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When disturbances can be measured, a large improvement of disturban-
ce rejection becomes possible, compared with the use of output feedback
only. Polynomial LQG design methods for feedforward and combined
feedforward-feedback control of discrete time single input systems are
presented. These regulators attain optimal disturbance rejection in cases
where complete cancellation of disturbances is impossible, for example
when systems are non-minimum phase. The optimal regulator structure
is discussed. With the help of this structure, the feedforward control
quality is independent of the choice of feedback. The methods handle
deterministic as well as stochastic disturbances. Disturbance measure-
ment signals affected by the input can be utilized. An application to load
feedforward power frequency control of hydro power stations is studied.
A close correspondence is shown to exist between feedforward control
and input estimation problems. Two adaptive feedback control al-
gorithms are extended with adaptive feedforward: An LQG self-tuner
and explicit criterion minimization, which both converge to the optimal
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While the number of steam engines produced by Boulton & Watt in-
creased rapidly, other Ms<m:ﬁo1m tried to get an edge in the com-
petition by improving the speed 1mucdmdmo:. The centrifugal go-
vernor reduced speed deviations, but it could not eliminate them.
(Integrating control had not yet been invented.) Furthermore, a
Toad change first had to produce a significant speed deviation
before the regulator could begin to counteract it. In 1826, the
French mathematician and engineer Jean-Victor Poncelet proposed

a radically different control principle: Measure the disturbance
instead of the controlled output, and derive a counteracting con-
trol action ﬁmoa the disturbance measurement. This control prin-
ciple, which is based on distwibance cancellation, is now called
feedformand controk.

DISTURBANCE
(LOAD CHANGE)

ﬁ INCREASED
B i m——

LOAD MEASURED

MORE STEAM
TO THE ENGINE FEEDFORWARD

/ ﬁ INCREASED g
ja

NGINE POWER

ENGINE SPEED

N
£ STEAM ENGINE wy LOAD

Figure 1.2 Engine speed regulation by load feedforward. (Poncelet's
regulator is described in detail in Rérentrop (1971).
The original reference is Poncelet (1826).)

It takes some time for a disturbance to affect the output. A feed-
forward controller can begin to act before this has :mvnm:ma. In
certain situations, the control action can be made to meet the di-
sturbance at some point inside the system, and cancef £t completely.
This can never be achieved with feedback from the controlled va-
riable.

Poncelet was well aware of these advantages. He invented an inge-
nious device for measuring the torque on the engine axis, and
tested his principie on several engines. It did not work. Poncelet
and other designers of feedforward .regulators since then have had
to face several difficulties: A feedforward regulator continually
balances the control signal against the disturbance. To achieve
this delicate balance, the design must be based on an accurate
model of the system. In addition, it requires accurate disturbance
measurements. Finally, it can only compensate for measurable di-
sturbances. Additional unmeasurable disturbances are often present,
and their influence will remain uncompensated. For these reasons,
regulator design has, until recently, been based almost exclusively
on the feedback principle.

Sti11, the possibility of cancelling disturbances has continued to
intrigue a number of investigators. For-example, in the new genera-
tion of passenger airplanes with turbofan engines, too much of the
engine sound may leak into the passenger compartment. The noise
level could be reduced by introducing more engine sound into the
cabin, with an array of about 50 loudspeakers. As El1iot and Nelson
(1986) have suggested, the sound from the loudspeakers can be ampli-
fied, inverted and delayed with adaptive filters in just the right
amount to cancel the sound coming directly from the engines. This
use of "anti-sound" illustrates the somewhat paradoxical way in
which feedforward works. Disturbances are utilized, and made to
neutralize themselves, by introducing them into the system through
a different signal path. The cancellation principle has numerous
applications-in signal processing, cf Widrow et al (1975).
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Figure 1.4 The result of adaptive disturbance decoupling control.

OUTLINE OF THE THESIS

(A more complete summary is obtained by reading the introductory
pages of each chapter, the concluding discussion of Chapters 3
and 6, and the conclusions of Chapter 7.)

Chapter 2 describes different methods which have been suggested in
the Tliterature for designing feedforward and disturbance decoupling
regulators. It is indicated which methods are,-and which are not,
reasonable as a basis for adaptive control.

In Chapter 3, a solution to the feedforward control problem, based
on a Tinear quadratic gaussian approach in polynomial form is pre-
sented. Optimal feedforward regulators for scalar non-minimum
phase systems can be computed in a simple way, using a spectral
factorization and a polynomial equation. Auxiliary measurement
signals affected by the input are included in the design. The opti-
mal structure of regulators combining feedback and feedforward is
clarified. When this regulator structure is used, the feedforward
control quality is shown to be independent of the choice of sta-
bilizing feedback. LQG feedback-feedforward regulators can be de-
signed by a simple two step procedure: The feedback is first opti-

mized with respect to unmeasurable disturbances. The feedforward
is then optimized with respect to the measurable disturbance.

Feedforward filters can be optimized for deterministic distur-
bances (steps, sinuscids) and for nonstationary stochastic di-
sturbances. Integrating regulators can be included in the design.
Input estimation (decc-volution) problems are shown to be very

closely related to fezdforward problems. One problem can in fact
be transformed into the other.

In Chapter 4, the application of the LQG method for off-line de-
sign is considered. The solution of a feedforward probTem for a

non-minimum phase system is discussed in some detail: Load feed-
forward power frequency control of hydro power wﬁmﬁmo:mu

In Chapters 5 and 6, two adaptive feedback control. algorithms are
extended with adaptive feedforward: An LQG self-tuner and explicit
criterion minimization. Their performance is tested by simulation,
and compared to minimum variance and extended minimum variance
self-tuners with feedforward terms. Both the LQG self-tuner and
explicit criterion minimization attain very good control behaviour.
With the help of some simple safeguards, their performance seems
to be robust in a wide range of situations. Some ways of reducing
the computational Toad in LQG self-tuners are also discussed.

In the concluding Chapter 7, directions for further research are
indicated. The development of adaptive algorithms for signal pro-
cessing problems involving cancellation or deconvolution is of
special interest. The hardware development of recent years has
made adaptive control and signal processina based on polynomial
LQG methods practical, despite of the relatively large computa-
tional requirements.
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With the disturbance influence on the output being described by

y = AI<<|x<co:z<v< (2.1)
perpect feedformard, i.e. complete disturbance cancellation, would
require a control law given by

U= -Cw=~p—f—w (2.2)

for scalar systems. Unfortunately, even when accurate noise-free
measurements of w can be obtained, and an accurate model of the

system is available, perfect feedforward control may well be un-
obtainable or impractical, for a number of reasons:

o Stability must be considered. In (2.1) and (2.2), the uncontrolled
system and C must be stable. A good design method should not just
ignore the question about what to do when perfect feedforward
would lead to instability. It should provide a stabilizing regu-
Tator with the best (in some sense) disturbance rejection proper-
ties.

o The controller C must be proper. The filter (2.2) will often re-
quire multiple differentiation of w in continuous time, or measure-
ment of future values of w in discrete time. In such cases, a
sensible design method should provide a proper (causal) filter
with good disturbance rejection properties. (Continuous time sys-
tems with delays will not be no:mﬁamxmau In such problems, non-
causal controllers are, of course, also out of the question.)

o Even if stable and causal, the filtering (2.2) might result in
unrealistically large input signals. A design method should pro-
vide provisions for tradeoffs between input energy and distur-
bance rejection.

-11-

Additional aspects have to be kept in mind:

o In some feedforward control problems, disturbances are best
described as stochastic. In others, they are deterministic.
(Loosely speaking, they occur infrequently, and their shape
is known.) A design strategy handling both types of distur-
bances would be valueable.

o It must be taken into account that the auxiliary measurement
w may very well be affected by the input u. It is these kinds
of feedforward control problems that will be called distur-
bance decoupling problems. A

The common feedforward design methods in the process *:a:mﬁrx are
discussed briefly in Section 2.1. Sections 2.2 and 2.3 review
state space and input-output approaches to disturbance decoupling.
The disturbance prediction and inferential control viewpoints are
mentioned in Section 2.4. Optimization methods are introduced in
Section 2.5.
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condition (2.5) is obtainad by substituting vm for v».vm stands

for the largest subspace that can be made unobservable from y by
a stabilizing state feedback u=-Fx.

Algorithms for computing the space 7*, and the corresponding state

feedback F, can be found in Wonham (1974). Kiimmel et al (1984)

have developed a simpliied design method. Kimmel et al (1984) and
Takamatsu et al (1979) hzve tested the geometric design by simula-
tions on a linear binary distillation column model, and have found

it to work well.

In distillation columns. the whole state vector is measurable. In

most problems this is not the case. The problem of disturbance de-

coupling by measurement 4eedback, using the measurement vector
w=Hx ; werP (2.6)

and a proper dynamic compensator, has been solved by Akashi and
Imai (1979) and Schumacher (1980). They combined the state feed-
‘back with an observer for systems with unknown inputs. These so-
lutions may, however, be unstable. The problem is generically
solvable (if we ignore the stability problem) if and only if the
following mild conditions are satisfied:

D=0, m>& and p2>q (2.7}

Thus, the number of inputs should be no less than the number of
controlled outputs. The number of measurements should be no less
than the number of disturbances. The conditions (2.7) were de-
rived by Willems and Commault (1981). They also presented a mw_<-
ability condition and a solution method which take stability into

account.

Bhattacharyya et al (1983) have derived an i1luminating interpre-
tation of the condition (2.5). Disturbance decoupling by state
feedback for continuous time systems will be possible if and only

if the system can be decomposed into two subsystems interconnected

in the way described by Figure 2.2.

-15-

u s, s

1 S

(STATES: x,=v*)

t

2

(STATES: x, ) [ ¥
y ]

Figure 2.2 The structure of continuous time systems (2.4) for which
disturbance decoupling by state feedback is possible. The
state feedback law u=-y, IHRm will prevent the disturbance
vector v from affecting the output y. The states of the
subsystenms mgu which are made unobservable from y, con—
stitute the subspace T*.

The important property shared by all continuous time systems where
disturbance decoupling is possible is evident in Figure 2.2: The

disturbance influence passes through a point (P) which is directly
influenced by the input.

By measuring Yy (which is measurable since all states are measurable)
the path from v to y can be effectively blocked. If a feedback law
:n-<dnrxm can be found which stabilizes the system, the disturbance
decoupling problem is solved. The state subspace ¥* will simply be
the states Xy of the subsystem mﬂg which are made unobservable from y.

As Tong as stability and the topology of Figure 2.2 is preserved,
parameter variations of the system will not affect the disturbance
decoupling. In this sense, disturbance decoupling by state feedback

is robust, contrary to what may be suspected from an inspection of
the condition (2.5) for the system (2.4).
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2.3 ZERO THE TRANSFER FUNCTION
FROM DISTURBANCE TO OUTPUT

The disturbance decoupling problem has been studied for many years
from a transfer function viewpoint. In the Soviet Union, theoreti-
cal investigations have been proceeding since the 1930's. Distur-
bance cancellation has there been called the {nvariance principle.
(See references in Ku€era (1983b) and Preminger and Rootenberg
(1964).)

Let the continuous or discrete time system be described by

y(t) Ixc z<< u(t)
= AN.WV
w(t) Hou Hoy v(t)

where :k: etc are rational matrices mzhﬁ:m differential operator
p or the forward shift operator q. yeR", smxuu ueR™ and ver? are
the controlled output, measured output, input and disturbance,
respectively. (If some controlled signals are also measured, they
are here included in w. In Chapter 3, the notation w is reserved

for auxiliary measurements which differ from y.)

The goal is to find a proper (causal) regulator, which stabilizes
the controlied system

u(t) = -Cw(t) (2.9)

In addition, the transfer function from v to y should be zero, i.e.

-1
0 -H o:&scs Hov (2.10)

= fyvyu

This equation is to be solved with respect to C. For scalar sys-
tems, KuCera (1983) has presented a solution to the problem, which
provides several insights. It is discussed below, in a somewhat
simplified form. ’

DISTURBANCE DECOUPLING IN SCALAR SYSTEMS

Write the system (2.8), with £=p=m=q=1 in polynomial form with a
common denominator

y(t) G H Yy u(t)
=1 :
=X (2.11)
w(t) B C/lv(t)
(In Chapter 3, a different polynomial notation is used.) To simpli-
fy the notation, assume A and C to be stable. Assume G/A and B/A to
be strictly proper. As can be easily verified, the regulator of mi-

nimal degree zeroing the transfer function from v{(t) to y(t) is
then given by

u(t) = - %»|m: w(t) (2.12)

with common factors nm:omdama.

For scalar systems, this way of solving the problem is much simpler
than the use of algorithms from the geometric state-space approach.

The regulator (2.12) will be pxroper if and only if
degH+degA < max{degB+degH,degC+degG}
since degA>degB this is equivalent to
degH+dagA < degC+degG
or
am@>-mmm: > (degA-degC)+(degA-degt) (2.13)

In discrete time, (2.13) means: The time delay for the disturbance

.in the control signal path (through C/A, the regulator and G/A)
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2.4 PREDICT THE DISTURBANCE
INFLUENCE, AND CANCEIL. I'T

If the disturbance can be measured through an auxiliary output w,

its influence on the main output y can be predicted, if a good mo-
del of the system is available. A control action can then be com-

puted which counteracts the predicted disturbance influence. This

approach to disturbance decoupling, inferential control, has been

proposed by Brosilow and Tong (1978). Figure 2.3 explains the

structure of their controller. H  etc are estimates of system

wu
transfer functions.
- - - - 7 - 7 7 SYSTEM
| [ -
~ £o .mH _ Eo xkc ——y
CONTROLLED
| _ d VARIASLES
Hyy
I [
REGULATOR v
| _
_ _ xi<
/ 1
_ d m _ H
Wu &= wu W
_ | AUXILIARY
PREDICTOR ; QUTPUTS
o -
1
_ a I <G
| |

Figure 2.3 Inferential control. The vector y is to be controlled
through feedback from the auxiliary output_vector w.
From a measurement of w, with an estimate E_ u subtracted
away, a prediction 4@ of the disturbance infitence 4 on
the main output is computed. The prediction is filtered
through an inverse of H__ to get a control action that

. yu

will cancel 4.

In the scalar case, the predictor o would ideally be given by

T L

yv 1

pa

wy
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The filter mH should, ideally, equal ﬂ\mzc. These expressions
frequently have to be modified, since mHQ must be stable. The
regulator transfer function

C = (I-6pof, ) "6, u=-Cw (2.17)

must be causal. For multivariable systems for which perfect di-
sturbance decoupling is possible, the transfer function and pre-
diction approaches lead to the same problem. Compare (2.17) to
(2.16) with xumHg. For scalar systems, the transfer function
(2.17) will be the same as (2.12), with A as an additional stable
common factor. ﬁmHn>\mu a=H/C, msan\>.u

If perfect disturbance decoupling is unattainable because of the
properness condition (2.13), or its multivariable equivalent, di-
sturbance prediction still works. For stochastic disturbances v,
the approach provides a minimum variance feedforward regulator.
(It will be defined in Section 5.1, equation (5.12))

If the system is non-minimum phase Azw“ unstable) there are, how-
ever, problems. It is then not obvious what kind of stable filter
pmH gives the best disturbance rejection for a given class of di-
sturbances v. This question will be clarified in Chapter 3.

Adaptive combined feedback~feedforward regulators based on prediction
have been developed previously. We will discuss them in Section 5.1.
Adaptive signal processing algorithms, used in applications involving
cancellation, are also mostly based on the prediction approach. See,
for example, Widrow et al (1975).

The regulator in Figure 2.3 contains a useful element, which will
be used Tater on: By subtracting away the input influence on the
signal w, the problem is reduced to the simpler feedforward control
problem of Figure 2.1.
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3. FEEDFORWARD LQG
REGULATOR DESIGN

A method for designing feedforward regulators, described pre-
viously in Sternad (1985), (1986a), will be presented. An infi-
nite horizon quadratic criterion is minimized with respect to
parameters in the controller transfer functions. A polynomial
LOG technique is used. The method Teads to simpler design cal-
culations (polynomial equations) than the corresponding state-
space method (Riccati difference equations). It is suitable
both for off-line design (see Chapter 4) and as a basis for
adaptive control (Chapters 5 and 6).

Since a large majority of practical rmm:;mn01 design problems
can be decomposed into single input probTems, we will discuss
scalar systems. Because computer control now dominates in pro-
cess control applications, discrete time regulators will be
discussed. Even for continuous time systems with stable in-
verses, sampling often leads to sampled systems with unstable
inverses. Cf Astrom, Hagander and Sternby (1984). Therefore,

a feedforward design method handling non-minimum phase systems
is needed.

Let us emphasize some features of the method, to be explained
and discussed in the following:

o Optimal feedforward regulators may be calculated for non-
minimum phase systems, and for systems where large time de-
lays make perfect cancellations impossible.

0 Problems where the auxiliary measurement signal is affected
by the input can be handled.
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3.1 PROBLEM FORMUILATION

Consider a linear time invariant system

xAdv I I cAﬁv hﬁﬁv
oo (3.1)

n
+

w(t) Hou o Hav/ v(t) m(t)

where Ikc etc are discrete time rational transfer functions. The
main output y(t), the auxiliary measwrement w(t) and the {nput
u(t) are all scalar signals. The system is affected by a scalar
main disturbance v(t) and possibly by additional disturbances

£2(t) and m(t).

Our goal is to control y(t) in an optimal way with a linear re-
gulator. Feedforward from w(t), possibly combined with feedback
of y(t) will be used:

u(t) = - mzsnwv-m<<ﬁﬁv (3.2)

In particular, we may wish to achieve disturbance decoupling,
j.e. to zero the transfer function from v(t) to y(t) with a
stabilizing causal regulator. Let the problem of designing an
optimal regulator (3.2) for the system (3.1) be called the
scalarn distunbance decoupling probfem, although perfect distur-
bance decoupling may not be possible. Special cases where Izcuo
are called feedformard controf problems, cf Figure 2.1.

The following assumptions about the system will be made in this

chapter:

o The true system is described exactly by the linear model
(3.1).

~31-~

0 The system is detectable 1ﬁoa‘ﬁ<°sv and stabilizable from u.

o Since the purpose is to control y(t) (and not w(t)), stabi-
Tity of H  and H  is assumed. (In Section 3.5, we do, how-
ever, consider systems where z:< has poles on the stability
Timit.) In addition, I@< is assumed to be stable.

0 I%: does not have zeros on the unit circle. (If it does, a

stable optimal solution may not exist.)

o For simplicity, m(t) is assumed to be zero. (Problems where
m(t)*0 are investigated in the adaptive control experiments
of Chapter 6.)

o The time delay of Iz< is not larger than the time delay of
:w<. (Otherwise, the use of the auxiliary output would be
of Timited interest, since changes in v(t) could be noticed
faster in the main output y(t).)

From the last assumption, I<<Iﬁﬁ is causal. The system (3.1)

may then be rewritten as a causal model with w(t) as an input:

S (H -n n! -1
Y(E) = (Hy =R HEOH DU H () +(t)

(3.3)

w(t) = H u(t)+H v(t)

The following polynomial parametrization will be used:

"

Aa y(t) = a7*B(a ut)+q (g Hu(t)+c(a e(t)  (3.4)

i}

H(g w(t) = 97N g Dult)+6(q " v(t) (3.5)

where A, B,... are polynomials in the backward shift operator
D-A with degrees na,nb,... Nonzero time delays k and n are

assumed while d>0. The polynomials A, C, H and G are monic
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3.2 OCPTIMAIL, FEEDFORWARD AND FEED -
BACK REGULATORS

v(t)

SOME PRELIMINARY RESULTS

w(t) 9°H Problems where zAnugv#o are considerzd in Section 3.4. We now spe-

cialize on systems where w(t) is unatfected by the input:

A Ny(e) = a8 Hu(t)+q79(q M w(t)+c(q Melt)

= y(t)  u(t) (3.7)

-1
G
w(t) = %Ilw v(t)
H(q
Figure 3.2 Transformation of a system with measurement dyna-
mics-g~8G(q~1)/H(q™?) and unequal transfer func—

tion denominators to the form (3.4),(3.5). where H, C and G are assumed stable and (A,B) have no unstable

common factors. mﬁguﬂv has no zero on the unit circle.

The regulator (3.2) is parametrized in the following way:

-1
Ria D) = - L) yi)-s(q7y(e) (3.8)

REMARKS ON THE NOTATION Pg ')

The following different types of polynomials will be of use: R and P are monic and P is required to be stable. The choice of

regulator structure will be motivated later in this section. The

A _ nd -1
0D =D(z) = d+d;z+...+d 42", where z replaces q '. corresponding parameter vector is
. I A -1 -1 -nd
0 Confugate polynomials: D, S D(z ') = d +d,z '+...+d .z = T
% o9 nd 0 = AUA“...oUBUu oou...uo:ou 1au...»1:1u mou...um:mv
5 A _nd d nd-1 (3.9)

z D, =d 2"

0 Reciprocal polynomials: D o

+aAN +...+a:a

Simple calculations give the following input and output signals

The polynomial arguments Apnau z and N-Av are often omitted to
when (3.8) is used to control (3.7):

simplify the notation. The zeros of D are the zeros of D, re-

flected in the unit circle. If D is stable, D will be unstable.
Dy and o: denote the stable and unstable parts of a polynomial D.

"

y(t) = Pov(t)+ R o(r) (3.10)

-w.mr.is-mmmg (3.11)

u(t) =
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where 8 is the stable spectral factor of (3.24). The regulator
polynomial Q and a polynomial L (giving the minimal criterion
value) are the solution of

k

(BRu-pz A0S,z 9,6, = reQ a2l (3.28)

with minimal degree with respect to L

nQ = max{na+nh-1,nd+ng+d-k+nr,(if p and S#0)nd+ng+d+ns+degh}

(3.29)

nL = max{ng,nb-d+k}~1 (3.29)

Consider any stable feedforward filter with polynomial degrees no
less than np=ng+ng and (3.29a). If it attains the minimal criterion
value, it will have the same coprime factors as the filter defined

by (3.27),(3.28).

If >muo (only measurable disturbances), the minimal criterion
value 2dpp 1s

. Ay Ll 4, oh,  GGLDDAZ, dz
FF = Zmi % TRBr z  © Zmi % TBBLAH, Z (3.30)

Proof: See Appendix A2.

e

R
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Remarks and interpretations

o Equation (3.28) can be transformed into an equation with posi-

tive powers of z only, by multiplying both sides with N:o. A

Tinear system of simultaneous equations is obtained by consi-
dering terms with equal power of z. It is easy to verify that
the number of equations equals the number of unknowns if (3.29)
is used. g and a,H, cannot have common factors, since 8(z) is
stable while N:QQ»N::I»nmANvaNV will be unstable. Thus, the
system has full rank, and a unique solution exists.

If (3.29) assigns the degree -1, ﬁ:m.vodksos¢w_m should be set
to zero.

It is simple to generalize the design to systems with one in-
put and several measurable disturbances zﬂﬁﬂvnﬁmﬁ\zﬂv<iﬁﬂv.
Use a regulator with feedforward Tlinks AOw\vmvsAAﬁv calculated
from

-

and

-d.+k

Kpzs)z -

AwmwloN U.u.«m.* = _‘.mo.._*ix*I.m*N_..m

1*71

The optimal regulator polynomials P,Q given by (3.27),(3.28)
may contain (stable) common factors. They can be cancelled be-
fore implementation.
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The modes corresponding to a are hidden. They are neither visible
from the input nor from the output. Thus, the transfer functions
are the same as if the regulator (3.32) had been used for control.
Compare with (3.10)-(3.14).

We conclude that there cannot =xist a feedback mo“mo which makes
it possible to achieve a Tower criterion value than with other
feedbacks R,S. If Axoumouoouvow is optimal, the regulator (3.33),
(3.34) will achieve the same J.

Thus, the presence of a feedback neither improves nor impairs
the feedforward control quality. This makes it possible to solve
the feedback and feedforward dzsign problems separately. The
transformation (3.34) was suggssted by E Trulsson (1985, private
communication).

With other concievable regulator structures, the achievable
feedforward performance depends on the choice of feedback. For
example, consider control error feedback where the feedforward
signal enters through the reference dinput:

=S - . =-Q
u(t) = g (v (2)-y(2)) 5 y.(t) = - 5 wlt) (3.35)
Such regulators introduce additional zeros (the zeros of S) into
the path from Y to y. This may impair the feedforward performance,

in particular if these zeros are unstable.

The same is true for regulators where a feedforward compensation
signal is added to the feedback control signal:

u(t) = - .w. y(E)+upp(t) 5 upp(t) = - m w(t) (3.36)

This regulator structure introduces additional zeros (the zeros of
R) into the path from up to y. ,

e

—

m
A
.
W
.
!
.
£
.

¢
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Additional zeros can be avoided by postulating that S should be
a factor of P in (3.35) or by requiring R to be factor of P in

(3.36). After rearranging polynomials to avoid hidden (possibly
unstable) modes inside the controller, both these measures lead
to the regulator structure (3.8).

If the system is stable, and a precise model of the system is
available, feedforward may be used without feedback, as in
Figure 3.3.

e(t)

+
o
A
=
o

u(t) f(t) P

y(t)

Figure 3.3 Feedforward control of the system (3.6).

Corollary 3.3: Feedforward control of possibly non-minimum phase
systems

The feedforward regulator

-1
u(t) = - WMMJW w(t) (3.37)
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Part 2

Assume that

- The closed loop system is stable

- A stationary point has been attained, i.e.

K .

3 _ >m. p NN SC(z"BR,-pAAA,S,)C, 4 _
&y 7n1 Qmp» 3
s 4=1,...5nr (3.47)
k G3,S
2d by ; n RC(z"BR-pABA .S, )Cy gz _ 4
—= -0 Z - =
e 2mi pmn» z
; m=0,...,ns (3.48)

- The regulator degrees nr, ns are not less than (3.44b,c).

Then the regulator must have the same closed loop behaviour (the
same coprime factors) as the optimal one defined by (3.43).

Proof: See Ku€era (1979b) and Trulsson (1985).

The optimal feedback regulator was derived by Ku€era. See Kulera
(1979a,b). An alternative proof was given by Peterka (1984). When
(3.43) is fulfilled, (3.47) and (3.48) hold because the integrands
will be analytic inside the intergration path. The converse,
namely part 2 of the theorem, was proved by Trulsson (1985).
(These proofs need to be modified slightly to take the explicitly
given time delay k and the polynomial 3 into account.) The degree
conditions (3.44) are derived by inspecting the maximal powers in
z and N.d of the equations (3.43),as in Appendix A2, Section 1.
The implied diophantine pole placement equation (3.45) is given

<

-

A e RS A A S

-47-

by multiplying (3.43a) with A, and (3.43b) with N-wm* and adding

them. The minimal criterion value (3.46) is derived by using the
expression for the closed system, (3.45) and (3.43). That wg\mxh
and mg\wma are given by (3.47),(3.48) is evident from (3.17),
(3.18) 1in the case of no feedforward signal A><uov.

Remarks

LQG-optimal feedback implies pole placement in a=RC. Compare with
the expression P=8G for the optimal feedforward filter denominator.
The equations (3.43a,b) may be transformed into equations in 2!
only by multiplying (3.43a) with z™"® and (3.43b) with 2 "#7K,

If A and B have no common factors, the optimal regulator may be
calculated from the implied pole placement equation (3.45) directly,
sﬁd:.nongoa*mg ammﬁmmm\ww.ppounv. If A and B have stable common
factors, (3.45) no longer determines the optimal regulator uniquely.
There will be at amMWﬁ one free parameter in R and/or S. A1l values
of these free parameters give pole placement in BC, but it is not
obvious which one of them provides the optimal regulator. The use
of the two coupled polynomial equations (3.43) will give the cor-
rect solution. For a further discussion of this point, see Kuera
(1984).

The system (3.7) with e(t)=0 and D stable may be written in the
form

AHy(t) = q ¥BHu(t)+DGv(t-d) (3.49)
An optimal feedback regulator could of course be calculated :w*:m

A=AH, B=BH and C=DG in Theorem 3.4. Would this sometimes result
in a better performance than the use of feedforward control?
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Theorem 3.6: Optimal combined feedback and feedforward

For the system (3.7), the global minimum value of the criterion
(3.6) with respect to the parameters (3.9) of the regulator (3.8)
is attained, if

P=6 (3.50)

and the regulator polynomials R, S and Q are calculated as fol-
Tows:

Let B be the stable spectral factor from (3.24)
r8gs = BB, +pARRA, (3.51)

-1 -1 -
Let Ru(z '), Su(z ") and X(z) be the minimum degree solution with
respect to X of the coupled polynomial equations

~k+1

R4~z BoX = pAA4AC, (3.43a)
k
reSy+zAX = z BC, (3.43b)
with degrees

nx = ng+k-1 (3.44a)

ns = max{na-1,nc-k} (3.44b)
max{nb+k~1,nc+degi} if ozl

nr = (3.44c)
nb+k-1 if p=0

Let o*AN-AV and L(z) be the minimum degree solution of the poly-
nomial equation

-
279D, 6,X = rpQ,4C H, 2L (3.52)

-51-
with degrees
nQ = max{nd+ng+d,nc+nh}-1
(3.53)
nL = ng-1+g
where
g 2 max{0,k-d} (3.54)
The use of the regulator
RGa™ () = - L) w(e)-sq™) ,
- q Jylt) (3.55)
G(g )
then achieves the criterion value
- 2, e 2
20,5 = Ey(£)“+pE(Bu(t-k))* = 20pp+2d,, (3.56)

where Jop is given by (3.30) and Jpg by (3.46).

Any stabilizing regulator (3.55) which attains this minimal cri-
terion value with polynomial degrees no less than (3.44b,c) and
(3.53), will have the same coprime factors as the filter defined
by (3.43) and (3.52).

Proof: See Appendix A3.

The use of optimal feedback allows us to use a Tower order feed-
forward filter than in Theorem 3.1 and Corollary 3.3. Note espe-
cially that P is given by G, while P=GB is used when a feedback
is absent or prespecified in an arbitrary way. The theorem de-
scribes an optimization algorithm. Let us discuss its step in

words:
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Notes on regulator calculation and implementation

o Some care must be taken when the regulator is implemented.
(3.8) cannot be implemented as

u(e) = Geult) 5 () = Fy(e) 5 u(t) =up(e)u(t)

e/

The (not necessarily stable) R-polynomial in the feedforward
transfer function will then result in hidden modes.

The recursion

uy (1) = g w(e)
: (3.60)
u(t) = '1ﬂcﬁduév-...-1:1cﬁﬂ|=1v-c_ﬁﬂv|mﬁnuﬂvxﬁﬁv

should be used instead.

o For ng<2, simple explicit expressions can be given for the
spectral factor B. See Peterka (1984). For general spectral
factorization algorithms, see KuCera (1979a).

o The coupled equations (3.43) can be found to give an over-de-
termined set of simultaneous equations in the coefficients of
R, S and X. With the polynomial degrees (3.44), this system
will, ‘however, have a unique solution. Some equations of the
system will be linear combinations of others. A simple way to
find the (exact) solution is to use the least squares method
for solving over-determined systems of equations. For other
approaches to the solution of (3.43) see Kutera (1979a),
{1979b) and Grimble (1985). ’

L o e e e e e e

,_W
W
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3.3 MINITMUM VARTANCE CONTROL

In this section, we will discuss problems where p=0, i.e. mini-
mum output variance is desired. The calculations are simple,
since the spectral factor g is evident by inspection. From
(3.26)

z:mwm wc ﬁmmﬂwvgmum*:nm mc Am::mﬁmvdm.

In this section, all polynomials have the argument p-éu to simpli-
fy the notation. ) ’

MINIMUM VARIANCE FEEDFORWARD
When mummwcv Corollary 3.3 reduces to the following result.

Corollary 3.7

The minimum variance feedforward regulator

g™
u(t) = - ||uw|ﬂ| w(t)

P(q ")

for a stable system (3.7) with wunmmmcv mm and mc monic, is given
by

P=B3BG (3.61)
and ou_[ﬂ solving

q 9*k"95 D6 = q 9B QAHL, (3.62)
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COMBINED FEEDBACK AND FEEDFORWARD MINIMUM VARIANCE CONTROL

For simplicity, the result is presented for the case when A and
B have no common factors. The feedback may then be calculated
from (3.45) instead of (3.43). This gives the following corol-
lary to Theorem 3.6.

Corollary 3.8

When A and B have no common factors, the minimum variance com-
bined feedback-feedforward regulator for the system (3.7) is
given by

o Calculation of xaﬁnsﬂv and $(q"") from
k

BC-= >x~+pl

u nwcm (3.68)

o Calculation of DAQ-AV and r_ﬁpuﬁv from
-d+k~ -
q 7% b6 = %8 QeCHL, (3.69)

with degrees

nry = urk-1 (3.70a)
ns = max{na-1,nc-k} (3.70b)
nQ = max{nc+nh,nd+ng+d}-1 (3.71a)
Ly = u-1+g (3.71b)

where :uammm: and g=max{0,k-d}.

e A S R R A S b s S
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o The use of the regulator

B.Ryu(t) = - m Es-mic (3.72)

Proof: See Appendix A4, Part 2.

The use of xuwmxgu Qummwcn“ wunmww:u P=G and (3.69) in the expres-
sion (3.10) for the controlled output immediately gives

—

R .
y(t) = MH v(t-min{k,d})+ MH e(t) (3.73)
wc w:
Compare with (3.64). Note that in the minimum variance case, the
disturbance transfer function G/H is cancelled in the controlled

system. G and H do not enter into (3.64) or (3.73).

COMPARISON WITH PREDICTIVE CONTROL FOR MINIMUM PHASE SYSTEMS

Let us assume that the system is minimum phase, but has a larger
time delay from the input than from the disturbance (k>d). It is
then possible to derive an optimal feedforward filter by mini-
mizing the s1iding short-time criterion

_ Y 2
I = M.m<fd+r_dv
(For all t, compute u(t) such that the variance of y is minimized
k steps later, when a control effort can influence y.) This is the
disturbance prediction approach, discussed in Section 2.4. The
self-tuning minimum variance feedback regulator, discussed in Sec-

tion 5.1, is built on this principle.

For clarity, we restrict the discussion to feedforward control with
e(t)=0. (A longer calculation leads to a similar result in cases
with combined feedback and feedforward.)
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..mw...
3.4 THE SCALAR DISTURBANCE ~
DECOUPLING PROBLEM e )
S & .
Reconsider the system (3.1), parametrized in the form (3.4),(3.5) e : Wy (1)
Q -n ¥
L 3 D —fwit)
- -d S
Ay(t) = g KBu(t)+q™ pw(t) +Ce(t) (3.4) 3 |
-d
- Q" D/A C/A
Hw(t) = q Nu(t)+Gv(t) (3.5)
r(t ) o .m +M.. 1/R uit) .
Compared to the feedforward problem discussed in Sections w.w and - 5 csten ‘
3.3, the auxiliary output w(t) may now be influenced by the input. —_be) :
REGULATOR ;
One could, of course, rederive sensitivity functions, similar to

(3.15)~(3.18), for this structure, and derive LQG regulators from
them. Here, an alternative approach will be presented, which en-

ables us to use all results from Sections 3.2 and 3.3 directly.
An idea introduced in Section 2.4 will be used: Compensate for the

influence of u{t-n) on w(t) inside the regulator. This reduces the
disturbance decoupling problem (N#)) to an equivalent feedforward
problem (with N=0). Thus, Tet us modify the regulator (3.57) to

Figure 3.6 The regulztor (3.78) reconstructs an estimate #1(t)
of the di:zturbance influence w{(t) on the auxiliary
measured signal w(t). This estimate is used for
feedforward. Of course, in feedforward problems

vhere N=§=0, ¥ will equal wq.

If zuz and muxu the system (3.4),(3.5) combined with the regu-
lator (3.78) is input-output equivalent to the system

Ru(t) = - 3 (wiv)- Lu(t-n))-sy(w)+ £ r(t) (3.78)
H
rll.llnglnll\

iy (t)

AHy(t) = q mcﬁrp-ao_._sidrnxls
(3.81)

. ) w, () = & v(t)
where N and H are estimates of N and H. See Figure 3.6. 1 H

ined with Tat
To simplify the expression for the closed system, define the combined with the regulator

polynomials Ru(t) = - § w,(6)-sy(t)+ L r(t) (3.82)

by 4o - -d-n
2 q "BH DN (3.79)
eEn ™ See Figure 3.7.

=min(k,d+n), and ) . .
vhere brmin(iodm) Note that the input affects y(t) through two paths in Figure 3.6.

- —d- i has b bined i ion q B/AH.
3 = >Ix+n-uww = AHR+q xm:m+a d "pNS (3.80) Their effect has been combined in the transfer function q B/Al
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If the system is given in the form (3.1) from the beginning, note

that from (3.3), (3.4), (3.5) and (3.79): 3.5 CONTROL. OF NONSTATIONARY AND

DETERMINISTIC DISTURBANCES

-d D _ -1
9 x° I<<_._s< Until now, we have assumed the disturbances to be zero mean and
~ (3.86) stationary. Such assumptions are unrealistic in many cases. In
a-v mm - qu w + g:a W.n-: m.u AI<c|I<<xm@:scv+ this section, we will discuss the design of optimal regulators
: for other types of disturbances, for example
+I<<:@<Is: = Ikc
1. Nonzero mean stationary stochastic processes
. H 2. Drifting disturbances
Thus, we do not need first to calculate B from (3.3), and then B ﬂ x1 d _m L
from (3.79). m 3. Randomly occuring steps
w 4, Sinusoids with known frequency
Note that B (and not B) determines whether the plant is minimt ;
plant 1s minimum INTEGRATING FEEDBACK-FEEDFORWARD REGULATORS

phase.

Let the disturbances e(t) and v(t) be modelled as
Also note that the substitutions (3.85) in (3.39) require the Q- © ®

polynomial of the feedforward regulator (3.37) to contain the _ (t)

| . e
factor H. From (3.45) and (3.52) it can be seen that both Q and e(t) = —Lop +e,(t)se, (3.87)
S in the combined feedback-feedforward regulator will contain the . 1-q
factor H.

_ . <Aﬁﬁv ( ( )

v(t) = —— v (t)+ 3.88

Cases where perfect feedforward is possible for the equivalent 2 A|n|a 2 V Yo

system (3.81) of course correspond to exact disturbanc decoup-
ling in the original system (3.1). We saw in Section 2.3 that where e, and v, are constants, and ey, &, vy, Vp are mitually
such disturbance decoupling regulators are simple to calculate uncorrelated zero mean white noises or randomly occuring impulses.
directly for scalar systems. With the result from this section,
optimal (approximate) disturbance decoupling regulators may be
designed in the numerous cases when perfect disturbance rejec-

tion is impossible. By using an input penalty, excessive input

As special cases, we have

1. Nonzero mean stationary disturbance. Set maﬁﬁvuou <Aﬁﬁvno.

signals can be avoided. 2. Drifting disturbances. Set méﬁﬁv%o or <Qaﬁv*o.

3. Steps. Set mmAdvno and <mﬁﬁvno. Let <Qﬁﬁv and/or mgﬁﬁv be
Poisson processes {a train of randomly occuring impulses).
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o If the disturbance e(t) is not drifting but nonzero mean.
Amauou mw%ou mo*ov, the method described above does not work.
The C-polynomial will be given by Ca (see (3.89)). We cannot
use pole placement in BCA, since this would introduce a drif-
ting hidden mode in the closed Toop system. Instead, a sub-
optimal pole placement in BCA, may be used, where 4, does not
have its zero close o the unit circle. The same situation
occurs when <Anov <muw and <o»o. Then, the G-polynomial is Ga.
Instead of P=GA, use = suboptimal vum>éus:mxm &y does not
have zeros close to the unit circle. The simplest choice is A=t

0 An alternative way-of handling nonzero mean stationary stocha-
stic disturbances is to filter out the mean values from the
measurements y(t),w(t). The mean values are then amplified
separately with the correct static gains and added to u(t).
With this method, high-pass filtering is used instead of dif-
ferentiation. Poles mzy then be placed optimally. This approach
is used in the case study in Section 4.2.

FEEDFORWARD CONTROL OF NONSTATIONARY AND DETERMINISTIC DISTURBANCES

Without feedback, differential models and integration in the re-
gulators are of no help. Optimal feedforward design requires
A{z) to be stable, while AA is used as denominator in differen-
tial models. Instead, when optimizing feedforward filters,

-1
u(t) = - La ) )
Plg ')

models will be considered where H(z) has poles on the unit circle.

Let zaﬁﬁv in (3.82) be given by

w, (t) umic nﬂmﬁ v(t) umlm v, (t)

(3.94)

>_<Qﬁﬂv v(t)

-71-

The polynomial Hg is stable, v(t) js white and a' has all zeros
on the unit circle. If <Qﬁﬂv is nonzero constant, a drifting
disturbance or a sequence of step disturbances, use

2'(q7) = 1-q

If <_Aﬂv is a sinusoid with frequency wy» Use

>_S|J = Tﬁmnomsovp,giﬂm

(For nonzero constants and sinusoids, v(t)=0. These disturbances
are described by autonomus difference equations with nonzero
initial values.)

It turns out that our regulator of Corollary 3.3 is optimal also
for such disturbances if A' is a factor of either the criterion
polynomial & or of D.

It is, however, not entirely trivial to show this. Because of the
unstable disturbance model, the system is not stabilizable. The
problem lies at the very limit of applicability of LQG design
methods. The signals entering the criterion (y(t) and Bu(t)) are
stationary, if the regulator of Corollary 3.3 is used. The signal
derivatives wk\mwﬂuw%\wOQ from (A1.4),(A1.6) will, however, be
nonstationary if w(t) is nonstationary. Thus, the expressions
(3.15),(3.16) for the criterion derivativs will be meaningless,
even at the optimal point.

We need to establish the optimality of the feedforward filter of
Corollary 3.3, without using the criterion derivative expressions.
This is done for systems with nonstationary measurable distur-
bances in the following theorem.
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SERVO FILTER OPTIMIZATION

Design of the servo filter T/E in (3.57) to optimize the step re-
sponse can be seen as a feedforward control problem where Theorem
3.10 is applicable.

Let the desired response be defined by the reference model

B
-r °m
kaﬁﬁv =q ﬂ% r(t) (3.95)
where ma and >3 are stable, and r>k. As a model of r(t), we

consider a train of randomly occuring steps, i.e.
r(t) = r(t-1)+e,(t)

with méAﬁv being a train of impulses. When the system (3.7) is
controlled with (3.57), the output becomes

_, ¢BB T
y(8) = for vt Ze(naqk U (3.9)

where P, M, aand R are given by previous steps of the feedback-
feedforward design procedure. See, for example, the Corollaries
3.7 and 3.8 with equations (3.64) and (3.73).

If the system is non-minimum phase Aammwchv» the Tast part of
(3.96) cannot be made equal to (3.95), since B, could only be

cancelled by unstable factors of E. In such cases, we may wish
to minimize the influence of the non-minimum phase dynamics on
the step response.

When the problem is presented as in Figure 3.8, it becomes obvious
that feedforward filter optimization according to Corollary 3.7
and Theorem 3.10 may be used. (Compare with Figure 3.3.)
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With obvious substitutions in Corollary 3.7, the optimal servo
filter is seen to be given by

T 1
Fe—— (3.97)

where aa and rﬂ solve

|<+w‘ :
q BB = BT A AL, (3.98)

where r>k has been assumed, with degrees

nT

1 amxﬁ:mavzca+1-ww

:_.A ammwcuﬂ

The optimal servo filter has poles in the inverse points with re-
spect to the unit circle of non-minimum phase zeros. This property
has been discussed by Shaked (1984).

e(t) v(t)
— = = = e = -
FEEDBACK AND/OR
) | FEEDFORWARD R “ne {
| CONTROLLED = Pal |
SYSTEM
“MEASURABLE DISTURBANCE" | | CONTROL
4
(t) ] r(t) T ! -k cB.B A -y(t) _ ERROR
1 _ q s u'm
2 E | ¢ Py |
MODEL OF THE | _ - — 4
SERVO INPUT
511 maa v\sﬁnv
ﬂ «a
m
REFERENCE MODEL

Figure 3.8 Optimization of the servo response of non-minimum
phase systems. It is seen as a minimum variance
feedforward regulator design problem for an inte-—
grated white disturbance.
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‘The infinite horizon optimal solution from Ahlén and Sternad (1985) Introduce M'N' as common factors of the signal path from e(t).

. It may then be transformed to the structure shown in Figure 3.11
where we have introduced new signals :Aﬁv“‘CAAﬁvu f(t), w(t) and

is calculated in the following way.

Solve for the monic stable spectral factor g from

y(t).
reg, = C'B'N'CBAN;+oM'A'D'MLALDL (3.103) M
Let
' 2
Q. QN'A (3.100) ,. o(tm) " N u () MINIMIZE Ez(t)
P B * ! — w P
Euy(t)? = pEu(t)? .
where oT‘q and L are the minimum degree solution of
Eve/Eel = 5
mkergiyicy = : | - ; (t) S pro
2" "C'B'N'Cy = rgQ.+Dizl (3.105) ! e(tm) | n wt) -9 k2 ke
Let us now transform the input estimaton problem of Figure 3.9 to
an equivalent problem with two separate signal paths to z(t) from w
. See Fi 3.10. M LR
v(t) and e(t). See Figure . )

: Figure 3.11 A further modified problem formulation, which

is still equivalent to the input estimation

problem of Figure 3.9. Note that the signal

v(t-m) M Q M %A¢M wm.mw<md by a feedforward system structure,
™ W P , as in Figure 3.3.

MINIMIZE mNASm

In Figure 3.11, the lower signal path has been transformed to a
feedforward control problem structure. Note that while the signal
cgaﬁv in the upper signal path will be uncorrelated to both u(t)
and y(t), its variance is given by umcﬁﬂvmu since m<m\mmNWu. Thus,
the criterion may be written as

’ T 1
e(t) —o ¢ ..'nxa.w,. 9

E2(6) = E(y()+u,(£)? = Ey(8)2+Eu, ()2 = Ey(1)ZsoEu(t)?
Figure 3.10 An equivalent description of the input estimation
problem of Figure 3.9.
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3.7 WHAT HAPPENS BETWEEN THE
SAMPLING INSTANTS?

We have discussed feedforward and disturbance decoupling regulator
design based on the discrete time model (3.4),(3.5). In general,
the model represents a continuous time process. This section con-
tains a short discussion of the continuous time performance of
discrete time regulators. For the rest of this thesis, the complex
variable z will be used for q instead of p|a. (The stability

area is inside the unit circle.)

HIDDEN OSCILLATIONS
Example 3.2

Consider feedforward regulater design for the continuous time system

y(s) = de+deHwM :Amv+mO.ﬁm~mmwwmmwwM.EAmv (3.107)

Assuming u and w to be constant between the sampling instants,
sampling with a period of 0.1 gives the sampled model

(1-1.401q" 1+0.44930"2)y(t) = q~1(0.02712+0.02079" ) u(t)
-2 -1
+q “(1.206-1.480q ')w(t) (3.108)

The transfer function from u to y is minimum phase. B(z) has a zero
in -0.766.

Let us test a sampling feedforward regulator which cancels the
disturbance completely

-1
u(t) u-w w(t) = -q7 mis S Eis
- 1+0.767q
(3.109)
- In Figure 3.12, a unit step disturbance w(t) enters the controlled
system.
w(t)
(a) 1 4(b)
40 [
0.5
u(t) y(t)
0 \_Jvl_n._.Lurﬁ e e
0
-40 t .
-0.5
0 1.5 3 0 1.5 3

Figure 3.12 Response to a step disturbance w(t) when the perfect
discrete time feedforward regulator (3.109) is used
to control the system (3.107) with a sampling period
of 0.1.

The disturbance is cancelled compietely, but only at the sampling
instants. Hidden output vscillations, such as in Figure 3.12b,
often occur in sampled data feedback control when process zeros
are cancelled. The oscillations are also called inter-sample
ripple.
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w(t)

0.5

u(t)

o SRS

-0.5

0 1.5 3 0 15

Figure 3.13 Step disturbance response when the meW%owsmwm filter
(3.110) , optimized with p=0.001 and A= 1-q , is used
to control the -system (3.107).

The design of feedback regulators which avoid hidden oscillations
has been discussed by Zafiriou and Morari (1985) and by Lennartson
(1986). They recommend that zeros with negative real parts should
not be cancelled, i.e. that pole palcement in the Teft half of the
‘unit circle should be avoided. This rule seems to be overly con-
servative. Note that only a Nyquist frequency input oscillation
{changing sign each sample) can cause hidden oscillations. Output
oscillations caused by input oscillations of Tower frequency would
be visible at the sampling instants. The LQG design method, which
optimizes the signal behaviour at the sampling instants, would then
be able to find the proper compromise between disturbance rejection
and input variations.

-87- -

STOCHASTIC DISTURBANCES

For stochastic disturbances, the output variance at the sampling
instants is used to measure the control performance. A better
measure would be the average variance of the underlying continuous
time output. Lennartson and Stderstrom (1986) have compared these
two variances for different feedback controllers. When minimum
variance control is used, the continuous time variance may be con-
siderably larger than the variance measured at the sampling in-
stants. The mean output variations are then largest in the middle
of the sampling intervals. This is a stochastic counterpart to

the inter-sample ripple. A solution to this problem, both for feed-
back and feedforward regulators, is again the use of a positive
input penalty.

The regulators we consider minimize the discrete time criterion
(3.6). Let T be an integer and h the sampling period. With A=1,
the criterion value can be expressed as

N 2 2
£ Ely(<h)Z+pu(ch) 2] (3.111)

= Tam )
J = Tim N
>0 =0

N

Continuous time infinite horizon LQG controllers would minimize
the loss function

1 o2 2
Jo = lim e E 7 (y(t) +oncﬂﬁv )dt (3.112)
Noo 0

The criterion (3.112) can be transformed into a discrete time loss
function, assuming u(t) to be constant over the sampling period.
(See, for example, Astrdm and Wittenmark 1984.) By optimizing this
criterion with state space LQ theory, a sampling regulator mini-
mizing (3.112) could be found. It would optimize the output variance
of the underlying continuous time system.
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While the advantages, compared to the alternative approaches, are
evident, the design method is certainly not without Timitations.
Let us revisit Section 3.1, and point out some of the basic assump-
tions stated there.

o The method has been developed only for single input systems.
(Multiple auxiliary measurements can be handled.)

o Sampled models are used to describe a continuous time reality.
As discussed in Section 3.7, the regulators achieve close to
the best performance possible for discrete time regulators.
This performance may however be considerably below the per-
formance of a continuous time LQG regulator, if the sampling
rate is low. Let gna and gnn be the minimal values of (3.112)
when discrete time and continuous time control is used, re-
spectively. It can be shown that J.4 depends on the sampling
period h as

_ 2
Lna B gon + 0(h%)

to a first approximation. (Astrdm,1963.)

For system without time delays, results corresponding to Theo-
rems 3.1-3.10 can be formulated in continuous time. For systems
with time delays, the situation is more complicated. The distur-
bance decoupling problem for delay-differential systems is far
from solved. Some partial results have been presented by Pan-
do1fi (1986). The ease of treating time delays in sampled data
systems is a main reason, apart from the prevalence of computer
control, to consider feedforward filter design primarily in
discrete time.

-91-

0 Systems are assumed to be Tinear. This will be an approximation,

valid only around an operating point. One advantage of adaptive
regulators is their ability to retune regulators at different
operating points. The subject of nonlinear feedforward control
is not discussed in this thesis. It should be said, however,
that static nonlinear functions may often be useful as feedfor-
ward 1inks. A method which, among other applications, can be
used to tune static nonlinear feedforward 1inks adaptively, has
been suggested by Astrom (1985).

The system dynamics and disturbance characteristics are assumed
to be time invariant. Disturbances with time-varying dynamics
are often encountered in practice. One possibility in the case
of large time variations is to abstain from using any informa-
tion about the disturbance, i.e. to set G=H=1 in the polynomial
equations. Another possibility is the use of an adaptive regula-
tor, which retunes the controller parameters whenever a new

type of disturbance appears.

No measurement noise m(t) on w(t) was assumed to be present.
With measurement noise, the design method would include another
spectral factorization. The more an auxiliary output w(t) is
corrupted by noise, the less a regulator should depend on it.
The adaptive algorithms discussed in Chapters 5 and 6 have this
property.

The dynamics of output sensors has not been taken into account.
The signal to be controlled, y(t}, is assumed to be directly
measurable in the feedback design.
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4y o 1 EXAMPLES
EXAMPLE 4.1 2
((b°~1)d+b) d -1
3tz
The performance of minimum variance feedforward control u(t) = - m,zﬁﬂv --b w w(t)

B.(q )1+ 5 q )

u(t) = - Tw(t) .
According to (3.64), with e(t)=0, the controlled output becomes

as a function of the parameters b and d in the system

g (-] -1 (1) = =1 (o) = (B2=1)(b-d)
y(t) = (1+bq )B.(q Yu(t-k)+(1+dg” " Yw(t-k) y(t) = = k) = WMMMHJHumuﬂw v(t-k)
, u 5
w(t) = v(t) The minimal output variance js
is investigated. P Acmuﬂvac-avm ) 2 2
Ey(t)” = Ev(t)2 = (b7=1)(b-d) 2
b (1-(1/b)) v b7 Ev(t)

mmAp|av is a stable monic polynomial. A=1, G=1, H=1 and d=k. When
[b|<1, perfect feedforward is possible. When [bl=1, a stable mini-
mum variance feedforward filter cannot be designed. Now assume

[b[>1, i.e. B=cB B , c=b, mzuﬁa\cv+a-g or m:ug+ﬁa\cun-_. Equations
(3.61)-(3.63) of Corollary 3.7 then give

The output variance without regulator was

o Eyo(t)” = (1+d2)Ev(t)?

Introduce

-1 -
P =886 =8.q )(1+(i/b)g ) s B0 (621 (be)?

mzoﬁﬁvm b*(1+d%)

I

m:omunm:oixrA Amuouauxv
as a measure of feedforward control quality. Figure 4.1 is a

with degrees nQ=1 and nL,=0. plot of the variance ratio I(b,d).

(1+(1/b)a ) (1) = (140070 aga oL
The solution is
R TE VSR A S SR G C

Thus, the optimal feedforward regulator is
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Minimum variance feedforward (Corollary 3.7)

When p=0, Corollary 3.7 can be used:

1 2

P =BG = 1-0.2q9 -0.03q"

o|ﬂ+m|ﬁo

-1
G =q o+>x_.A AauﬂuwnmumugvmcuAv
where Q and ra have degrees 1 and 0, respectively. Using nume-
rical values, the polynomial equation is

-1 -2 _ - - - -
1-2.3q '+0.69 ° = q Aﬁoo+oﬂg N+(1-1.497 140,454 era

with solution oﬁonav = .o.m+o.3|A and L,=1.
With w:nd and rauﬂv the controlled output (3.64) becomes
y{t)=v(t-1). Thus, in spite of the time delay difference

k-d=1, the output variance can be decreased by 91% from 11.58
to 1 in this example.

Spectral factorization

When p>0, r and 8 from the spectral factorization (3.24)
rBBy = BB +oAA,

have to be calculated.
r(1+b2) (14627 1) = (140.12) (140.12” 1 )4p(1-0.52) (1-0.52" )

Equating terms with equal power of z on both sides leads to

r(p)

i)

0.505+0.6250+0.495( 1+2.98440+0.5739:9) /2 (4.1)

b(p) = (0.1-0.5p)/r(p) (4.2)
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When p=0, then r=1 and b=0.1 AmANvummﬁva.
when p+o, then r+p and b+0.5 (g(z)+A(z)})

For illustration, let us perform the regulator design calcula-

tion for one value of p.

Regulator calculation for p=2 using Coroltary 3.3.

The expressions (4.1) and (4.2) give r=3.26 and g(z)=1-0.276z
when p=2. The filter denominator thus becomes

P =Ge= (1-0.3¢")(1-0.276q" ")

o*AN-av and L(z) are calculated from (3.39). In this case, nQ=1
and nL=1

2 M2(140.12) (1-22"1)(1-0.3271) = 3.26(1-0.2762) (0, +Q;2" )+
+(1-0.527 1) (1-0.92")z(2 #2,2)
Multiplication with NsouN results in an equation with positive

powers of z only. A system of simultaneous equations js given
by considering terms with equal power of z.

3.26 0 0.45 0 oa 0.6
-0.9 3.26 -1.4 0.45 Q, -2.24
= (4.3)
0 -0.9 1 -1.4 ho 0.77
0 0 0 1 £ 0.1

—

The solution is oauo.AQ»u, oou-o.pmwmu houo.moam and Nanc.ao.
Numerator and denominator of the feedforward filter
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35-3000s, the thermal stations, with their power frequency regu-
tators, are modelled adequatly by a first order linear system.
AlT hydro units working in parallel are modelled as one equiva-
Tent system with a governor:

1-sAT,
Hydraulic dynamics: vz = Yoy (4.4)
T+s(aT /2)
W
g (14sT))
Speed controller: U =g — (4.5)
H Ad+mamv

This is reasonable, since time constants, load factors and regu-
lator parameters are approximately similar in all hydro power
stations. Figure 4.3 describes the total linearized model.

P LOAD
1 (1+sT,) Yodassta g 3
E,[T%s %q ﬂ-quy\m H
HYDRO GENERATION s "X T
Au z +M B w

Figure L.3 A model describing the power frequency deviations
in the Argentinian Interconnected System. The
fractional contributions of hydro and thermal pro-
duction are ay and ap with ag+ap=1.

|
!
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Notations

P The turbine power deviation from a nominal operating
point pulMW]l.

A The operating point (1=full load).
P The load deviation (measurable disturbance) pul[MW].

w is the system frequency (turbine speed) [Hz] while

Mw=w -w represents the deviation from a reference w

pulHz].

o}

T is a constant representing the system inertia [s].

u is the deviation of the total control signal (feed-
water gate position) from the operating point pulMW].

T Hydraulic time constant, also called water starting
time [s].

44 Thermal generator time constant [s].

1/Ey e\mH Hydraulic and thermal regulator gains [pu MW/pu Hz].

("Pu" means "per unit". For example, the value 0.01 represents

a 1% increase from the base value. The base values are the full
Toad power production 4000 MW and the nominal network frequency
50 Hz.)

Equation (4.4) is the classical model for describing the 1inear-
ized hydraulic dynamics. It represents a non-minimum phase sys-
tem with an inverse response: An opening of the feedwater gate
initially results in a decrease of the turbine power. (A physi-
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The thermal generators cannot be used to improve the disturbance
rejection. Their short time constant qﬁuo.wmw corresponds to si-
tuations with enough steam in the boilers. The stored steam is,
however, inadequate for sustajning positive step changes of the
operating point. Sustained load changes can be accomodated only
by a change in steam production. This is a very slow process, with
a time constant of several minutes.

NORMAL LOAD DISTURBANCES

The upper curve in Figure 4.6 shows a typical daily load register.
The load can be described by a stochastic process superposed on a
daily trend. A weak integrating outer feedback loop compensates
for the daily trend. It changes the set point of the previously
described control Toop Aso in Figure 4.3). The remaining varia-
tion, a zero mean stochastic process plotted as the Tower curve in
Figure 4.6, represents the load deviation vm.

1.0

0.8
0.6

0.4

0.2

v i ’ Time
I 1 i 1 (hours)
8 h

Figure 4.6 The daily load variation. The daily trend is com~
rensated by an outer cascade feedback loop. The
remaining variation (lower curve) constitutes the
load deviation Pe-
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In the discrete time feedforward filter design, a simple discrete
time model of the disturbance has been used. Using a sampling -
time of 1s, an AR model with time constant 1000

w(t) = 0.999w(t-1)+v(t) ; Ev(t)? = 5-107° (4.6)

describes the disturbances with sufficient accuracy. In (4.6),
v(t) is white noise and snﬁvnvaﬁv. The standard deviation of

vm is approximately 0.05 pu, or 5% of the full load. The signal
Snvm is measured by a high-pass filtering the total load, to

remove the daily trend.
DESIGN OF AN OPTIMAL FEEDFORWARD FILTER

An improved rejection of the measurable load disturbance vm is
desired. It has been explained why better frequency feedback
control cannot solve the problem effectively. Improved control
using the thermal units is not technically feasible. This leaves
Toad feedforward acting on one or several hydraulic units as the
remaining possible solution. We will consider feedforward con-
trol acting on all hydro stations simultaneously here. Other
possibilities are discusssed in Milocco and Sternad (1987).

As a feedforward filter design problem, the case studied here
has the following characteristic features:

o The plant has an unstable inverse.

o The input is rate-limited. To achieve a tradeoff between input
rate and disturbance rejection, a differential input penalty
-1

R=1-q~ ', is used. Regulators using input rates with standard

deviation less than 12 Mi/s are deemed to be acceptable.

o The load disturbance P, is (almost) a random walk process. This
is another motivation for the use of a differential input pe-

nalty, as was explained in Chapter 3.5.
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Let us mention an alternative approach which works well in many
other cases, but not in this applicaton. The whole feedback con-
trolled system could be represented by one sampled system

Ay=q "Bu+q 'Dw, with u being a feedforward control signal added
to the feedback action. An optimized feedforward filter could
then be calculated from Corollary 3.3. This would avoid separate
sampling of system and feedback, which introduces a small mvnwoxi-
mation. However, the B-polynomial would then contain the regu-
Tator pole (practically an integrator) as a factor. Since A=a is
used,. the spectral facorization (3.24) would contain zeros al-
most on the unit circle for all p. The solution of the spectral
factorization would become numerically i11-conditioned.

SIMULATION RESULTS

The system is studied at full load (x=1) and half load (r=0.5).
Optimal feedforward filters oﬂ\m for the regulators (cf (4.7),
(4.11))

(1.8518-1.66735q" )
1-0.99262q |

u(t) = - w(t)- y(t) (4.12)

have been calculated for different input penalties p. When o>0,
optimal feedforward filter are of third order.

-111-

Performance has been compared with feedforward control using
simple suboptimal first order filters:

_ _ -1
u(t) = mvm.mmw w(t)- {1:8518 A.mmwwmg ) y(t) (4.13)
1-pq 1-0.99262q

The low pass filter pole p is used as a parameter. The factor
A.mmwua\m“ gives a correct static gain, so that Toad step di-
sturbances are cancelled asymptotically. Filters with the struc-
ture (4.13) were considered because of their simplicity.

Figures 4.7 and 4.8 describe the mﬁmﬁﬂommxk,wm1ﬁ013m:om of the
optimal filters when A=1 and A=0.5, respectively. This perfor-
mance is compared to that obtained by (4.13). The robustness of
the design is tested by applying filters optimized for r=0.5

on the system with full load, and the other way around. oy and
ohu are the standard deviations of w-w_and u(t)-u(t-1), res-

Q
pectively. Values of cau below 12 MW/s are acceptable.

When the Toad is nominally maximal (A=1), the feedwater gates
are not assumed to be completely open: There is enough extra
generation capacity to make control of normal load deviations
around this operating point possible.

In Figure 4.9, typical plots of y(t) and u(t) are shown for.the
full load case.
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The load step response has also been investigated. The step re-
sponse indicates how the system recovers from larger transients.
It was explained in Chapter 3.5 that the Toad step 1mmuo:mm is
optimized when the disturbance model w(t)=w(t-1)+v(t) is used.
Figures 4.10 and 4.11 show the response to a 1% positive load
step when optimal filters are used. Figure 4.12 displays the

step response

filter (4.

13) with p=0.8.

for 2=0.5 using a first order Tow pass feedforward

-0.50

50 100

Figure 4.10 Load step response
at full load (A=1).

%

-0.25

-0.50

Pigure k.12

1: Feedback only.

Figure 4.11 Load step response
at half load (X=0.5).

2: Optimal feedforward for p=0.6.
3: Optimal feedforward for p=0.

(Minimal Mmatsovm.

)

Load step response for A=0.5.
1: Using first order low pass feedforward control

(4.13) with p=0.8.

2: With output feedback only.
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CONCLUSIONS

The following conclusions can be drawn from Figures 4.7-4.12:

o A very large control effort is needed to attain the maximal
disturbance rejection (p=0). Feedforward control can, however,
reduce the power frequency standard deviation by 25-60%, with
only a moderate increase of the required input rate. An input
penalty in the range 0.3-2 seems reasonable.

o Feedforward filters designed for one load A behave well in
the whole range of load conditions. With filters designed
for a=0.5, with ¢>0.3, we practically obtain an optimal per-
formance alse when A=1.

o The load step response is improved. The use of feedforward
filters optimized with p=0 is unrealistic. However, the use
of filters optimized with p in the range 0.3-2 improve the
response considerably. The static error is eliminated. The
recovery time is decreased significantly. The peak devia-
tion is reduced. This should decrease the risk of power
failures.

o First order feedforward filters are, as expected, inferior
to optimal third order filters. To achieve a given distur-
bance rejection, they need a larger control effort. For
stochastic disturbances, the difference is, however, not
overwhelming (when 2=0.5, first order filters actually per-
form better than optimal filters designed for A=1). In the
load step response, the difference is more pronounced. Com-
pare curve 2 in Figure 4.11 to curve 1 in Figure 4.12.

The improved load step response is a compelling reason to
choose optimal third order feedforward filters, rather than
suboptimal first order filters.



*BULL-UO AL9ALSJANOSA POLJILIUSPL USY3 9Jr s|spow ssdd0ud 3101 1dx3
* [0J3UOD paeMUC}pas) SALjdepe psaoudul JOJ S31BPLPURD SNOLAQO
aJe ¢ u93dey)y jo ubrssp 9)7 [eLwouklod sy3} uo psaseq ssoile|nbay

*3|qe3dadoe 8q 01 paAroud pARMUA0Ipas) dt3els ALuo °swalsAs sseyd
WNWLULW~-UOU UO $3JURQUNLSLP DL]SBYI01S 404 *PO1SI] dU3M [043UOD
p4BMUOSPID) 1BSQPRIP PUR SJURLARA WNWLULU PIPUIIXS “IJUBLARA
wnuiutu wsyy Buowe ©sSpoylsul USAIS *(6/61) ISLJIY) pue uuewnyds Aq
salBajed1s |041U0D PURMUOLPOSY 3ALjdepe JusuajiLp 0 Apnis e ut
¢3(duwexs J404 ‘us3s aq ued 3] -juddedde sy sopdioursd ubLssp paroud
-WL 404 p3au ayy ‘suorjesijdde Auew ul 8AL109143 34e A3Y3} BLLUM
* 1042U0D 3DUBLARA WNUILU LU PSpUILX3 U0 DOUBLIRA WNWLULW UO psseq
Alasou ade saoje[nbad 8ssyl ° (]G UOL3I8S 93S) A[|BLIABUWWOD
3lqe[LeAe 3JR SJUBLJIBA 3WOS *SJ403ebL]SsAUL {eadaA3S Aq pasodouad
Us3q 9ARY SWUSY PABMAOLPIDL YILM sdoje|nbau yoeqpasl sAlidepy

*3LQen|eA SL 433U9 SIJUBGUN]SLP J0 SadAl mau usym sole[nbaa ayz
3uni1ad 01 A1L|lqe Yl 404349yl °*saLisadoad aouequnisLp syl
uo spuadsp 4oje|nbau jewrido sy3 ‘paJissp pue a[qLssod sL uoLl
-p[|3oued 309j48d ssajun *sjutod Hurzeuasdo jusdajilp 3e pauniad
2q 01 3aey Aew ubLsap J4esul]| uoc paseq sJdojelnbad cJeauL|uou 3q
US40 [[LM walsAs BurAl4spun ay3 9duLS *ALsusdxs pue Burwnsuod
-3WLy St 340449 Bur]|spow Butpuodsaudod syl *S[opow 3JURGUNLS
-Lp pue $s9304d 33eUNIOE SBALNbIL |edsuab uL 4ojesusduod paem
-404pa9) poob e jo ubLsSOp €A qedsplsuod [043u0d aAoddwl sauwll
-3WO0S SYUL| p4eMJdO}pady pauny A} |enuew a|duls aLyy -swa|qodd
3oeqpaas 40} ueyl 436uosls usAas swoosq uoridepe Joi Sjuswnbae
Y3} °poJapLsuod ade sws|qodd Bui[dnoosap asuequnlsSLp/pAeMI0}pass
USYM "SSPEIIP OMI 1SB| Y] JOA0 A[SALSUILIXD PISSNISLP UIIG dARY
sa01e|nbad yoeqpasiy salidepe j0 (swojqoud pue) sabejueape syp

SHIDALVHILS TOILNOD
HAILdVAY JALILVNYALTV 'S

AL



-118-

The optimal regulators are computed from these models. In Sec-
tion 5.2, an algorithm is presented in which feedback, feedfor-
ward or both can be optimized. The scalar disturbance decoupling
problem is handled, and servo control is included. Methods for
decreasing the computational load are discussed. The control
Um1ﬁ01am:nm will be investigated in Section 6.2.

In Section 5.3, an algorithm based on explicit criterion minimiza-
tion is discussed. It can be seen as an alternative way of compu-
ting polynomial LQG regulators recursively. Instead of spectral
factorization and polynomial equations, a recursive stochastic
minimization method is used for optimizing the regulator. One
reason for considering this method is the possibility that it
might be more robust than controller calculation based exclu-
sively on an identified model. Another reason is its ability to
optimize low order regulators for high order systems. The control
performance is studied by simulation in Section 6.1.

For comparison, a simple extended minimum variance self-tuner is
discussed in Section 5.1. It is shown that auxiliary outputs
affected by the input can be handled without special problems by
this alorithm. Exact disturbance decoupling can be attained by
the simplest of all self-tuning feedforward regulators: The mini-
mum variance self-tuner with a feedforward term.

Adaptive feedback controllers based on LQG design and on explicit
criterion minimization have been investigated previously by several
authors. The main novelty in this chapter is that these regulators
are enabled to make optimal use of auxiliary feedforward signals.

The reader is assumed to be familiar with the subject of recursive
jdentification. A good reference is Ljung and SOderstrim (1983).

A1l the adaptive methods are based on the assumption that the main
output y(t) is measureable. Thus, they are not applicable to infe-
rential control problems.
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5.1 . SELF-TUNING REGUILATORS BASED
ON RECEDING HORIZON CRITERIA

Adaptive regulators designed to minimize receding horizon criteria
have received a Tot of interest. See for example Astrtm and Witten-
mark (1985) and Clarke and Gawthrop (1975),(1979). It was already
pointed out in Astrom and Wittenmark (1973), that their main output
feedback is easily complemented with a feedforward term, measuring
w(t). Implementation is simple: A k step ahead predictor is identi-
fied recursively using Recursive Least Squares (RLS). Only trivial
operations are needed to compute the regulator parameters. In many
variants, the regulator parameter vector ow (containing polynomial
coefficients) is identified directly. A

RECURSIVELY ESTIMATED k-STEP PREDICTION MODEL
FOR THE MAIN OUTPUT y(t) (IMPLICIT PROCESS MODEL).

GIVES REGULATOR PARAMETERS 8, DIRECTLY.

;

r{t) ~—m—— i
T REGULATOR

u(t) SYSTEM (1)
(1.1}

FEEDFORWARD

FEEDBACK

Figure 5.1 Self-tuning regulators in implicit form optimize a
predictor model recursively, using input and output
measurements. Predictor model parameters are used
directly in the controller.
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and prediction error
- T
e(t) = y(t)-9(tt-k) = y(t)-8 (tho(t-k)-u(t-k)
A ~

3. Calculate R=BF+pA.
4. Compute the control action u(t) from

Ru(t) = ~Sy(t)-Qu(t)+y,(t)
5. Shift the data vectors, and go to step 1.
The Teading coefficient of BF has been fixed to 1, to avoid an
over-determined prediction model. UD-factorization has been used
in the least squares algorithm. If d-k is known by the user, the
first d-k coefficients of Q may be set to zero.
To avoid convergence problems with this algorithm, it is impor-
tant that the instantaneous gain of the true system (which is as-
sumed to be 1) is positive, and that the time delay k is not under-
estimated.
The use of a differential input penalty is not sufficient for
attaining integration. When differentiated signals are used in the
prediction model

(tek]t) = BF(Au(t))+DF (aw(t+k-d))+Sy (t) (5.7)

a variant of the regulator with integration

(BF+ £~ R)(su(t)) = -Sy(t)-DF(aw(t+k-d))+y(t)
° (5.8)
u(t) = u(t-1)+au(t)

is however easily obtained.

1
1
i

-123-

Nothing has been said up to now about the properties of the distur-
bance w(t). Feedfoward signals may be used in an opportunistic

way in this adaptive regulator (as in the other regulators intro-
duced in Sections 5.2 and 5.3): If auxiliary measurement signals
are present, they are included in the regression vector and the re-
gulator. If they do improve the output prediction, they will also
improve the control performance. If not, the corresponding feedfor-

‘ward polynomial Q will converge to zero. This ability to experiment

with different measurement signals is extremely valuable.

The properties of the controlled system will be derived. The pre-
dictor (5.5) is assumed to have converged to an optimum, i.e. (5.3)
is satisfied. The signal w(t) is described by (3.5)

Hw(t) = q "Nu(t)+6v(t)

Let »wo\vov and recall the definition (3.79)

-b

> -k
g B=g

BH+q 9"y

Note that b=k in this case since d>k is assumed. The use of (5.2),
(5.3), (5.6) and (3.5) in straightforward but somewhat tedious cal~-
culations result in the following expressions defining the closed
Toop system

(BexBaH)y(t) = D-Qywdm<ﬁﬁv+ﬁﬂwp:ywvmﬁﬁv+g-www<ﬁﬁv (5.9)
(B2 ZAH)w(t) = mAm+ywyv<ﬁﬂv-n-:zmmddv+g-=z><<ﬁdv (5.10)
(BeaZaH)u(t) = -D-a+xom<ﬁﬁv-mxmﬁdv+>z<1ﬁﬁv (5.11)

From (5.9)-(5.11), it is seen that N#0 presents no special problems.
The characteristic polynomial §s B+aZAH. When N=0, it reduces to
(B+x2A)H. The input penalty can be seen as a root locus parameter.
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in (5.12), which would have to be obtained from an explicit model
of the signal w(t). Simulations have shown that the simpler algo-
rithm 5.1 behaves reasonably well in examples where d<k. (The
system no 7 in Chapter 6, also discussed in Example 4.2, is a
case where this is true.) A variant of the algorithm designed to
cope with time-varying k and d, and d<k, has been presented by
Tahmassebi et al (1985).
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5.2 ADAPTIVE LQG REGUALTORS

This section presents adaptive LQG regulztors in polynomial form,
based on the results of Chapter 3. Explicit algorithms based on the
certainty equivalence principle are consi-zred. At each time step,
models of y(t) and w(t) are updated recur -:vely. Assuming these
models to be correct, regulator polynomi: : are computed from a
spectral factorization and one or several " inear polynomial equa-

tions. The regulator may be redesigned at each sample, or with
Targer intervals.

CALCULATION OF REGULATOR IDEKTIFIED
PARAMETERS o (SPECTRAL Annulﬂwuuuln MODZL
FACTORIZATION). n (PARAMETERS o} ¥
m#
Pt u(t) = y(t)
iy
>  REGULATOR SYSTEM o W(t)

Figure 5.2 Adaptive 1QG regulators are difficult to write in an
implicit form, as in Figure 5.7. Algorithms based on
explicit models are straightforward: With the poly-—
nomial approach, model polynomials are used in a
spectral factorization and in linear systems of equa-—
tions to calculate mH.

LQG self-tuners using state space methods, based on an iterative
solution of the Riccati equation, have been proposed by different
investigators. See Astrom (1974), Bartolini et al (1982) and
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3. If nn>0 (an input influence on w(t) is suspected), the substi-

i 3.9 are performed. The signal ®,(t) from .
MM&WMﬂm.ow q:monH e ! 8. Compute the control action u(t) from (3.78)
. is computed.

Q . T
; ; Ru(t) = - L@, (t)-Sy(t
4. The spectral factor g and r from (3.24) is calculated, using u(t) p Wy (£)-Sy(t)+ T r(t)

i f KuFera (1979).
the algorithm o ( 9. Shift the data vectors and go to step 1.

5. If required, an optimal feedback R, S (and X) is calculated
from (3.43). These polynomial equations give an over-determined
Tinear system of equations, with an exact solution. The system A variant of the algorithm has also been developed where adaptive
is solved using the Teast squares method. pole placement feedback (o prespecified) is combined with optimal
feedforward control.
6. If required, an optimal feedforward filter P, Q is calculated.
The integrating variant of the regulator, proposed in Section 3.5,
(i) P=Gg and (3.28) are used if a feedback is absent or pre- has also been implemented. Servo filter optimization for non-minimum
specified and constant. phase system, described in Section 3.5, has not been tested.

(i) P=G and (3.52) are used if the feedback has been optimized
in step 5.

Equations (3.28),(3.52) are solved as a linear system of equa- STABILITY AND CONVERGENCE
tions. (Cf Example 4.2, Section 4.1.)
Consider the model structure defined by (3.4),(3.5), in the case

7. A servo filter T/E is designed to cancel poles and zeros, so of nn=0, and assume that convergence has occured to a time-

that the servo response corresponds to the reference model for invariant, but not necessarily correct, model

minimum phase systems. From (3.79), (3.80), (3.83)

Ay = mc+cz+om<
DB g Bn |
E Hm:. Hw = mmz
~ ~ -k ,
(if N=0, then B=B and G=a=AR+q BS) , If only the feedforward filter Q/Gg is optimized for a stable

system, stability is assured, since B is stable by construction

B and stability of G is monitored.
(i) Test the stability of B.

T Nwa\mﬁév 1ee T - . If both feedback {R,S} and feedforward {Q,P} are adapted, good
(ii) If B is unstable, then ¢ = LW » BIseE S w ,, estimates of A and B are needed to assure stability. Errors in

the model polynomials D, C, H and G will affect the control per-
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by taking one step with the recursive least squares algorithm.

If A and B are constant, the solution is obtained after n steps,
if rank A=n. The method has been tested with a forgetting factor
of 0.98. It works satisfactory when model parameters change
slowly. The x-vector will, however, be significantly more "noisy",
compared with complete solution of (5.18) at each sample. When
large model parameter changes occur, the feedback control may be
unstable for a short period after the changes. These problems

may possibly be reduced if A and B are updated when j=1, and then
held constant for m samples.

3. Wellstead et al (1979) propose to solve the Diophantine equation
- -1 - - -
A Dx(a™)+Bla V(g™ = pig") (5.19)

with respect to X and Y by generating a white noise n(t) inter-
nally in the computer and calculating the signals maﬁﬂvu>AD-Qv:Aﬁvu
s,(t)=B(q szaﬂv and wwﬁﬁvncﬁn|avzﬁdv.

By multiplying (5.19) with n(t), it is transformed to
-1 -1
X(q )sq(£)+¥(q T)s,(t)-s4(t) = 0 (5.20)

Equation (5.20) can be solved with the RLS method, taking one
step each sampTing instant. Note that no noise is introduced

into the estimation since Sq» S, and Sg are known signals. As
with method 2, the exact solution is provided after a finite

number of steps if A, B and D are time-invariant.

The recursive methods 2 and 3 above introduce a measure of uncer-
tainty into the calculations. They work well if model parameters
change slowly, but may behave in an unacceptable way for large
variations. For this reason, only method 1 (slow but exact controi-
Ter calculation) can be recommended.

If most or all of the sampling interval is needed for regulator
calculations, the control signal should be changed immediately
before the next sampling of y and of w. This increases the total
system delay by one sample. Thus, k+1 and n+1 should be used in-
stead of k and n in all calculations.
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5.3 EXPLICIT CRITERTON MINI-
MIZATTON

This method has been developed by Trulsson (1983), see also Truls-
son and Ljung (1985), based on earlier ideas by Tsypkin (1973).
Motivated by the problem of finding optimal controllers of re-
stricted complexity, Goodwin and Ramdage (1979) developed the
approach independently. Assume a criterion J and a regulator of
fixed structure to be given. Let ow be a vector of regulator para-
meters. The main idea is to seek a local minimum (where the gra-
dient ag\ao1uov by using a stochastic minimization algorithm.

In our problem, the method is applied to a linear system with a
quadratic criterion, and the minimum is attained by a LQG-optimal
regulator if e(t) and v(t) are white and stationary. The general
idea does, however, have much wider applications, for example non-
Tinear regulators, nonquadratic criteria and static optimization
problems. This is discussed by Trulsson (1983).

ADAPTIVE CONTROL BASED ON EXPLICIT CRITERION MINIMIZATION: AN OUTLINE

Consider the criterion (3.6). Assume ergodic signals, and include a
reference <1Aﬁvo which is not a function of the regulator parame-
ters 8. The criterion is then given by

3 = 3 B0y, () 20 (E(g u(t-k))P) (5.21)

Differentiation with respect to ®1 gives

dd(e,.) dy(t,6,) dBu(t-k,8,)
r = E r

16 = I.lalmﬂ..l! A<Aﬁg®1va<1A.ﬁvv+o l.m.@.«..ll.l >c:“|_f®1v

(5.22)

Note that for stochastic systems this gradient, being an expected
value, cannot be observed directly. It can, however, be estimated

recursively.
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It is of course of interest to investigate the behaviour of algo-
rithm 5.3 if some of the rather restrictive conditions above not
are satisfied. This will be i1lustrated by some simulation experi-
ments in Section 6.1.

CONVERGENCE w

Since regulator parameters are continuously adjusted on-line, only
approximations of the signals in (5.22) will be observed. These ap-
proximations, and the use of parameters from an identified model,
raise questions about the possible convergence of the algorithm.

In Trulsson (1983), local convergence is proven under the following

The algorithm will now be adapted to our problem structure. What is new,
compared to Trulsson (1983), is the use of a feedforward signal,
and the successful use of a stochastic Newton method for minimizing

main assumptions: . . 5 .
P criteria with an input penalty.

- i tay bounded.
A1l signals stay bo THE REGULATOR

- Disturbance and reference inputs can be described by zero mean . .

A system with the structure (3.4),(3.5) is assumed. As with the LQG
regulator described in Section 5.2, the regulator structure (3.78)
is used. The servo behaviour is, however, included in the optimiza-

stochastic processes with rational spectral density.

- The parts of 8 used in the signal derivative filters converge to

tion. Thus, the regulator is given b
their true values w.p.1. g g Y

Q
: = - = t)-Sy(t)+Ty (t .2
Then, under mild conditions on J and on the updating method for owu ‘ Ru(t) G zdﬁ )-Sy(t)+ <1A ) (5.23)
the algorithm 5.3 will converge to a local minimum of J w.p.1.
where .
Assume furthermore
,M wy (1) = w(t)- § u(t) (5.24)

- A linear system and an infinite horizon quadratic criterion, such

(5.21), to be given and the reference is shaped by a low pass filter
as (5.21), .

E(1) :
t) = rit 5.25
- A linear regulator with the optimal number of parameters. This kwﬁ ) MMmuaw (t) ( )
implies the existence of a unique global minimum point gﬁoxv and
the nonexistence of other Tocal minima. , Note that P=G, and that G, H and N are model polynomials, with

; leading zero coefficients included in N. Model identification is
Then, 6, will converge to this unique minimum, which coincides with « performed in the same way as in LQG control, with two RPEM

the LQG solution. It should be noticed that non-minimum phase sys- routines. See Appendix A6 for a description.

tems present no special problems. In Trulsson (1983), convergence The R, Q, S and T-polynomials are to be optimized, with a parameter

of oau and consequently of the whole scheme, is proven assuming M vector defined by

feedback control, the use of Instrumental Variable identification, ;

possible injection of extra disturbances to assure identifiability

4
Q«. = A«a\_u-..uﬁ.ﬂ:‘.u WOu.-.uwjmu O_um._Ou-v-uDSOu HO»--o._,.

and the use of a model with correct polynomial orders.

|
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S(t) = A(®)an(e) P(e-1u(t) 5 S(0) = A(0)A (5.31a)

P(t)

M&ﬂ% Hvﬁﬂ-av-vﬁﬂ-gVeﬁﬁvmﬁdv-ﬂeﬁﬁquﬁﬁ-ﬂvu (5.31b)

(1) = 8, (t-1)+(t-1p(DS(8) Te(t) 5 8 (0) =0 (5.310)

Note that the matrix vﬁﬁnﬂveaﬁvmﬁdvug in (5.31c) is already com-
puted in (5.31b). When p=0, a scalar version of the algorithm is used.

This algorithm should be implemented in factorized form. In (5.31),
s(t) is a 2x2 matrix, while P(t) is the dim8,xdim8  covariance
matrix of the estimates mxﬁﬁv. a(t) is the forgetting factor of the
regulator parameter optimization. It is initialized at 0.90-0.95

and goes to a final value between 0.98 and 1 exponentially. A value
below 1 is needed to track time-varying systems. The value 0.98
mostly gives the best behaviour. Updating of the regulator is dis-
continued if the standard deviation of the control error decreases
below a preset bound, or if the trace of P increases above a bound.
Regulator updating is resumed (with P reset to I-100) if the control
error standard deviation increases a factor of 2, compared with the
value when updating was discontinued. In addition, the regulator
optimization must be deactivated when the input attains a bound.

The filters in (5.30) must be stable. As Trulsson (1983) has pointed
out, it is important to monitor the stability of Mﬁg-ﬂv both before
the filterings (5.30) are performed and when a new regulator update
has been made. Regulator updates that would lead to unstable & are
rejected and the old value of 8, is retained. (The regulator is
frozen.) A more detailed description of this “safety net" can be
found in Sternad (1986b). The signal vectors are filled in the first
20 samples, which are used for open loop identification. This is a
simple and effective way of improving the initial transient behaviour

of oﬂ.

From simulations, the use of an input delay k>0 in (5.21), (5.30)
and e(t) in (5.31c) has been found to be important. With k=0, the
algorithm diverges, when Targe input penalties are used. If k>1,
no problems occur. Under-estimation of the delay has created no

problems.
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6. PERFORMANCE OF THE
ADAPTIVE REGULATORS

Different aspects of the control performance will be discussed in
this chapter and illustrated by simulated examples. In Section 6.1,
adaptive control based on explicit criterion minimization is studied,
and compared to extended minimum variance control. This section is a
somewhat modified and shortened version of Sternad (1986b). The study
is the most extensive investigation presented so far on the behaviour
of explicit criterion minimization for Tinear systems. In Section 6.2
the LQG algorithm 6.2 is considered. Attention is focused on the ro-
bustness of this method, compared to explicit criterion minimization.
How different methods to.reduce the computational load can affect the
control performance is also illustrated. The relative merits of the
three algorithms are compared in Section 6.3.

Approximately 25 different discrete time models have been used in si-
mulations. The behaviour of the algorithms will be exemplified by ex-
periments on twelve models, presented below. Since simulation studies
never can be made exhaustive, the conclusions must be regarded as
tentative. Still, it is believed that the main properties, advantages
and weaknesses of the adaptive regulators proposed in Chapter 5 are
illustrated rather well on the following pages.

THE SYSTEM MODELS USED

System 1

(1-471+0.250"2)y(t) = (1-0.2q" u(t-1)+2v(t-1)

(1-q"1+0.25972)w(t)

it

:Aﬁ-AV+AQ+o.mD-AV<AﬁV
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System 10 .
Some properties of the system are summarized in the ﬁmwdm,wmgoz.

A y(t) = ¢ 86T Nu(t)+a” p(q " Hwlt)+c(q He(t)

System Perfect Non- Unstable Auxilizry  The system
no disturbance minimum output is discussed
decoupling phase w affected in
with possible by u
, , 1 X X Fig 6.1,
- _ - -2 -3 . ex 1
>ﬁﬂ v = 1-1 .A\_MD |O.mm_.ND +O.NmND 2 X Fig 6.2,
-1 -1 -2 ex 4,5 8
B(q ') = 0.061-0.0032q "-0.057q : 3 X Fig 6.3,
-1 -1 -2 ex 2,7,9
D(qg ') =-0.063+0.017q +0.060q v 4 X X Fig 6.4
nﬁg-av = A-o.waug-d-o.wmmg- +o.Aoan-w 5
6 X ex 6,10
This is a model of the bottom temperature in a glass furnace, ;
discussed in Wertz (1986). Rather fast sampling is used, com- . o
pared with the dynamics of the process (poles in 0.978, 0.95 8 e 12
and -0.815, zeros in 0.993 and -0.941). As reported by Wertz 9 X X ex 11
(1986), a GMV self-tuner based on an explicit process model 10 X
has been installed to control this process. From the model, " x
a static feedforward D(1)/B(1) is computed. It improves the
control behaviour. 12 X X ex 3 \;

In the examples, the reference <1Aﬂv will either be zero or a

System 11 -1
square wave r(t) filtered by 0.7/(1-0.3q ).

y(£) =~u(t-1)-u(t-2)-,...,~u(t-7)+w(t-7)+e(t)
SOME NOTATIONS USED

A moving average process with all zeros on the unit circle.

This is a reasonable model for the final temperature or the na, nb, np etc: Polynomial degrees, M:ndca¢ﬂm leading zeros.
output moisture content in crossflow grain-driers. w(t) is | (Example: If q 'B=q “(1-2q° '), then nb=3.)
then a temperature or moisture measurement of the incoming

grain, used for feedforward. It is discussed in Nybrant (1986) ay, ou, ov etc: Standard deviation of signals.

System 12 oyy Standard deviation of y(t), measured from

time T to time 1000.

(1-0.60"1+0.73q"2)y () = q (1420 Du(t)+q w(t)
oy/ov: Normalized standard deviation of y(t).

Aa-o.mo-gvzﬁﬁv = D-aA-a.A+m.ppn-gvcﬁﬂv+ﬁﬂ+o.mp-ﬂv<ﬁﬁv :
p: Input penalty

perfect decoupling of the disturbance v(t) is possible since

z = : Differential input wm:mdﬁk.ﬁMAp-Avng-n;:
B=1+0.64q

. pAt
is stable and k=d. A
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The extended minimum variance self-tuner with feedforward is
unstable for non-minimum phase systems when p=0. By increasing
the input penalty (thus decreasing the regulator gain) it can
be stabilized for stable systems. Sometimes LQG-optimal con-
trol performance is achieved (fig 6.1 and 6.3), sometimes not
(fig 6.2 and 6.4).

The simulations have confirmed that self-tuning minimum vari-
ance controllers with extended prediction horizon Oﬁﬁmq
achieve good performance for non-minimum phase systems. They
are far from reliable, however. For the system 4, use of k=3
resulted in instability, while k=4 gave a good resuit.

Feedforward/disturbance decoupling regulators may improve con-
trol performance drastically, compared with minimum variance
feedback regulators (FB). As is evident from fig 6.2 and 6.4,
this holds also for non-minimum phase systems. In fig 6.3, the
improvement is rather small, since the non-measurable distur-
bance e(t) dominates.

In fig 6.1, an under-parametrized adaptive regulator of type
(5.27) achieves almost the optimal performance. Many other such
examples have been found.

Figures 6.1-6.4 illustrate the asymptotic behaviour of adap-
tive control based on explicit criterion minimization. The
transient behaviour is 4llustrated by the following two
examplies.

EXAMPLE 1: DISTURBANCE DECOUPLING

The regulator (5.23) is used on system 7. A square wave is used
as r(t). The disturbance v(t) is white noise with ov=0.1. A
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correct model parametrization and optimal regulator para-
metrization with nr=2, ns=0, nQ=2 and nt=1 is used. The
convergence of some model parameters, starting from osno0
is shown in Figure 6.5.

1 s;+ 1
g,~ 0.5
ﬁmuv 0.25
0
-14 AW o SES S w:nv -1
100 500
Fig 6.52 Parameters of the
w(t)-model.
0.25
- w*.,_mm
0
-0.25 2g” 25
-0.51 a.,* —.5
> 700 500"

Fig 6.5b Estimates of the A-
polynomial coeffi~
cients.

The estimated w(t)-model parameters of fig 6.5a are used di-
rectly in the regulator. The other regulator coefficients

are adapted by criterion minimization and converge more siowly.
See fig 6.6.
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2.5 i F(t)
1.5 _
0.51 04
100 500 100 500
Fig 6.11 Log(trace(P)) Fig 6.12 Indicator of frozen

regulator updates.

Figure 6.11 illustrates the P-matrix behaviour of the regula-
tor recursion (5.30). A final forgetting factor value A, of
0.98 is used in this and the other examples. After t=200, the
magnitude of P (and thus of the paramets: updating gain in
(5.31c) is approximately constant. Whenzver a new regulator
would result in an unstable closed mode!, the update is re-
jected and the old stabilizing regulator is retained. F(t)=1
in fig 6.12 indicates when this happened. The frequency of
F(t)=1 in this example is rather typical for the simulations
performed so far.

1 y(%)

0

-1

-2

100 500 100 500
Fig 6.13 Output with mini- Fig 6.14 .- Input with minimum

mum variance con-— variance control.
trol. ayspo=0-22h. ou500=0.089.

Figures 6.13 and 6.14 show the control performance with p=0.
In fig 6.3 it is seen that an input penalty may decrease the
input variation markedly without any appreciable increase of
the output standard deviation. (This was not possible in
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example 1, cf fig 6.1). Figures 6.15-6.16 show the control
performance with input penalty p=5.

i (+) .25 u(t)
“ ?éié%%?é . ﬁg%,, N

-1

~.25
-2 ]
100 500 100 500
Fig 6.15 Output when p=5 is Fig 6.16 Input when p=5 1s
used. oyg5pg=0.230. used. Qﬁmoouo.orw.
Optimal value: , Optimal value:

oy = 0.224 ou = 0.046

As in example 1, use of an input penalty improves the tran-
sient performance of the regulator. It moderates the initial
excursion of y(t) and u(t).

6.1.2 COMPARISION WITH EXTENDED MINIMUM VARIANCE SELF-TUNERS

In general, extended minimum variance self-tuners converge
faster than regulators optimized with explicit criterion mini-
mization. This is especially noticable in examples where exact
disturbance decoupling is possible.

EXAMPLE 3: PERFECT DISTURBANCE DECOUPLING POSSIBLE

Adaptive criterion minimization and minimum variance self-
tuning control are compared on system 12, where v(t) is an in-
tegrated noise with o(v(t)-v(t-1))=0.1. In both regulators,
nr=2, ns=0 and nQ=2 are used.
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Simulation experiments comparing EMV and explicit criterion
minimization (Critmin) are summarized in table 6.1. For each
of the systems 1-12, a somewhat subjective judgement about the
relative merit of the two methods is given. In all examples,
EMV and Critmin use Q, R and S-polynomials with optimal de-
grees. Critmin uses models with correct parametrization.

Table 6.1 Summary of simulation experiments comparing EMV

with explicit criterion minimization.

System Critmin  Same per- EMV Comment
no best formance best

1 X Perfect disturbance decoup-
Ting is achieved much faster
with the minimum variance
self-tuner.

Cf fig 6.2, 6.19 and 6.20.

Identical asymptotic perfor-
formance, cf fig 6.3. Simi-
Tar transient behaviour.

4 X Cf fig 6.4.

Identical performance. Both
converge quickly.

A penalty on Au was used.
Critmin has much better
asymptotic performance. EMV
converge somewhat faster.

Identical . performance.

EMV has clearly worse asymp-
totic performance, and its
input signal often contains
"bursts”.

Unstable non-minimum phase
system. No stabilizing EMV
regulator was found.

EMV converges somewhat faster.
Critmin has somewhat better
asymptotic performance.

EMV converges somewhat faster.
Critmin has somewhat better
asymptotic performance.

12 X Cf fig 6.17 and 6.18
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While there are cases such as Example 3, where EMV performs
better, Critmin clearly has an edge: Cases when the use of an
infinite horizon criterion gives superior performance compared
to the use of a k-step ahead criterion are quite common. Other
advantages are good output behaviour in continuous time and no
need to guess the plant time delay correctly. These advantages
may well motivate the use of criterion minimization, despite
of its significantly higher complexity and somewhat worse
transient performance.

6.1.3. ROBUSTNESS: UNDER-PARAMETRIZATION

FULL ORDER MODELS AND UNDER-PARAMETRIZED REGULATORS

System identification has worked reliably with correctly para-
metrized models. In the transient phase, the signal derivatives
are incorrect because of model errors. As these errors diminish,
the mean updating direction of the regulator parameters becomes
nearly correct, and a local minimum of (5.21) is soon attained.
Regulators with Tow (suboptimal) polynomial degrees have caused no
special problems. This suggests another use of the explicit
criterion minimization approach: On-line or off-1line optimi-
zation of parameters in low order regulators. For example,

given a complex high-order plant model, the parameters of a
three-term PID-controller may be optimized. Such problems are
hard to solve analytically. For the systems presented in the
introduction, it was investigated how much performance deteriora-
ted if regulator polynomial degrees were suboptimal. Almost
LQG-optimal control behaviour could be achieved in most examp-
Tes when polynomial degrees were decreased by 1 from their
optimal values. Such an experiment for system 1, with the regu-
lator (5.27), was presented in Figure 6.1.
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., Pl éé
100 500

Fig 6.21 Criterion minimization control performance for system
2, using a full order model and regulator (ns=0, nr=2,
nQ=3), p=0. o(y-yy)500=0-113.

100 500

Fig 6.22 Criterion minimization control performance for system
2, with under-perametrized model and regulator (ns=0,
nr=1, nQ=1), p=0. o(y-¥y)500=0-123.

It is instructive to compare this performance with LQG optimal

control, based on the model (6.1).

T T T v T w T 3

100 560

Fig 6.23 A time—invariant LQG optimal regulator, based on the
low-order model (6.1) is used on the true system.
Regulator orders ns=0, nr=1, nQ=1 and input penalty
p=0 are used. qul%vaoo = 0.260
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That a regulator is optimal for a reduced order model does not
imply optimal (or even good) control of the true system. As will
be evident in Sections 6.2 and 6.3, there does not, however,
exist a clear case for the use of explicit criterion minimiza-
tion instead of adaptive LQG control.

EXAMPLE 6:

Adaptive criterion minimization with an under-parametrized mo-
del (na=1, nb=2, nd=1) and a corresponding under-parametrized
regulator (ns=0, nr=1, nQ=0) is tested on sysfem 6, where w(t)
is white noise with variance 1. The control performance as a
function of the input penalty is shown in fig 6.24, and compared
to full order control. The difference is considerable for p=0
(where perfect feedforward is achieved with a full order regula-
tor) but decreases with increasing p. The accumulated loss
function for p=1 is compared in fig 6.25.

oy
av
2| 1200
33
\wmucomo -ORDER
800
1
koo
o] 0.5 1 ou/ov 15 500 1000
Fig 6.24 Control performance Fig 6.25 The accumulated loss
on system 6 as a function for p=1
function of p for 14 o o
Ty (t)e+ult for full
full order and re- qu ) (t)
duced order regula-— order (1) and reduced
tors. order (2) control.
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o0 300 500 780 5, q, b,
Fig 6.30 The input. Since the static 0 Lﬁlk\1k)\d
gain of the system decreases 3
at t=300, the input amplitude
hHas to increase. 100 300
’ Fig 6.31 oomwwwnwmbﬁm of the model B~
polynomial.
EXAMPLE 9: STEP DISTURBANCES
The disturbance w(t) acting on system 3 in this example is a
square wave with amplitude 1 added to white noise with stan-
dard deviation 0.1. It is shown in fig 6.32. A fully parametri-
zed regulator (5.23) is used, with differential input penalty 1
and identification forgetting factor 0.98. At t=300, Um changes
from 1 to 3. While the model coefficient, shown in fig 6.33,
converges to the new value, the closed system is unstable for
a short time around t=350, but quickly recovers.
3 -~
. by(t), Byle)
]
0 ﬁ
300 600 300 600
Fig 6.32 The disturbance w(t) Fig 6.33 The dMBW|<wH%wdm parameber
entering system 3. cm and 1ts mm&pamde
* u(t) 2 (1)
o 0
-k IM
300 600
Fig 6.34a The input. Fig 6.34b The oﬁﬁ@ﬁd r(t) is a square

wave with amplitude 1 and
period 4O.
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EXAMPLE 10: A NOISE-CORRUPTED AUXILIARY MEASUREMENT w(t)

An adaptive regulator should decrease its feedforward gain if
the feedforward information is unreliable. This is demonstrated
in a simulation on System 6 below. w(t) is white noise with

0.1. ce = 0.02. From time 300, the measurement of w(t} is
corrupted by white noise with standard deviation 0.1. The
feedforward parameters oo and oA become smaller. At time 600,
the D-polynomial of the system is set to zero. The disturbance
w(t) nc Tonger affects y(t). The regulator reacts by turning
off the feedforward action.

300 600 " 900

Fig 6.35 From t=150 to 300, feedforward cancels the disturbance w(t)
on system 6. From t=300, the measurement of w(t) becomes
corrupted by nolse. This forces the regulator to decrease
the feedforward gain, and allow w(t) to partially affect
the output. From t=600, w{t) no longer affects the system.
In this simulation, an unmessurable disturbance e(t) with
standard deviation 0.02 has also been added.

15
o]
T T T T T T T T T e 60
] I
59 Q,(t)
OH i, W eaasss Y
e woo. A ¥ mwa.
Fig 6.36 When w(t) becomes corrupted by noise, the regulator reduces
the feedforward action -Q.w(t) |Dqsﬁd 1) towards a new opti-

mum. When D(q~1)=0 after m =600, feedforward is deactivated,
since w(t) is now useless for control of y(t).



*onTBA UOTXS9TIO Tewrado :f

+ISPIO 109II0D JO [OPOW POTITIUSPT UB UC poseq °Toaquod HdT :€
*JOPIO 409XJ0D JO TOPOW PSTJITIUSPT UB UO Poseq ‘UTWITI) 2
*Topow UMOUY B UC PISBY ‘UTHWITI) |

s1°0=90 U3Ta @ wWolsds sseyd mnmrulw
auy uo patTdde ST TOI3UOD YOBQPSSI SOUBTIBA WNITUTH
Gl
aaTqdepB USUM NAPVh 7 SNTBA UOTISITIO PIJRINWNIDY HE*9 2InBTL
9

oooL 009 0

—

f e

At ke b e 0

oot

*wy3Laob
-{®e 8yl UL PASN SL [IPOW UMOUY B 4L USA3 [0J3U0D 9)7 Yy3im 339dwod
70UURD UGLIRZLWLULW UOLJAI]LAD 310t |dXD g uayyAy Bul|[043U0D UBYM

2l 37dWvXd

*JdMO|S A[geJapLsuod sL aduab
-J3AUGD BYL SJBASMOY ©S9SED BWOS Ul °sa|dwes gg-0/ 4934 [043U0D
31qeadesooe pauLe}}e SBY UOLIBZLWLULW UOLJD3LJD s3jduexs 3sow uf

5}

Q=0 ¢|=17u °‘g=hu ©|=Su
¢2=IU UOTFBZTWTIUTH UOTISGTIO 2TOTTAXS y3Ta ToXjuo) @gE*9 2aInBTA

00% 00E ooz oot o]

TT T TeET T T T ovTTTY

(1) |

-691-

bE-0-1
“(3)x - 5 unpvhh ST TOPOW SJ2USISISI 9] PUR DABM
axenbs ® ST (3)X "0=90 PUB {°*Q=A0 *0=d °ATIO2II00
poztIgemesed st Tapom aYJ *2°¢ W3 TIOBTR® HYT SUYT UYITH
POTTOL3U0D 6 Weqshs 2seyd WNHTUIW-UOU STYRISUWN UL LE'Q 2anITd

00t 00t oce ool 0

P I

*A0LUAB UL

SL Wil SLY3 03 Jotud 4norAeysq SIL 3nqg Q0 WLl wWody Joje[nb
-84 907 8y3 se soueu0j4dd 403R[NBSA pue 0AJSS BWeS 3yl SULBIIR
UOLIBZLWLULW UOLUDTLAD 3LoLdXT *(E SWL} 3° °33eandde SL [Spou
98Uyl Se UOOS se [043uU02 PooB Auaa sapLAodd §)T *LFl~ UL SOUSZ pue
LIL70Fl+ Ul pa3ed0[ S4B WIISAS PI[|043UODUN BYT JO SIL04 °SWYILA
-0B[e utwgid) pue H)T Y3 YILM MO[SQ PIL[0JIUOD SL 4 WoRshAy 3yl

WILSAS 3ISYHd WNWINIW-NON 37@YLSNA NY 40 T0¥INOD Ll 3TdWyx3

“YyOJUB3S DALSUNISL B WAOY

-43d 03 SBY UOLIRZLWLULI UOLJBILLD FLOLLdX3 3|LyM ‘wyridobie 597
2y1 Aq A|o3elpauml paleind[ed St J403B[N634 3934400 3y} 3094402
SL |3pow 3yl AT :BuLstaduns 30U SL SLYy] *J93SeL SaBJU3AUOD J07
-eInfad 907 Y3 ey SL UOLIBZLWLULW UOLJS3LJD 2LOL(dx3 03 paded
~WOJ €3JUBUILILP ULBW BY] ‘A[3D8JU0D pazLajaweded dde S[SpoW UBYM
*oouewiogaad s3L 4o uoLssaadur ue saAlb | usidey) ul s[duexs A40g
=ONPOJ3UL BY] *[{8M 3J0OM 03 punoj us3aq sey z°G wyrtdaoble 99T Syl

HOLVINDHYN DOT HAITILIVAV HHL "o

-891-



-170~

It should be mentioned that minimum variance control is extremely
sensitive to modelling errors in the A and B-polynomials in this
example. If model parameters drift because forgetting factors
less than 1 are used, infrequent short bursts of dinstability can
occur. As usual, the use of an input penalty improves the robust-
ness.

The LQG regulator performs as it should when the auxiliary output
w(t) is corrupted by measurement noise. For example, in the expe-
riment described in Example 10, LQG behaves in the same way as
Critmin: The feedforward action is decreased when w(t) becomes
corrupted by noise. The mechanism Teading to this behaviour is,
however, different in the two algorithms. When w(t) becomes cor-
rupted by noise, this signal becomes Tess valuable for predicting
y(t). Consequently, the D-polynomial coefficients of the model
decrease. In the LQG algorithm, this leads, via equation (3.52),
to a decrease of the Q-polynomial coefficients. The D-polynomial
is not used in the Critmin algorithm, ¢f (5.30). Instead, the re-
gulator retuning is based on direct measurements of y(t), w(t)
and u(t).

As in the case of explicit criterion minimization, adaptive LQG
feedforward control becomes more robust when it is complemented
with an adaptive feedback. When adaption of feedforward filters
without feedback is considered, the LQG algorithm is more robust
than explicit criterion minimization.

For regulators adapting both feedback and feedforward, it is hard
to say which algorithm is more robust. Results from simulation
experiments are ambiguous: In some cases, criterion minimization
has superior robustness properties. In other cases, LQG works
better. Table 6.2 below summarizes the experience from 31 tests.
These tests were similar to Examples 5, 6, 8 and 9. The perfor-
mance with under-parameterized models in combination with non-zero
mean, drifting and deterministic disturbances was investigated.

|
|
|
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LQG performs best

LQG better, both good
Both behave well

Critmin better, both good
Critmin performs best

(3 B N

Both algorithms failed

~I

Table 6.2 Summary of results grom experiments comparing Lhe
nobustness of adaptive feedback-feedforward regu-
Latons based on algornithm 5.2 and 5.3.

For both algorithms, it is important that the model polynomial
degrees na and nb are not so Tow that important dynamical aspects

of the systems (dominating poles, delays, non-minimum phase zeros)
cannot be modelled.

When an input influence on w(t) is present, it should um‘aoamggmau
i.e. nn=0 cannot be used. High-pass filtering of the regressors
(cf Appendix A6) should be used to prevent models from becoming
biased because of non-zero mean disturbances. Most of the bad con-
trol performance in the experiments, summarized in Table 6.2, was
caused by breaking one of these simple rules. With the qualifica-
tijons above, both adaptive control methods display a robust be-
haviour.

In Section 5.2, different ways of reducing the computational Toad
were discussed. The effect of two of these methods on the control
performance is jllustrated in the next example.

EXAMPLE 13: RECURSIVE CONTRA SLOW BUT EXACT SOLUTION OF POLYNOMIAL
EQUATIONS

LQG feedback + feedforward control with a differential input penalty
o>nc.m is used on system 7. The disturbance v(t) is a square wave
with period 60. Figure 6.40 shows the measurable disturbance w(t).

At time 300, the static gain is halved. wﬁnlgv changes from a+o.énn_
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Infrequent computation of new regulators is a safe and effective
method of reducing the computational load. Recursive computation
has been found to work acceptably in most simulations, but it may
sometimes result in a behaviour similar to Figure 6.44. A possible
way to improve the behaviour would be to use a fixed model for a
whole solution pass: A, B would be updated only when j=1, and held
constant in-between. The regulator would be held constant, and up-
dated only when the LS-algorithm had reached the lowest row of A,
i.e. when j=m. The x-vector should then have converged to the
correct solution of Ax=B. Unless such modifications are made, the
use of the recursive methods discussed in Section 5.2 cannot be

recommended.
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6.3 CONCLUDING DISCUSSION

The table below summarizes the relative merits of extended minimum
variance self-tuners, adaptive LQG controllers and explicit crite-
rion minimization. The conclusions are based on the discussion in
Chapter 5, the simulation experiments of Chapter 6 and a signifi-
cant number of additional simulation experiments.

ALGORITHM 5.1 5.2 5.3 REMARKS

(EMY or (LQG) (Critmin)
Clarke)
1

Ranking 4in onder of perfonmance
~

Asymptotic performance 2 1 1
(correct parametrization)

Performance for non-minimum 2 1 1
phase systems

Speed of convergence 1 1 2

Control of unstable systems 2 1 3 The larger tran-

sient of 5.3 makes
it unsuitable for
such problems.
Bounded inputs
dmma to divergence.

Servo behaviour 3 2 1 5.3 shows a stight-
1y better behaviour
5.2. Low T-polyno-
mial orders can be

used in 5.3.
Required computation time, i 4-10 10-20 New LQG regulator
. computed every 5'th
relative to 5.1 sample
10-40 each sample
Feedfomwand behavioun
Speed of convergence to 2 1 2 3
perfect disturbance de-
coupling regulator
Handling of feedforward 1 1 1 >~“~umxﬁo1a equally
we

signals corrupted by noise

Handling of nonstationary 2 1 1
and deterministic measure-
able disturbances

Table 6.3 The relative mernits of the adaptive control stnategies.
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Remasks: The ND500 time is a measured value. The computation time

on an IBM AT has been estimated by comparing the required computa-
tion time of EMV self-tuners implemented on ND500 and IBM AT. For
LQG control, the personal computer would need a real time operating
system with regulator recalculation as a background process. The
DSP56000 handles a 24 bit multiplication and a 56 bit accumulation
in one 0.1us machine cycle. The LQG computation time has been esti-
mated by comparing this value to the 140us needed $0f floating point
multiplication followed by addition on the IBM AT, 6 MHz with 80287
coprocessor.

To summarize: The computational load may have been a relevant argu-
ment against the use of explicit LQG/Wiener filtering algorithms
10-15 years ago. It no Tonger is.
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7 CONCLUSIONS

A design technique for discrete time feedforward and scalar distur-
bance decoupling problems has been developed. It is based on linear
quadratic optimization using input-output models in polynomial form.
Optimal regulators for non-minimum phase systems can be designed in
a simple way. The technique is useful for off-line design of time
invariant regulators. In addition, two adaptive feedforward regula-
tors have been developed, based on the off-line optimal design.
These regualtors use main output-feedback as well. The combination
of feedback and feedforward is superjor to the use of feedback or
feedforward alone. This is the case also when adaption is utilized.
The adaptive regulators have been tested in an extensive simulation
study, and found to behave well.

A wide variety of control and signal processing problems are

closely related to the Tinear quadratic feedforward design problem.

A number of them are listed below. In some of them, the control/
wﬁgﬂm1m:m error can be directly measured. In others, it is unmeasure-
able. This is indicated by M and U, respectively.

o Control strategies utilizing auxiliary outputs

- Disturbance decoupling (M or U)
- Inferential control (mostly U, sometimes M)
o Servofilter optimization (cf Section 3.5) (M)

o Noise cancelling (cf the example in Chapter 1) (M)

o Echo cancelling in telecommunication (M)
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where F, G are stable transfer operators, e(t) is white noise with
variance A and the integration path is counter-clockwise around
the unit circle. Since covariances do not depend on the signal
order, the integrand could just as well be written mANvﬂ*AN-ﬂv. For
the optimization method in Appendix A2 to work, it is, ‘however, im-
portant to select the transfer function of Lowest degree as the
function in ! AmﬁaN-Av in A1.3). Zeros can then cancel poles of
Gy

PART 1. DERIVATIVES WITH RESPECT TO p i

The use of (3.10) and (3.13) gives

ngvxﬁd 0)1 = HAD dprp-q8BQ)Gv(t)+RCPHE(1)]
o 50— H<Aﬂ 0)+p,y(t-1,8)+...4p, <Aﬁ-=uvmvu

g 9DRGV(t-1) +HCRe(t-1)

= oy(t-1)epal 2LL0)

The use of (3.10) again to eliminate y(t-i) gives

sy(t,8) _ 1 . -d DRG - .
kww.mlva =-7 y(t-i)+q Ball :n...;+ m: i) = x WWW_M v{t-1)

(A1.4)

In the same way, using (3.11) and (3.14), we get

-k
[PatBu(t-k,9)] = 20— [-F(AQra™ IDSP) Gy (£)-BPHSCe( )]
1
The use of (3.11) and (3.14) again to eliminate u(t-i) gives

m>cﬁwnrym~ = g% E u(t-1)-q7¢ BDSG | (4-)- BSC gy i)) =
Py P Poi

Po

=q " == v(t-1) (A1.5)
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Using (3.10), (3.11), (A1.4), (A1.5) and the assumption that v(t),
e(t) are mutually independent, part 1 in (A1.2) becomes ‘

3J -k BQG -k ZAQG .y -k EFG
£ = E{q v(t-1) v(t)] -pE{q vit-i) q © =5 v(t)
8p; P2oH o Y Pe
A Q6(z BN, ~p ARE, F,)6
Yy i Me—p *0 %)% o5 A
= Mﬁd.ﬁ z v = i=1,...,Np
PEaHPa H,

which is (3.15).

PART 2. DERIVATIVES WITH RESPECT I0Q @m.

The use of the output expressions (3.10), (3.13) give, in the same
way as in the derivation of (A1.4):

wkmmu.mv _ n.._A wmx v(t-j) = = w(t-j) (A1.6)

J

As in the derivation of (A1.5), the use of the input expressions
(3.11),(3.14) give

wwfﬁwmmvov - gk »mm,<ﬁd i) = qK >> 2 (t-3) (Am1.7)

Using (3.10), (3.11), (A1.6), (A1.7) and the assumption that v(t),
e(t) are mutually independent, part 2 in (A1.2) becomes

0 -k BG . FAG &rG v
3q; " -Elq " oy v(t-3) vgx <Aﬁw El gy V(t-3) o V()
P
A, u.mAN BM,~pARA,F) Gy 45 0
-y PP,z 9 0seond

which is (3.16).
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APPENDIX AZ: PROOF OF THEOREM 3.1

In the parameter space spanned by the polynomial coefficients of
vﬁpggv and oﬁgugvu stationary points are defined by (cf (3.15),

(3.16))

A

. la
wg-< JomzAN,Nv 1 .n
.w\@.'mlllNW:lm_.QN Iﬂuﬁ.ﬂl&N]O s 1 ‘_u-ou—.:u A>N.‘_v

34 5 PaN(z,z"Y) .

A
— < = |“
- wdm.l Mmq.g z .IMMMMM|||| dz =0 , j=0,...,n0Q (A2.2)

with zANvNIAv given by (3.19).
The proof is divided into four sections:

1) First, (3.27) and (3.28) are shown to be necessary and sufficient
conditions for the attainment of stationarity because the integrands
of (A2.1) and (A2.2) are analytical in the unit circle. (The path
integrals will then vanish because no poles exist inside the inte-

gration path.)

2) Stationary points might concievably be attained for another
reason: The integrands (written as rational functions of z only)
might have poles inside the unit circle, but the sum of all residues
cancel. In section 2, it is shown that this cannot be the case if

P and Q have optimal (or higher) degree. The integrands of (A2.1)
and (A2.2) must then indeed be analytical at stationary points.

This part of the proof uses a method suggested by Astrom and Soder-
strom (1974). It has also been used by Trulsson (1985).

3) Section 3 explains why attainment of a stationary point implies
that J attains its minimal value.

4) The expression (3.30) for the minimal criterion value is finally
derived 1in section 4.
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sECTION 1

To allow for the possibility that P and Q may have stable common -
factors, introduce coprime factors P,Q of the feedforward filter
as:

~

e = Blahra™) 5 o = @ HTeT  (ae.3)

where T is the greatest common factor of P and Q.

Necessary and sufficient conditions for the integrands of (A2.1)
and (A2.2) to be analytic inside the unit circle are sought. The
characteristic polynomial PoH of the ogomma.goou system is re-
quired to be stable. P(z), o(z) and H(z) thus have all zeros out-
side the unit circle. (Recall that Q-A
for z.} Since

, and not g, was exchanged

Aoy =Ty Tz = Blo)at)f)

is unstable, W will have all its poles inside the unit circle
(with some possibly at the origin). The integrands are analytic
inside the unit circle only if all poles of W are cancelled by
zeros of W. (The stable numerator polynomial G(z) in (AZ.1),(A2.2)

1 and 79

cannot cancel any unstable zeros. The numerator factors z
are of no help either, because j=0 in one integral.) Thus, W must

be a polynomial in z. Let us call this polynomial L(z).

(2¥BM, -pARE,F, )G,

PragHyz

Wz,z2 1) = = L(2) (A2.4)

The use of the expressions (3.13),(3.14) for M and F gives

(2%8279D,R, P, ~BB, 0, ~pARE,A,Qy-0ARE, 2 9D,5,P, )6, = ZLP,aH,
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matrix in (A2.9) with np+nQ+1 rows and np+nQ+1 columns has full
rank an:U+1Q+A. Thus, the only solution to the system (A2.9) is
the trivial one. Consequently, at all stationary points

A

> h a
h, 8 Mma.g Z71(2) mm.u 0, £=1,...,m (A2.11)

where I(z) has v poles inside the unit circle.
Lemma 1 in Astrom and Soderstrdm (1974) guarantees that if
m> v v (A2.12)

ﬂ:m:HnNVsﬂgdmzﬁmnﬁumm:wgkﬂAoﬁsmwamw:mc:mﬁ oﬁﬂndmmﬁmdg
stationary points. The poles inside the integration path will oe
cancelled by zeros. Fulfillment of (3.27) and (3.28) (which &
necessary and sufficient for having no poles inside the unit
circle) would then be necessary and sufficient for attainment of

a stationary point.
The use of the expressions (3.13), (3.14), (3.24) and (A2.3) gives !

T6(2”9*KBD,R, P, 88, Uy-pATEz 9D,5,F) 6
1= s (A2.13)
P aHP ca,Hyez |

The integrand (A2.13) will now be converted into a rational func-
tion in z, and the number of poles inside the unit circle (unstable
poles) is investigated.

1f max{d-k+degDRPG,deqslG, d+degdDSPG}<degPaH-1 we can multiply

with NamvaIl‘_ .to obtain ; i

ﬂmxa
1(z) =

vNQIﬂmm i
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__degPoH-1,_-d+k - — =
where X,(z)=z (z BD, R4 P, -ree, Qu-oAlh,z ao*m»wwvm$ is a

polynomial in z and Bafl has all zeros inside the unit circle.

Otherwise, multiply with qu where

A ~
f = max{d-k+degDRPG, deggQG, d+degADSPG} (A2.14)

Then I(z) becomes

TGX

I(z) = 2
vNQIw\mmNm

where z& are "surplus poles at the origin",

e = f-degPuH+1 (A2.15)

To summarize, the number of poles inside the unit circle of I is

<
i

degPuH+max(e,0) = degPu+max{f-degPu+1,0} =

1+max{f,degPuH-1}

i

Using f from (A2.14) and m=degPQT+1, the condition (A2.12) may
then be expressed as

degPQT > max{d-k+degDRPG, deggQG, d+degiDSPG, degPaH-1}

Considering the different parts of the right-hand side separately,
the following conditions should all be fulfilled:
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(The tast four terms in (A2.19): (a)+(b)-(a)-(b)=0 have been added
to clarify the following steps.)

SECTION 4

Using (3.10)-(3.14) with e(t)=0 and P=8G, the minimal criterion
value becomes

> - 2 Using the fact that the optimal Q, will saitsfy (3.28), a number
20 0 = Ey(t)“+oE(A(q Ju(t-k))° =

m of terms in the numerator (A2.19) may be simplified in the fol-
) Towing way: .
d -k ~d -k o~ d -d
(27 DRG-z "BQ)(Z "DiRyByGu-z ByQy)+phh, (AQ+z DSBG)(ALQu+z ~D,S,B464) d
z
BoHB oM, - (1)-(a)-(4)-(b)+(9)+(6)-(3)+(7)+(5) =
(A2.18) . _
- m.\:l BR,z 9*kp, g, - ,wll 27 9A3%,S,D,6,-/FEQ, _\H B,Rz% ¥pe- wll 29,7, 3506-v78,0Q ) =
r
Using (3.24) r r r
BB, = ﬁ + W >M..M»>,» = P., ogaH HL L
the numerator of (A2.18) may be expressed term by term in the The rest of the terms may be written as
following way: 4
(2)+(b)+(2)+(8) = £ 66,00,3%, (AR+z"BS) (AR, +z KB,S,)
(1) (2) -(3)
1 DRGBD, R, G, B, + m.omm>mw*>*o*m*m»-Navxcxwmm*o* With these simplifications of the numerator, the minimal cri-
r r terion value (A2.18) is given by (3.30)
-(4) (5) (6) —
-d+k ~d e A A.H_m oo HyHL L+ .wl. GG, DD AR aay) dz
-2~ DR, 8,6, BA+rBBLQ0,*Z pAQD,S BB AL, 23 = 77 § e 7
(7) (8) (9)
2 A LL A GG,DD, A%
d P P ~ o~ , _ v * .mm. Py Lt st 2
+2 pDSBGA, Qb+ co»mM$mm*mw»>>»+1 DD, SS,.6G, A8, AR AR, =5 [ TR, 2 + mqug TR 7
(a) (b)
+ £ 2MBR,D,6,A,TE, 506+ £ 27 HE,S,D,6,8,R06
-(a) -(b)
- £ %8R0, 6,A, 37,506~ & 27“ARE,S,D,6,B,R06 (A2.19)
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If the stable common factor g in

=28
GB

olo

is cancelled and Q' is named Q, we have the regulator (3.43),

(3.50),(3.52),(3.55).

The degree of L is found by inspecting the maximal power in z in

(3.52), and using (3.44a):

nl+1 = max{ng, nx-d+1} = max{ng, ng+k-d}

nL = ng-1+max{0, k-d}

The degree of Q is given directly by the maximal power in z

(3.52).

e
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APPENDIX A%4: DERIVATION OF MINTMUM
VARIANCE REGULATORS

PART 1: PROOF OF COROLLARY (3.7)

With p=0 and B=cB.B , the spectral factorization (3.24) reduces to

2

2 u - 2
regs. = C'BB BBk = ¢ (B2 B ) (B2 "B ) = ¢

m* wm_wcv:wm%wc*v

Thus, the scalar r equals nm. Consider ﬁ:m optimal feedforward re-

gulator of Corollary 3.3. The use of 8= m in (3.38) gives (3.61).
ZCJﬁdugdnmdgoz of (3.39) with Nl:c d ﬁﬂm:wﬁoxam it into an equation
in z osdk. g=max(0,k-d).

274k=9,7bgp 6, = 27M079cPg B 0 en M,z "PTIML

-:v-m+érm [, will be a polynomial in z-1.

1. This

From (3.40), we know that z

Use z "PB= =B, and Nu:u- B B =B +B - Substitute nuﬂuN for z

c*-
gives

~-d+k-g = = _ g2, = -
q nmcmmom =q °c m:mmo+>:r (A4.1)
Since owm is a factor of the two first terms, it must be a factor
(No factor of mm may be part of AH, since A and H are assumed

stable.)

Let

This reduces (A4.1) to (3.62). The degree of L, is given by

nL, = nL-degB, = smxﬁ:v|gu:v-a+wuﬁwnammmm = u-1+g
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APPENDIX A5: PROOF OF THEOREM 3.10

The proof follows a technique of proving the optimality of the LQG
feedback regulator used in Astrdm and Wittenmark (1984). The
method is easy to use when one already knows the answer.

Since no unmeasurable disturbances e(t) are present, the system
is described by

Ay(t) = q ¥Bu(t)+q %Dw(t)

G (A5.1)
w(t) = = v(t) ; H= Iw>_
The criterion
2, covrny2
2J = Ey(t)"+p E(Ru(t)) (A5.2)

is to be minimized. The factor A' with zeros on the unit circle
is assumed to be a factor of either & or D. Let us write an arbit-
rary input sequence u(t) as

u(t) = - & w(t)em(t) (85.3)

where oﬁn-av and vﬁnaﬂv are given by Corollary 3.3. Any additional
control action is represented by m(t). Our goal is to demonstrate
that it is optimal to choose m(t)=0.

Thus, P and Q are given by
P = gG

and, exchanging z for 2! in (3.39):

2978806 = re,QraHz 'L, (A5.4)

-203-

When the system (A5.1) is controlled with (A5.3), the result is

-k B

y(t) = EI v(t)+q " £ m(t)

u(t) = - & v(t)m(t)

where Zunuacvnnuxwo. Thus, the criterion (A5.2) may be written as
2d = E zm <Adv+n|x B m(t) +um <Aﬁv+>aﬁﬁvv = gﬁ+mgm+uw
where

3 = m@# iL sm@I <Ev 2
3, = ?5 <EX B isv -oE A.wmm <Ev n(t)

33 = €[ n(e) [Pro(@n(en)?

We know that since P,Q satisfy Corollary 3.3, ogu which is the cri-
terion value when m(t)=0, will be given by (3.30):

N, | Lle g, eh,  G6DDEE, &z

Y= Syt 71§ BB,z

This expression will be finite. The integrands do not have any
poles on the unit circle,since such factors of H are assumed to
be factors also of aD. L(z) has finite coefficients since (A5.4)
will be solvable for all p<=.

If m(t) is nonstationary, Jg is infinite, and we cannot have a
minimum. Assume m(t) to be stationary. The cross spectrum between
the white noise v(t) and m(t) is e<sAm~av. Using P=gG, J, may be
written as
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To prevent biased estimation because of non-zero mean distur-
bances, two options for filtering the regressor signals y, u
and w in @ and @) have been included: The signals can be dif-
ferentiated. Alternatively, they can be high-pass filtered with
a filter AA:D-QV\Q-o.mmnnﬂv. Compared with differentiation,
this filtering does not emphasize the high frequency properties
of the models.

Stability of C, H and G is monitored. Unknown and time-varying de-
lays are handled by selecting degrees of B, D and N which cover
the maximal expected delays. The terms cau..“cx-ﬂo aou...uaa|a

and Nyseeesl will then converge to zero. (The algorithm would,
however, have to be modified to cope with time delays above 10-15.)
Residuals (a posteriori prediction errors, using 8(t) instead of
8(t-1)), defined by (A6.1), are used in the regressor vectors to
speed up convergence {Ljung and Séderstrdm, 1983).

In the adaptive control simulation experiments, identification has
been performed in the following way: For the first 20 samples, the
system is identified in open loop. The forgetting factor is 0.95
initially and goes to a final value between 0.98 and 1 exponenti-
ally. Updating of the model is discontinued if the standard devia-
tion of the residuals decrease below a preset bound, or if the
trace of the covariance matrix increases above another bound.
Model updating is resumed (with a covariance matrix reset to
unity) if the standard deviation of the residuals increase a
factor of 2, compared with the value when updating was discon-
tinued. These modifications guard against bad excitation and

estimator wind-up.

A variant of the algorithm where identification initially is per-
formed in an ELS mode, as suggested by Friedlander (1982), has
also been tested. Up to time 250, filtering with the (still
rather uncertain) C and G-estimates is not performed in this
variant. This modification was found to give only small im-
provements in the speed of convergence, and an insignificant
improvement in the control performance.

s
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