E[b(q Y6 ()] = bo(g~)bE (q)as (g~ )at (q)

+E[Ab(g") Ab(g)?as (g™ al (9) (7.18)
Elm(g~")ym" (¢)] = mo(¢~")m{ (@)1 (g7 ")ni (q)
+E[Am(g ) Am* (g)]no (g7 )nE (q)- (7.19)

1>

mm (q,q7")

Finally, define the variance ratio

é —

E(0y)/ag.

Now, let the scalar v and the stable and monic polynomial 3(g~!) be the
solution to the averaged spectral factorization

v8(g VB (@) = nlg )n"(q)ao(g M)af (¢)E[Ab(g ')A (g)]
+nn(g~ ) (q)bb" (g, q )
+(1+n)palg")a (q)mm (¢,q7"). (7.20)

P
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Let Q(g71),s1(¢71),1# (¢) and 11 (g) be the (unique) solution to the coupled
polynomial equations

BlaH)+a ' A+n)Qc) = ¢ FhlgH)si(gh)

+8(a )i (q) (7.21)
—q T (q) + ¢l +)la(@) = —vB8"(@)s1(a7) +
g ()i (q). (7.22)

The optimal filters in the equalizer (7.7), which minimize (7.10), are then
given by Q(¢ ') from (7.21) and by

s(g™") = silg Hnlg Halg™)
rig) = Blgh)
pgh) = Blg). (7.23)

This result can be derived by adding a variation v(t) = 71 (¢ ')y(t) +
To(qg1)d(t — £ — 1), with 7 (¢”!) and 75(g™!) being arbitrary, but rational,
causal and stable transfer function, to the estimate d(t—£|t). Optimality cor-
responds to orthogonality of the mean estimation error with respect to this
variation. The equations (7.21) and (7.22) arise from requiring orthogonal-
ity with respect to the two terms 71 (¢~ !)y(t) and 72(q~!)d(t), separately. A
detailed derivation can be found in Appendix 7.A.1, where a generalization
to correlated symbol sequences d(t) is also discussed.

The coupled equations (7.21) and (7.22) can be solved in precisely the same
way as the corresponding equations in Appendix 3.A.1: Convert them to
systems of linear equations in the coefficients. Then, a new system of lin-
ear equations is created by combining all equations with known left-hand
sides. This system is solved with respect to the coefficients of s;(g~!) and
17 (q). Subsequently, Q(¢~!) is obtained from (7.21). The polynomial de-
grees, which are obtained by requiring the powers of ¢ and ¢~! to be matched
on both sides of (7.21) and (7.22), are given by

degs (g7 =degli(¢g ) =0 —k (7.24)

deg Q(¢~") = degla(q™') = max{degh(q™'),degB(¢g" ")} — 1.  (7.25)
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Solving the spectral factorization (7.20) is straightforward. With a given
right-hand side, it is just an ordinary polynomial (FIR) spectral factoriza-
tion, for which there exist efficient iterative algorithms [47, 40, 36]. One
alternative is to factor the right-hand side and form the polynomial B(q~!)
from all factors with zeros inside |z| < 1.

The averaged factors in (7.20) can be evaluated as follows. For a stochastic
polynomial

Ap(g™) (7.26)

of degree dp with zero mean, let the Hermitian parameter covariance matrix

be defined as

E|Apol* ... E(ApoApjl)
PAP = S . S . (727)
E(ApdpAp(l)q) E|Ap6p|2

Denote the sum of the diagonal elements gg, the sum of the elements in
the ¢’th super—diagonal g;, the sum of elements in the ¢’th subdiagonal g_;.
Note that g ; = gZH . Then it becomes evident, by direct multiplication of
Ap(q~Y)ApH (), and taking expectations, that

EAp(a AP (@) = gl + ...+ g a7 + g0+ g1a + ... + gapa™.
(7.28)

Above, dp < dp, with dp = 0 for uncorrelated coefficients.

Note that, apart from the nominal model and the variance ratios p and
7, only second order moments of the model error distributions need to be
known. If this information is not available, then ai(¢™!), n1(¢”!), p,
and the covariance matrices of Ab(¢g~!) and Am(g~') can still be used as
“robustness tuning knobs”. In the case of no model uncertainty, we then
set Ab(g™!) = Am(g™!') = 0 and ai(¢g”!) = ni(g”!) = 1 in (7.18)—(7.23).
An increase of the covariance matrix elements of Ab(g ') or Am(qg 1) will
result in a more cautious feedback and feedforward filters, with lower gains
and lower and broader spectral peaks.
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7.1.3 The Class of Equalizers

The equations (7.7)—(7.23) define a class of robust equalizers, with nominally
designed linear equalizers and DFE’s as special cases:

e If n = 0 (perfect previous decisions assumed), and with no model
uncertainty, then the IIR DFE discussed in [90] is obtained*. In this
case only, a solution of the spectral factorization (7.20) is not required.
We directly obtain B(g ') = ag(g )mo(q1).

e If n — oo (decided data are very unreliable), || Q(¢') ||— 0. Then,
(7.20) and (7.22) reduce to the design equations for a robust linear
equalizer s(g~1)/r(g7!), derived in [91]. (Divide (7.20)-(7.22) by 75

and set r 2 v/n, which is finite.)

e When n — oo and no model uncertainty is assumed, we obtain the
ordinary linear recursive equalizer, discussed in e.g. [2],[90].

The special case of the design equations for a robust DFE assuming perfect
decisions (n = 0), applies to an uncertain and slowly time-varying scalar FIR,
channel will be discussed in more detail in Section 7.3. The generalization
to a MISO DFE design for (time-invariant) uncertain FIR vector channels
is derived and discussed in Section 7.4.

The properties of a large number of linear equalizers (n — o), based on
randomly selected 5-tap FIR channel models, are summarized in Section
4.5 of [91]. In about 1/5 of those cases, the nominal channels had pro-
nounced nulls. Equalizers designed without taking any model uncertainty
into account then had pronounced spectral peaks. Their performance was
very sensitive to model errors. Robust design eliminated the sensitivity, at
the price of only a slight increase of the MSE obtained when the model is
correct.

*With Ab(g™!) = Am(g™!) = 0,a1(¢"!) = ni(g™!) = 1, we get bb(q,q ) =
bo(q™ )b’ (@), " (q,47") = mo(a™")mg (a), ¥ = p, Bla™") = ao(g™")mo(q”") and
h(g™") = bo(¢"")no(g*). This case corresponds to the solution in Section 3.2.1 with only
one sensor (M = 1).
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7.2 Robustness Against Decision Errors

The utility of the parameter 7 is here investigated in an example. We in-
vestigate if a proper use of this parameter may reduce the effects of error
propagation.

Based on the model, without uncertainty,

-1
() = 23d0) + () =

(14 0.95¢71)
(1—-0.70¢71)3

d(t) + n(t)

we designed DFE’s for a SNR of 28dB which corresponds to p = 0.553. The
smoothing lag was £ = 5 and the data sequence was binary PAM (d(t) = +1).
DFE’s were designed for different values of the parameter 7. Here we have
h(g™t) = bo(g™), b0 (q,q7") = bo(g )bl (q), ¥ (g,¢7!) = 1, and thus
(7.20) reduces to

v8(g~H)B™ (q) = nbo(q~")b5' (q) + (1 + n)pao(g~H)af ().

The bit error rate (BER) was estimated from simulations using 500000 sym-
bols for each design. The diagram below shows the BER as a function of 7.
Also shown is the BER without error propagation, i.e. the result we would
obtain if correct past decisions could be substituted for d(t — £ —1) in (7.7).
In this difficult problem, a pure DFE has severe problems with error bursts,
while a linear equalizer (LE) gives a large BER. However, the BER can be
reduced by a factor of 3.5 by using 7 = 0.001 instead of n = 0 (pure DFE).

An error propagation event is in this example defined as the length of se-
quences of d(t) which contain < 7 consecutive correct decisions. It is evident
from the table below, that the use of a small n > 0 reduces the length of
error propagation events substantially. If a coding scheme is used which is
sensitive to long consecutive sequences of errors, this property is valuable in
itself.

It should be noted, however, that although the number of long error prop-
agation events is reduced, the number of short error propagation events is
increased. Therefore it is not possible to say if there for arbitrary selected
channels in general exists an 1 # 0 which gives a lower BER than what is
obtained by using n = 0.
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Figure 7.2: BER as function of assumed relative power n of the decision error
noise. BER with error propagation (solid) and without error propagation
(dashed).

Number of error propagation events
Length: 1-2  3-20 21-50 51-100 >100
n =0: 328 197 75 66 133
n=10"3: 323 232 77 24 —~
n =0.1: 6100 4469 171 - -

Table 7.1: Number of error propagation events of different lengths for dif-
ferent values of the relative power 7 of the noise assumed in the feedback
loop.
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7.3 Robustness Against Fading

One of the causes of uncertainty in a channel are time-variations that we
are not able to track, or choose not to track. We can however design an
equalizer which optimizes the performance based on statistical assumptions
on the anticipated time variations in the channel.

We will here discuss the design of such a robust equalizer. As an example,
we will consider a GSM-type case. In GSM, the channel varies slowly over
the duration of a frame. It is therefore feasible to use a fixed equalizer, tuned
to the training data, for the equalization of the whole frame. However, when
the mobile travels at high speeds, the channel variations can have a non-
negligible impact on the performance of the equalizer. In these cases it can
be advantageous to take the time variations into consideration when tuning
the equalizer.

We will here utilize the design equations for a robust decision feedback equal-
izer, derived in the previous section, for this purpose. It will be demonstrated
how the statistical Rayleigh fading model can be used to adjust models of the
channel uncertainty due to a moving transmitter or receiver. An additional
contribution to the model uncertainty is caused by the channel estimation
error due to noise and interference. We will here restrict the presentation
to the special case of FIR channels with uncertain channel coefficients and
white noise.

7.3.1 Model and Filter Structure

We will consider the following received, discrete-time, complex baseband
signal

y(t) = (bo(g™") + Ab(g ™)) d(t) + n(2) (7.29)
where the transmitted symbols {d(t)} are assumed to be zero mean and

white, with E|d(t)|> = o2. The noise n(t) is assumed to be zero mean, with

variance E|n(t)|*> = o2.

The nominal model of the transmission channel is described by an FIR filter
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n(t)

~

Class of Channels Feedforward Filter d(t — £)
) -1 d(t —¢
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Q1)
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Figure 7.3: Channel with error model and IIR decision feedback equalizer.
The coefficients of the polynomial Ab(q 1) are stochastic variables.

with complex coefficients:
bo(g™") = bo + big™" + ... + bupg ™. (7.30)
The set of possible model errors is represented by the “error model”

Ab(qg™Y) = Aby + Abig~ 4+ ... + Abpyg™ (7.31)

As before, the coefficients Ab; are stochastic variables with zero mean and
known correlations E[AbiAb;q ] This channel model is a special case of
the more general uncertain channel models in Section 7.1, using £ = 0 and

a(g™') = 1.

7.3.2 Filter Design Equations

The robust DFE here is a special case of the general robust DFE presented
in Section 7.1. Thus, we assume the general TIR structure

d(t — olt) = j(g_l) (1) — Q((j__ll)) dt—0-1) (7.32)

|
J

<
]

of the DFE.

The robust DFE that minimizes the averaged MSE criterion

J = EE|d(t — ) —d(t — £)t)|? (7.33)
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can be computed as follows.

Let us here define

A
p = on/og.

Let the scalar v and the stable and monic polynomial 3(g ') be the solution
to the averaged spectral factorization

18(q 1B () = E[Ab(g ) AbT ()] + p (7.34)

which is a special case of (7.20) for a(¢~!) = n(¢”!) =1, mmf(¢,¢7) =1
and n = 0.

Let {Q(g 1),s(g 1), 1 (q), 1% (q)} be the (unique) solution to the corre-
sponding special cases of (7.21) and (7.21) which constitute the coupled
polynomial equations

Bla)+q Q™) = ¢bola)s(e™") + BN (q)  (7.35)
as' (@) = —v8%(@)s(a ") +q b (91 (g)
(7.36)
with polynomial degrees

degs = degli(¢ ) =4
deg Q(¢™") = degla(¢™") = max{degby(¢™"),deg S(¢™")} — L.

The equalizer (7.32), which minimizes (7.33), is now given by Q(¢~!) and
s(g1) from (7.35) and (7.36) and by using the averaged spectral factors as
denominator polynomials

rig ) =plg ") =B (7.37)

Along the lines presented for the DFE’s in Appendix 3.A.1 and 3.A.2, the
coupled equations (7.35) and (7.36) can be solved by converting them to a
system of linear equations in the coeflicients of s and [, respectively.
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Let us define

by 0 0
2| b 0 (7.38)
be b1 bo
1 0 0
ga | At 0 (7.39)
Be Be-1 - 1
STE (so st o s U, 1, i) (7.40)
CT2(00 .. 100 .. 0) (7.41)

where the “1” in C appears in element nr £ 4+ 1. The channel coefficients
in the matrix B are here the coefficients of the “nominal” channel model
bo(¢~") which here will be the same as the estimated channel. The coef-
ficients in the matrix @ are the coefficients in the averaged spectral factor
B(g~!) from equation (7.34) with the right hand side evaluated as indicated
by (7.27) and (7.28). It can then be shown from (7.35) and (7.36), along the
same lines as in Appendix 3.A.1 and 3.A.2, that

( B B\
S‘(v*ﬂH —BH) C. (7.42)

From S we extract s(¢~!) (and l;1(¢"!)) and from equation (7.35) Q(q ')
can be computed as

Qa™") = ¢ bolg™")s(a™") +aBla™ ) (If (q) — 1). (7.43)

As in Section 7.1.2, the averaged term, E[Ab(g~')AbH (q)], in (7.34) can be
evaluated as follows. For a stochastic polynomial Ab(g 1), of degree nb, let
the Hermitian parameter covariance matrix be

E|Abg|? ... E(AbyAbH)
Py = : : : (7.44)

E(AbypABE) ... E|Aby|?
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Denote the sum of the diagonal elements gy, the sum of the elements in
the ’th super—diagonal g;, the sum of elements in the ¢’th subdiagonal g_;.
Note that g_; = gff. Then it becomes evident, by direct multiplication of
Ab(g~1)AbH (¢), and taking expectations, that

E[Ab(g A (q)] = glla™® + ...+ gf g™t + go + qrg + - .. + garg™-
(7.45)

Above, db < nb, with db = 0 for uncorrelated coefficients.

If the coefficients in Ab(¢~!) are uncorrelated, then E[Ab(qg~1)Ab (q)] is a
constant (not a polynomial) and from equation (7.34) we see that the robust
equalizer is achieved by adding the sum of the variances of the coefficients
of Ab(q~1) to the variance ratio p. Only in this case will the MMSE-optimal
DFE for an FIR channel have FIR feedforward and feedback filters, since
(7.34) reduces to B(g~!) = 1 while v = > E|Ab;| + p. Thus, if the un-
certainties of the channel coefficients are uncorrelated, the robust equalizer
is obtained just by increasing the noise power for which the equalizer is
designed. If the uncertainties or model errors in different coefficients are
correlated, then the effect of the uncertainty on an MSE-optimal DFE de-
sign is equivalent to the effect of a specific colored interference, n(t) = B(qg~!)
with E[le(t)|?] = 7. A more general discussion of this interpretation of the
effect of model errors on averaged MSE filter designs as equivalent noise can
be found in Section 4.8 of [37].

7.3.3 Example

Consider a GSM-channel with three independently Rayleigh fading received
signal paths having average relative powers 0 dB, -1.8 dB and -4.8 dB re-
spectively. The three rays are assumed to arrive so that they are separated
by one symbol interval. The carrier frequency used is 1800 MHz. The
GSM-system uses a partial response modulation stretching over 3-4 symbol
intervals, cf Appendix 2.A.1. This results in an overall channel with a total
of 5-6 taps.

Fading due to movement of the mobile causes the channel to be slightly time
varying over the duration of a burst. An example of such a slow variation
is depicted in Figure 7.4.
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0.5 Bl

Magnitude

Time [s] x10™

Figure 7.4: Example of the variation of a channel tap at carrier frequency
1800 MHz and a mobile speed of 200 km/h (for example a high-speed train).
The time span is 58 symbols of with a symbol period of 3.7us. Solid line:
real part, dashed line: imaginary part.
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This time variation can be taken into account when designing a robust DFE.
The channel estimated during the training sequence is used as the nominal
model by(g~!). The time variation is viewed as one part of the stochastic
uncertainty Ab(g~!). Another part of the Ab(¢g™!) is the uncertainty due to
noise in the estimate of the channel, based on the training sequence.

In order to design the equalizer, an estimate of the correlation matrix Py is
required. As indicated above, P ap is here assumed to consists of two parts

P Ab = p Time variation T P Estimation uncertainty - (7-46)

The covariance matrix for the uncertainties due to the time variation can be
estimated in the following way. We can for a given realization of the time
varying channel, define a matrix, PRealization; Which quantifies the variability
of the channel taps relative to their values at the center of a given time frame
at time Ty /2, where T} is the total length of the frame that is to be equalized.
This matrix can be expressed as

M CORa) R CURE)

Tf t=0 2

where b(t) is the vector representation of the coefficients in the polynomial
b(g~!) at time t,

by =| . | (7.48)

bnb (t)

We have here, as in GSM, assumed that the training sequence is in the middle
of the frame. The expression (7.47) would be the natural choice of covariance
of the uncertainties Ab(q!) if we would design an equalizer to have a robust
performance over this specific realization of the time varying channel. We
are, however, not interested in robustness over a single realization of the
time variation but rather over a collection of time varying channels in a
Rayleigh fading scenario. We thus take the expectation of PRrealization With
respect to the different Rayleigh fading realizations with Rayleigh fading
statistics [126], giving

PTime variation = E[PRealization]

- /:T’ (v) -0 ) (b10 - b(%))H

=E (7.49)
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To demonstrate the principle for estimating (7.49) on line in a simple case,
let us now assume that the fading of the different taps are uncorrelated>.
The autocorrelation function for a single Rayleigh fading tap is given by

. v
Eb; ()b (t — 7)] = E[bi(2)b; (t)]J0(27rfcaT) (7.50)
where f. is the carrier frequency, ¢y is the speed of light and v is the speed

of the mobile, which can be estimated [54]. Using (7.50) in (7.49) we can
then derive an expression for the correlation matrix;

P Time variation =

- B [Tif /O ' (b(t)bH(t) FB( () —b(0p" () - ”(%)”H(t)ﬂ dt
= %f Y (E[b(t)bH(t)] + E[b(%)bH(%)]) dt
T
_ Tif 0 ! (E[b(t)bH(%)] + E[b(%)bH(t)]) dt

f 0

op, [1- 2 Tf/2J2 Y Nd
= b _T_/o O(chC—T)T

(7.51)
where P, = E[b(1)b" ()] = E[b(%)b" (3)).

The correlation matrix for the channel coefficients of the channel P, can be
estimated on-line by averaging over a number of bursts, and the speed of
the mobile, v, can be estimated separately. We thus have a way to estimate
PTime variation- When accounting for the correlation of the taps due to the
pulse shaping in the modulation, we have to include this dependency into
the above equation.

In this example the channel was determined by estimating the coefficients
in an FIR model with a least squares algorithm as in Section 2.2. The
noise is assumed to be uncorrelated with the training data, and the train-
ing sequence consists of 26 training symbols. The second part of (7.46),

®This will in general not be entirely true since the taps are correlated due to the pulse
shaping in the modulation. This assumption will however simplify our exposition since
only the autocorrelation function for a single Rayleigh fading tap then has to be considered
in the design.
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PEstimation uncertainty, can then be computed directly and exactly as in [87]

Section 4.2, i.e.

Prgtimation uncertainty — Uﬁ (DHD) -1 (752)

where o2 is the noise variance and D is a matrix formed from the regressors,
i.e. the training symbols

dT(tmin)
dT(tmm =+ 1)
D= : (7.53)
0t
with
d'(t)=[d(t) dt—1) ... d(t—nb)]. (7.54)

In this example, a six tap FIR model was used (i.e. nb = 5). The time
indices %, and t,,,; are as usual chosen such that all used channel out-
puts, b(g~1)d(t), are well defined. The noise variance, o2 can be estimated
separately from the residuals. Pap can now be computed by using (7.51)
and (7.52) in (7.46). With the resulting Pap, the robust equalizer can be

readily designed.

With a white noise-like training sequence, Prgtimation uncertainty Will be ap-
proximately diagonal. Furthermore, in this example, it turns out, that the
taps in the channel are only weakly correlated due to the pulse shaping. Our
assumption, when deriving (7.51), that the coefficients in the FIR model
were completely uncorrelated is thus approximately valid. With this as-
sumption the correlation matrix for the uncertainties due to the fading,
P Time variation, 18 approximately diagonal. The total correlation matrix for
the uncertainties, P ap, is thus approximately diagonal. Using this in (7.44)
and (7.45), we see that the term E[Ab(g~')Ab ()] in (7.34) just becomes
a constant (not a polynomial) which is added to the normalized noise vari-
ance p. Thus, in this example, an approximatively optimal robust equalizer
is achieved just by increasing the noise variance in the design. The noise
variance is in fact increased by an amount equal to the energy of the uncer-
tainties in the channel.

The BER for the nominal and the robust DFE is presented in Figure 7.5
for a collection of scenarios with different SNR and mobile speeds. The
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performance gained with the robust DFE as compared to the nominal DFE
can be seen in Figure 7.6. The performance gain increases with increasing
speed of the mobile, and is largest at large SNR. This is natural. In these
cases the channel varies significantly, while the noise level is small so the the
nominal DFE will have relatively high gain in its feedforward filter. This
combined with an incorrect channel causes the higher BER for the nominal
DFE, which is based on the assumption of a perfect channel estimate.

We can thus conclude that the robust DFE can be used to reduce the effects
of moderate fading over a frame. This can then be an alternative to tracking
of the channel and adapting the equalizer to the channel variations over the
frame.

7.4 Robustness of Space-Time Equalizers

When we studied the space-time DFE and the space-time MLSE in Chap-
ters 3 and 4 we could note that, contrary to what one might expect, the
indirectly tuned equalizers performed reasonably well even when the signal
to interference ratio was very low. One would think that the channel esti-
mates would be so poor at low signal to interference ratios such that the
indirectly tuned equalizers would have a very poor performance. This is
however not always the case. In this section we explain why. We will show
that the indirectly tuned equalizers have a certain degree of built-in self-
robustification. First, we design equalizers that are robust to the expected
error in the channel estimate by using the averaged MSE criterion intro-
duced in Section 7.1. Second, we note that the nominal space-time DFE or
MLSE, designed based on estimated spatial covariance matrices, is in some
cases automatically robustified, in a way which is similar to a robust design
which explicitly takes model errors into account. The explanation for this
phenomenon is that when an estimated spatial covariance matrix is utilized
in the nominal design, the structure and magnitude of this matrix will affect
the design in ways similar to a robust design. The gains in directions where
the model uncertainty is large will be reduced.
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Figure 7.5: BER for the nominal and the robust DFE’s.
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Relative BER gain
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Figure 7.6: Performance gain, BER, o,/ BERo, and MSE, ./ MSE; g,
for the robust equalizer obtained by the averaged design, as compared to
the nominal DFE based on the nominal estimated channel model.
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7.4.1 Channel Model

To simplify the presentation we will assume that the co-channel interferers
are temporally white and thus have only a single tap in their channels. The
received signals collected from the M antenna elements,

y(t) = [y1(t) y2(t) ... yu(t)]T, can then, similar to (2.75), be modeled as

y(t) = Bodo(t) + Z bid;(t) + v(t) (7.55)

where d;(t), i =1,... , K are the symbols transmitted by the K co-channel
interferers and b; are the single vector taps of the co-channel interferers, of
dimensions M x 1. The vector do(t) = [do(t) do(t — 1) ... do(t — nbg)]”
consists of lagged values of the symbol sequence for the desired signal with
By being the corresponding channel matrix of size M X (nby + 1). The
vector v(t) represents spatially and temporally white thermal noise. We
will assume that the transmitted symbols are temporally white with zero
mean and unit variance, i.e.

Eld(t)d* ()] = 1. (7.56)

The unit variance can always be arranged by a scaling. The symbol se-
quences for the interferers are assumed to be uncorrelated with the symbol
sequence of the desired signal.

7.4.2 Channel Estimation Errors

The channel matrix for the desired signal, By, is here assumed to be es-
timated by estimating the coefficients of the FIR channel model with the
least squares method, as in Section 2.2.

As in (2.21), the complete, least squares estimated, channel matrix can thus
be expressed as

< ~H o1 . L1

BO - RdO’!JRdOdO - RydORdod() (757)
where

tmaz

N o vial ) (7.58)

f t=tmin

A~

Rydo =
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and

tmam

. 1
Ry, = N, > do(t)dg (t) (7.59)

t=tmin

where t,,,;, and t,,4, are chosen such that all involved entities are well defined
and Nesp = tmaz — tmin + 1 is the effective length of the training sequence.
By separating out the error terms induced by the co-channel interferers and
the noise, using (7.55), the channel estimate can be written as

K

. . L1 . L1
Bo=Bo+ ) biRya Ryyq, + RodoRyya, (7.60)
=1
where
t
N 1 max H
. — , 61
Ry, 4, N t_tzmn d;(t)dy" (t) (7.61)
and
t
R 1 max
= t)d (t). 62
Roa, Nefft; v(t)dg (1) (7.62)

The error in the channel matrix estimate is thus given by

K

. L1 . |
E biRdidORdodo + RdeRdOdO' (763)
=1

We will denote the negative of this term with ABy, i.e.

K
~ ~—1 ~ ~ —1
ABy=— Z biRdidoRdodo + R'UdORdodO (764)

i=1
such that we can write a probabilistic model of the channel as
By = By + ABy (7.65)
or equivalently

bo(g™") =bo(g™") + Abo(g™") (7.66)
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where the taps of Aby(¢ ') are the columns in ABj. In other words, we
regard the nominal (unknown) true channel as a member of a set, a stochas-
tic variable, with average value Bj. The nominal channel model is thus our
present estimate of the channel, By or b (¢~1), and the uncertainty in the
channel is given by the error term ABg or Ab(g™1).

We will use (7.65), or (7.66), as an uncertain channel model when designing
a robust equalizer in the following section. We assume that we do not know
the symbols transmitted by the interferers and thus cannot identify their
channels. Consequently, the error term ABg or Abg(g~!) is unknown.

7.4.3 Spatial Robustness of the Space-Time FIR-DFE

In Appendix 7.A.3 we show that the covariance of the channel estimation
errors, E[Aby(q~")AbE (¢)], can be approximated with a constant matrix as

BlAby(g AN ()] =~~~ ABoBY! (7.67)
In Appendix 7.A.2 we show that if the approximation (7.67) holds, then
the robust DFE, for the scenario studied here, can be realized with FIR
feedforward and feedback filters. Furthermore this robust DFE is equal to
a nominal DFE design based on the channel estimate by(g™!), if we in the
design equations replace the spatial covariance matrix for the noise plus
interference, R,,,, with a constant matrix P given by

1 H
Py=Ry,,+ mABoABO . (768)

The spatial color of the noise plus interference should thus be replaced by
the sum of the spatial color of the noise and interference and the spatial
color of the uncertainties in the channel estimate.

Consider now the estimate of the spatial color of the residuals

tm
. 1 azx
R, = E r(t)r(t 7.69
Tr Neff el ( ) ( ) ( )

where r(t) are the residuals from the estimation with the least squares
method

r(t) = y(t) — Body(t). (7.70)
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Using (7.55) and (7.65) the residual 7(¢) can be expressed as
r(t) = ABody(t) + n(t) (7.71)

where n(t) represent noise plus interference. The sample matrix estimate in
(7.69) can thus be expressed as

1 e .
firr = Neys t;mn B 8)
tmax
— lef > [ABody(t) + n(t)][ABodo(t) + n(t)]". (7.72)
) t=timin

Since dy(t) and n(t) are assumed to be uncorrelated we can do the following
approximation, given that N is not too small

t
. 1 max
R,, = N Z ABydy (t)dOH (t)ABOH
€ff t=tmin
t
1 max
+ n(t)n(t). (7.73)
Neff t=tmin

Furthermore, since dy(t) is assumed to be approximately white with unit
variance

. 1

Ry~ —— lABOAB{;’ + Run (7.74)

where ABy is given by (7.64) and R, is the spatial noise plus interference
covariance defined in (7.116). This is of course a crude approximation if
the training sequence is short. Asymptotically, with increasing length of the
training sequence, it will however hold exactly.

Comparing (7.74) with (7.68) we thus conclude that

~

R’rr ~ Po. (775)

Thus, assume we have an FIR channel with temporally white interferers.
A nominal space-time DFE with FIR filters in the feedforward and the
feedback links, is designed to minimize the MSE over the training sequence.
The LS-estimated channels (7.57) and the estimated spatial color (7.69) of
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the residuals are used in the tuning, as for the IS-DFE in Section 3.3.3. This
equalizer is then automatically robustified against the channel estimation
errors caused by strong co-channel interferers. If the co-channel interferers
are temporally colored, it is likely that the IS-DFE is still spatially self-
robustifying. However, a temporal color on the interference can potentially
be utilized to improve the performance further. It is important to note,
that if the number of uncorrelated strong interferers is too large compared
to the number of antennas, then spatial-only interference suppression of the
interference will not suffice.

If we study the estimated channels to the individual antennas in the pres-
ence of strong co-channel interferers, we can be led to believe that they are
completely useless as they can be strongly distorted. Yet they turn out to
be adequate for the IS-DFE in Chapter 3. The above analysis explains why
this is the case. The individual channels may be distorted, but if we view the
channels as a group, we will find that the channels are distorted in the spatial
subspace spanned by the co-channel interferers channel taps. If the number
of antennas is large enough, there will be a remaining spatial subspace where
the channels will be distorted by the thermal noise only. The DFE-filtering
can be performed using signals from this subspace, while suppressing signals
from the subspace corrupted by the co-channel interferers.

7.4.4 Spatial Robustness of the MMF-MLSE and MMF-DFE

As for the IS-DFE, one can also wonder if short training sequences are ad-
equate for obtaining a reasonable performance with the indirectly tuned
MLSE in Section 4.4.2 and the indirectly tuned MMF-DFE in Section 3.3.5.
The channels to the individual antennas will also here be severely distorted
if strong co-channels interferers are present. The tuning of the MMF fil-
ters will however have many similarities with the tuning of the filters in the
MISO-DFE discussed in the previous section. This can be understood if one
considers the fact that the MMF filters in the MMF-DFE and the multi-
channel MLSE can, as the filters in the DFE, be tuned with an MMSE
criterion as is discussed in Sections 3.3.5 and 4.4.3. Basically the only differ-
ence is then that when tuning an MMF-filter, we use a “decision feedback”
filter that is double sided (and complex conjugated symmetric).

From this it is easy to realize that the a spatially robust MLSE/MMF-DFE
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can be constructed approximately by tuning the MMF and “feedback” filters
using the least squares estimated channel coefficients and the spatial color
of the residuals. This is why the performance of the indirectly tuned multi-
channel MLSE using the spatial covariance of the residuals in the example
in Section 4.5 in Chapter 4 does not degrade so seriously when the strength
of the co-channel interferers increases, even though the relative errors in the
channel estimates do. The same applies to the simulations with the MMF-
DFE presented in Section 3.4 in Chapter 3. Again, of course, if we have too
many uncorrelated strong interferers compared to the number of antennas,
spatial-only suppression of the interferers will not suffice.
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7.A Appendix

7.A.1 Robust MMSE Filtering

In this appendix, to simplify the notation, polynomials are represented with

capital non-boldface letters leaving out the explicit dependence of ¢~! or

2z~ ! i.e. for example

b(g~!) is exchanged for B. (7.76)

We can model a general communication channel as
y(t) = G(g )d(t) +H(g )o(t) (7.77)

where y(t) is the received signal, G(¢~') and H(q™') are general IIR filters,
d(t) are the transmitted symbols and v() represents the innovations for the
noise.

Let us parametrize the communication channel as

B AB
_ —k _ ~k[2Z0 =D
6= tG+a0) = o (+50)
_ _k(BoAi + AAB) A B
. o M() AM . M()N1 + N()AM é M
M= Mo+ AH = 0+ o = e & = @

where the polynomials A(g ') and N(¢ ') are assumed to be stable and
where AB and AM are polynomials with random variables as coefficients.
The problem formulation of Section 7.1 is here generalized, by allowing the
transmitted sequence d(t) to be colored. It is modeled by

d(t) = %e(t) (7.80)

where D is stable and C has zeros in |z| < 1. The signal e(¢) is white, with
zero mean and Ele(t)]? = A.. The aim is to obtain an estimator

(t) — Qd(t —0-1) (7.81)

d(t —£)t) = S >

Ei‘/
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with R(¢ ') and P(¢ ') stable, such that the average mean square error
J=EE|d(t — £) — d(t — ¢|t)|? = EE|z(t — ¢)|? (7.82)

is minimized. Above, £ denotes the smoothing lag and

B C M
y(t) = q = Selt) + Sro(t) (7.83)

is the measurement signal while d(t — £ — 1) represent previous decision,
obtained at time ¢t — £ — 1 by feeding d(t — £ — 1) through a decision device.

If all previous decisions are correct, we can proceed along the lines of [90].
However, if an incorrect decision is made, an error burst might occur. De-
cision errors will be modeled by a fictitious zero mean white noise, k(t),
added to the correct sequence d(t). By means of x(t) we can thus write the
decisions, d(t), as

d(t) = d(t) + K(t). (7.84)

For further use, assume that e(t), v(t) and k(t) are all mutually uncorrelated
and introduce the noise variance ratios
8 ER@E s Els)P
Ele(t)]> Ele(t)[?

The estimation error, to be optimized, can be written as

2(t—10) = d(t—20) —d(t—t)

C S B C S M
_ - kX =¥ _ - =
1@ C 1@
+q7 5 pel) a5
_ (¢7'RAP — ¢ *PSB + ¢ " 'QRA) S M
- RAPD Celt) = 7 7o)
+q“—1Qm(t). (7.85)

p
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In order to minimize the averaged estimation error EE(z(t—/))? with respect
to S, R, Q and P define the following polynomials:

A

H 2 EB)NC £ ByA,NyN,C (7.86)
BB" 2 E(BBY) £ ByBI A AT + A AT E(ABABY) (7.87)
My & Bamty & MyMEN,NE + NoNEE(AMAMH) (7.88)

75 A B(AARDDHMMY) & AAHDDHE(MMHY) (7.89)
771 & E(NNHccHBBH) £ NNHCCHE(BBY). (7.90)

In order to derive the design equations for the optimal equalizer, a variational
approach, presented in [3] for nominal design, and [91] for robust design, will
be used. Thus, the estimation error (7.85) should, on average over the model
class, be orthogonal to any linear variation of the estimate d(t — £|t) which
can be obtained from the signals available at time ¢. We denote such a
variation by

n(t) = Giy(t)+Ged(t—£—1)
——— N——

n1 (t) no (t)

where G; and G are arbitrary but stable and causal transfer functions.

The first linear equation
Orthogonality of z(t — £) will now be assured with respect to ni(¢) and
ng(t) separately. Thus, for ni(¢) we obtain, by using (7.83), (7.85) and the
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assumption that x is uncorrelated to other signals,

EE(z(t — On{ (1)) =

_ P ((q—@RAP -~ ¢ *PSB + ¢ 'QAR)C M
B N

S
RAPD ‘-z ”(t))

« [gl (w; %e(t) + %v(t))]H

_ Ele(t)|? 7 7{ (2 *RAPN — 2 *PSBN + 2~*"'QARN)
B / 2=1 RAPDN
,CCHBHENH APD SM MHAHDH) gH dz

271
DEAHNH ~— P App RN NHAHDH )71 7,

z

iy (zk_zRAPNCCHE(BH)NH — PSCCYNNYE(B BH)) g%

T omi RAPDNDHAHNH Ly
Ae ZF-1QRANCCHE(BY)NH — pPSAAYDDHE(MM™) ngz
27 RAPDNDH AHNH Ly

e ((zk—fPRANCHH +z’f—4—1QRAN0HH)) ngz
1

T 2m RAPDNDH AHNH z
B i?{ PS(F7H + py7H) ng_z
2mi RAPDNDHAHENH )71

where (7.86), (7.89) and (7.90) were used in the last equality.

Orthogonality of the error z(t —¥¢) with respect to ni(t) is fulfilled if all poles
inside the unit circle of the integrand are canceled by zeros. Since A, N and
D are assumed stable, while P and R in the equalizer must be stable, there
must therefore exist a polynomial L (z), such that

A tPRANCHY + #~"'QRANCHY — PS(#7" + p37)
= 2L¥RAPDN (7.91)
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or equivalently

RAN(ZF~*PCHY + 2¢~*-'QCH" — 2PDLY)
= PS(77 + p¥7). (7.92)

The second linear equation and the spectral factorization
For the variational term ny(t), we obtain, by using (7.80), (7.84), (7.85) and
the assumption that the noise v(t) is uncorrelated with e(t) and k(t),

EE(z(t — g (t) =

__((¢7'RAP — ¢ *PSB + ¢ " 'QAR)C
- EE hid
( RAPD et) a7 o)

<ot (e Gew o))

_ Ele®)]? 4 (zRAP — z~*++1pSB + QAR)CCH
2mi =1 RAPDDH

Q RAD DY\ _,dz

5 map pE )92

Py 7{ (:RAP — 2 ¥\ PSE(B) + QAR)CC™ -y dz
= om RAPDDH 2 2
Xe [NQRADDH . dz
oni § RAPDDE %2 3 (7.93)

Orthogonality of the error z(t — £) with respect to ng(t) is here fulfilled if
all poles of the integrand inside the unit circle are canceled by zeros. There
must therefore exist a polynomial LI (2), such that

zRAPCCH — 2~ F1pSE(B)CCH + QARCCY + nQARDD"
= 27T ARPD (7.94)



7.A. Appendix 293

or equivalently

P(zRACCH — ;" **1SE(B)CCH — 2L RAD) =
— (cCc® + nDDMYQAR. (7.95)

It is evident from (7.95) that AR must be a factor of P, and from (7.92)
that RAN must be a factor of PS. Let us therefore choose

P = AR (7.96)

S = SyN (7.97)

where the polynomial Sy is as yet undetermined. The use of (7.96) and (7.97)
in (7.92) and (7.95) then gives

zHRARCHY 4 *~1QCHY — zARDLY
= So(FF" + p77™) (7.98)

2zARCCH — k18 NE(B)CCH — 2LERAD
= -Q(cc” + nDD"). (7.99)

Define

cc® ynpp"? 2 yvVH (7.100)

By multiplying (7.98) by VV ¥, multiplying (7.99) by z~'~“**CH  and
using (7.86), we obtain

2R ARCHEVVE 4 2= 1QoHAVVH — 2ARDLEVVH
= SoVVHGFEFE 4+ py3ty  (7.101)

and

2R ARCCHCHY + Qo VvV — =k HRADCHY
= SoHCHCH!. (7.102)
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Subtracting equation (7.102) from (7.101) yields

2 ARCH"yDDY — zARDLIVVH 4 = ***LERADCHY
= So(VVHzzH 4 pvvHasH _cc®HHY). (7.103)

Define the polynomial spectral factorization

~BBH & vVHFFH 4 pyvHF3H _ coHgHH (7.104)
where ( is stable and monic, while =y is a scalar. The filter denominator R
is a factor of the left-hand side of (7.103). Since R must be stable, equation
(7.103) indicates that we should choose

R=g. (7.105)

Since also A is a factor of the left-hand side of (7.103), we must require it
to be a factor of Sy on the right-hand side. Thus,

So = S1A (7.106)

for some S;. Substituting Sy A for Sy in (7.98) reveals that A must be a
factor of (). Thus, for some 1,

Q= Q1A (7.107)

Summary of the design equations

Equations (7.99) and (7.103) constitute our coupled polynomial equations.
Multiply (7.99) by z~! and change sign of (7.103). By also substituting ¢ for
z, and by using (7.86), (7.100), (7.104), (7.105), (7.106) and (7.107), these
equations can be written as

ABCCH — v k5 AHCH — LHBAD = —¢71Q,AVVH (7.108)

— g o H" DD + gL DVVH — oL DOHY
=Sy, (7.109)
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Note that VVH# = CCH + nDD*. Using (7.87)-(7.90), the spectral factor-
ization defined by (7.104) can be expressed as

v68" = (CCH +nDDH)NNHECCH(ByBE AL AT + AgAF E(ABABM))
+ p(CCH + nDDTYAAE DD (MyME N, N
+ NoNEE(AMAM)) —cCHCCENNEB A BEAE  (7.110)

or

68" = CCECCHNNH AgAF E(ABAB®) + nDDYNN®CCHBBY
+pCCHDDH AAR MMY + pnDDE DD AAR MMH . (7.111)

This expression reduces to (7.20) for white symbol sequences (C = D = 1).
By using the definition (7.100) and canceling the common factor A in (7.108),
the linear equations (7.108), (7.109) can be expressed as

pCCT +¢1(CC" +nDD™)Q:

¢ *HCHS, + pDLH (7.112)
—q “*ycHE DD + ¢D(CCH + yDDH) LY
= g8 + ¢ DCHELE, (7.113)

Summarizing (7.96), (7.97), (7.105), (7.106) and (7.107), it becomes evident
that the filters of the optimal decision feedback equalizer (7.81) have the
following structure
S_NMAMS | Q_Qu4_ @ gy
R Jé] P AR B
where S1, L, Q1 and LI are obtained as the unique solution to (7.112),
(7.113). In the same way as for the nominal solution, discussed in [90],
these two equations can be reformulated as a linear system of equations in
S; and L. Once S; and L are obtained, Q; can be calculated. See also
Appendix 3.A.1 of Chapter 3.
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7.A.2 Derivation of a Spatially Robust DFE

As usual, we will adopt the assumption that the DFE feeds back only correct
decisions. The averaged MSE-optimal DFE can then be designed as a linear
filter. Since only the second order properties of the processed signals will
affect the DFE design, we can replace the sum of all interferers and the noise
in (7.55) with a, for our purpose, equivalent interference term, n(t),

K
n(t) =Y bidi(t) + v(t) (7.115)
=1

with the spatial covariance matrix

K K H
Ryn =E (Z bid;(t) + v(t)> (Z b;d;(t) + v(t)> . (7.116)
i=1 i=1

We will now attempt to construct a DFE, with FIR structures of the feed-
forward and feedback links, that is robust to the channel estimation errors
expressed in (7.63). It is not given that the MSE-optimal DFE can be real-
ized with FIR-filters but we will here show that for our case, with temporally
white interferers, it is approximately true.

Let us express the DFE as:
do(t —2)t) = s(g~ y(t) — Qg™ )do(t — £ —1). (7.117)

where s(g™!) is a 1 x M vector FIR filter and Q(g~!) is a polynomial. Note
that we use dy(t — £ — 1) in the feedback filter since we assume correct past
decisions.

To obtain a robust DFE we minimize the criterion
J = EE|dy(t — £) — do(t — £|t)|> = EE|2(t)|? (7.118)
where

2(t) = do(t — €) — do(t — £Jt) =
(¢ “—s(g ")(bolg ') + Abo(q 1))
+q77'Q(g7Y))do(t) — (g™ )n (). (7.119)
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The expectation E is with respect to the noise and symbol realizations, n(t)
and d(t), while the expectation F is with respect to the channel uncertainty

Aby(q~ _), which is assumed to be zero mean, and have a known covariance
matrix E[Aby (g~ 1) AbY (¢)].

If we assume that the training sequence for the desired signal is approxi-
mately white and that the noise level is small compared to the interference
level then it can be shown, as in Appendix 7.A.3, that the expectation
E[Aby(q")AbL! (q)] is approximately a constant matrix and can be esti-
mated as

E[Aby(q H)AbL (q)] = AByAB}Y. (7.120)

nb+1

We will here make the assumtion that indeed

_ 1

E[Aby(q H)AbL (q)] = ﬁABOABH (7.121)
We will below show that with this assumption, the robust DFE, for the
scenario studied here, can be realized with FIR feedforward and feedback
filters.

In order to minimize the criterion in (7.118), z(¢) has to be orthogonal to
any filtered version of the input signals y(¢) and to do(t — £ —1). The signal
z(t) thus has to be orthogonal to

1>

ei(t) = g1(a™Ny(?) (7.122)

and to
ex(t) = ga(g)do(t —L—1) (7.123)

where g,(q™!), of dimension 1 x M, and go(g~!) are arbitrary stable and
causal IIR filters.

Orthogonality with respect to e1(t) = g, (¢ !)y(t) gives:
EE[x(t)ef ()] =
EE[(q* — s(g")(bo(g™") + Abo(g7"))
+q Q@ )do(t) — s(g Hn(t)]

[91(q ") ((bo(g™") + Abo(g 1))do(t) + n(t))]”
= 0. (7.124)
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Evaluating the expectation with respect to the signals dy(t) and n(t) gives
1 -
—E¢ [(z7"—s(z"")(bo(z7") + Abo(z7"))
211 |z|=1

+271 Q) (bg (2) + Abyg (2)) —
s(z ) Rpn]g" (z)d—; 0. (7.125)

Moving the expectation, E, inside the integration and observing that EAb(¢~!) =
by gives

1
211 |z|=1

—s(27")(bo(z7")bg' (2) + E[Aby(2)Abg (z7")]

dz
—0. 7.126
o 0 ( )

[(z ‘i (2) + 2 £ Q= )b (2)

+Run)lgt (2)

In order for this expression to be zero for all admissible g;(z~!), we need to
require that the integrand has no poles inside the unit circle. Since the factor
g (2) has no poles inside the unit circle we are left with the requirement

OBl () + 2 QU bE (2)
—s(z ) (bo(#)b( (2) + E(Abo(z 1) Ab{ (2)) + Rnn)

where I3(27!) is a causal and stable column vector polynomial to be deter-
mined.

Orthogonality with respect to ez(t) = go(g~!)do(t — £ — 1) gives:

EE[z(t)e} ()] =
= EE[(q" — s(¢”")(bo(g™") + Abo(g ™))
+¢7 Qg ) do(t) — s(g7 n(2)]
l92(g™ g™ o ()] = 0. (7.128)

Evaluating the expectation with respect to the signals d(t) and n(t) gives:

LB (=) (bo(zY) + Aby(21))
271 |z|=1
dz

+Q(")gz' (2)— = 0. (7.129)
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Similar to equation (7.125), in order for this equation to be zero for all
admissible go(z~1), we must have

72— 2Ms(z7 Vb (27 + Q271 = 2l (2) (7.130)
where I;(z 1) is a causal and stable polynomial in z~! to be determined.

Multiplying (7.130) with z~! and rearranging gives
14+ 27'Q(z71) = 28s(z 7 Hbo(z7Y) + 11 (2). (7.131)

Subtracting equation (7.131) multiplied with z~¢bf () from the right, from
equation (7.127) gives

Al (2) = —s(z7h) (E [Abo(z_l)Abéq(z)] + Rnn)
+2 97 (2)bl (2). (7.132)

Let us now assume that the double sided polynomial E [Aby(27")Aby(z)]
has the double sided order dnbg, i.e. it contains powers of z from —dnbgy to
dnbg. Looking at the negative powers of z in (7.132) we can see that

deg s(z 1) = £ — énby. (7.133)

However, Athe optimal equalizer must have deg s(z7!) > £, otherwise the
estimate d(t — £) does not make use of all samples of y(t) that are affected
by d(t — £), namely y(t — £+ nby), y(t — £+ nby — 1),..., y(t — £).

We can thus conclude that in order for the coupled polynomial FIR-DFE
design equations (7.131) and (7.132) to have a solution, we must have dnby =
0 and the double sided matrix polynomial, E [Aby(z')Aby(z)], has to be
a constant matrix. This means that the uncertainties in the vector channel
taps need to be uncorrelated.

However, with the assumption in (7.121) we have

1
nb+1

E[Ab(z71)Ab (2)] + Rpp = AByABY + Ry (7.134)

and we can thus replace E[Ab(z~')Ab" (2)] 4+ Rypy with the constant matrix

1
nb—+1

Py = AByAB{ + Rpp. (7.135)
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Looking at the positive powers of z in (7.130) we can deduce that
deg I1(z71) = 4. (7.136)

Furthermore, since we have concluded that dnby = 0 and thus deg s(z~!) =
£, we can conclude from (7.130), by looking at the negative powers of z, that

deg Q(z71) = nby — 1. (7.137)
Finally, using deg I;(2 ') = £ in (7.132) gives

deg l5(z71) = nby — 1. (7.138)
We thus have the following orders of the polynomials

deg s(z7') =deg l1(z7") = ¢ (7.139)
deg Q(z71) = deg ly(27 ) = nby — 1. (7.140)

Again, similar to the treatment of the DFE’s in Appendix 3.A.1 and 3.A.2,
the coupled polynomial equations (7.131) and (7.132) can be solved by con-
verting them to a system of linear equations in the coefficients.

Define
b 0 .. 0
T T
ga ol o .0 (7.141)
b bi, bo
Py 0 0
0 Py 0 0
Po 2 : . (7.142)
0 0 P
STE (s0 81 . s Uy Ugy o liy) (7.143)
C"2(00 ..100 .. 0) (7.144)
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where the “1” in C appears in element nr £+ 1. It can now be be shown from
(7.131) and (7.132), along the same lines as in Appendix 3.A.1 and 3.A.2,
that

-1
5= ( ,EO _;H ) c (7.145)

where I is an identity matrix. Let us at this point exchange the complex
variable z for the shift operator g in the notation. Whenever the matrix
in (7.145) is invertible, we can extract s(¢™') from S (and I1(¢”')) and
subsequently Q(¢!) can be obtained from equation (7.130) as

Qg™") = ¢ (g )bo(g™h) + q(1f (¢) — 1). (7.146)

The robust DFE for the channel (7.55) with FIR channels for the desired
signal and co-channel interferers without temporal color can thus, under the
assumption (7.121), be realized with FIR filters in the feedforward and the
feedback links. Furthermore, compared to the nominal design, the spatial
covariance matrix for the noise plus interference, R, should be replaced
with a constant matrix Py given by

Py= Ry + #HABOABgf : (7.147)
The estimate of the spatial color of the noise should thus be replaced by the
sum of the spatial color of the noise and interference and the spatial color
of the uncertainties in the estimated channel.
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7.A.3 Expectation of Channel Error Spectrum

If the taps in Aby(g~") are uncorrelated, then E[Aby(¢~")Ab ()] will in-
deed be a constant matrix. Thus consider the contribution, AB;, from
interferer i to the matrix representation (7.63) of the channel estimation
error, ABy:

A A ~—1
ABZ = biRdidORdodo (7148)

where b; is the single vector tap of the channel for interferer i, with Rdido
and Rg,q, defined in (7.61) and (7.59), respectively.

We thus have to consider how the columns, Ab;i, in
AB; =[Abyy ... Ab;yu,] (7.149)

in (7.148), corresponding to different time lags, are correlated. This corre-
lation is given by

E[Aby Abll] =
_ . L1 . L1
= EbiRy;a,(Raya,)e(biRaia0 (Raya,)) "]

L1

o .1 g aH
= E[biRa,a0(Raya,)k(Rayay)i Ra,a,bi] (7.150)

where (R;(]ldo) % and (f%;oldo)l are the k:th and the /:th columns, respectively,

of the matrix Rc_ioldo' We can simplify this equation if we assume that the
training sequence for the desired signal is chosen such that it is approxi-
mately white. There are good reasons for such a choice. It will for example
make the channel estimation more well conditioned and it will also facilitate
the synchronization of the system. For example, the training sequences in
GSM are chosen such that they are approximately uncorrelated over the
number of lags necessary to make Rg,q, close to an identity matrix [89].
Thus, assuming that Rg,q, ~ I we obtain

N

1 _
~ b Db > di(t)dg (t — k)do(ta — D)df (t2)b]]. (7.151)
0 t1,ta=nbo+1

With the training sequence being approximately white, the terms in the sum
in (7.151) will only contribute significantly if ¢, — k = to — . We can thus
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replace to with to =11 — k + [, giving

E[Aby, Abf]] ~

N

1 _

N iR nbo)QE[b,- Y dit)dy (t — k)do(ty — k)dff (t — k + 1)b]T].
t1=nbo+1

(7.152)

We will also assume that the symbol sequence of the interferers are white
and thus only terms with k£ = [ will contribute significantly. Therefore we
approximately have

E[Aby, Abll1 ~ 0 when k #1 (7.153)

and thus the errors in the different channel taps of the channel estimate,
originating from a specific interferer, are approximately uncorrelated. Con-
sequently the errors in the different channel taps of the channel estimate
from the combined effect of all interferers (and the temporally white ther-
mal noise) are approximately uncorrelated.

The cross-terms between different taps in the expectation E[Aby(q~ 1) AbE (¢)]
will thus approximately cancel and we obtain the approximation

E[Aby(q~")Abg (q)] =

AB B 154
nb+1 00 (7 5)
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